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Abstract: In this paper, firstly, we give a connection be-
tween well known and commonly used methods called
the (%) -expansion method and the modified extended
tanh method which are often used for finding exact solu-
tions of nonlinear partial differential equations(NPDEs).
We demonstrate that giving a convenient transformation
and formula, all of the solutions obtained by using the

%)-expansion method can be converted the solutions
obtained by using the modified extended tanh method.
Secondly, contrary to the assertion in some papers, the
(% -expansion method gives neither all of the the so-
lutions obtained by using the other method nor new so-
lutions for NPDEs. Namely, while the modified extended
tanh method gives more solutions in a straightforward,
concise and elegant manner without reproducing a lot of
different forms of the same solution. On the other hand,
the (% -expansion method provides less solutions in a
rather cumbersome form. Lastly, we obtain new exact so-
lutions for the Lonngren wave equation as an illustrative
example by using these methods.

Keywords: The (%) -expansion method; The modified ex-
tended tanh function method; The Lonngren wave equa-

tion; An exact solution

PACS: 02.30.Jr ; 02.70.Wz ; 02.60.Lj ; 03.65.Ge

1 Introduction

Over the past two decades several expansion methods for
finding travelling-wave solutions to nonlinear evolution
equations have been proposed, developed and extended
owing to the fact that there are a lot of applications of non-
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linear differential equations (NPDEs) describing different
processes in many scientific areas. Particularly, because
direct searching for exact solutions to NPDEs becomes
more and more attractive partly due to symbolic compu-
tation in recent years, various methods for obtaining ex-
act solutions to NPDEs have been proposed and used. Two
of the methods used to solve NPDEs are the tanh function
method and the (%)-expansion method. The former is
firstly introduced by Malfliet [1] and used in some papers
[2 — 14] deriving different variations. The latter is firstly
introduced by Wang and Zhang[15] and has been widely
used in some papers [16 — 21].

The first aim of this paper is to demonstrate that there
is a concrete connection between the (% - expansion
method and the modified extended tanh method. In other
words, giving a convenient transformation and formula,
the solutions obtained by the (%) -expansion method can
be converted the solutions obtained by the modified ex-
tended tanh method.

The second aim of this paper is the %) -expansion
method does not give new solutions unlike claims in some
papers; however, the modified extended tanh method
gives more solutions in a straightforward, concise and el-
egant manner without reproducing a lot of different forms
of the same solution.

Although the merits and demerits of these two meth-
ods and their variations was showed and compared in
some papers [22 - 28], our contribution in this paper
is that we compare the most used form of the % -
expansion method and the last and powerful variation of
the tanh function method called the modified extended
tanh function method and present more concrete and gen-
eral formula to compare these two methods. Thereby, the
common and different solutions obtained by these meth-
ods can be realized easily.

In order to illustrate we solve the Lonngren wave equa-
tion

2

0
W (uXX - au +Bu2) + Uxx = 0, (1.1)

which describes electric signals in telegraph lines on the
basis of the tunnel diode [29 - 31]. Note that in the book
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[32], sufficient conditions of the blow-up for the corre-
sponding initial-boundary-value problems were obtained.

This paper is organized as follows. In section 2, we
have presented descriptions of the methods.In section 3,
we have showed the connections between these two meth-
ods. In section 4, we have solved the Lonngren wave equa-
tion using these methods and obtained new solutions
which could not be attained in the past.

2 Outline of the Methods

2.1 Description of the ( > Expansion
Method

In this section, we describe the (—) expansion method
for finding travelling wave solutions of nonlinear partial
differential equations. Suppose that a nonlinear partial
differential equation(NPDE), say in two independent vari-
ables x and t, is given by

)=0

P(u’ Ut, Ux, Uxty, Utts Uxxs «- (2'1)

where u (x, t) is an unknown function, P is a polyno-
mial in u = u(x, t) and its various partial derivatives, in
which highest order derivatives and nonlinear terms are
involved.

The summary of the
presented in the followmg six steps:

Step 1: To find the travelling wave solutions of Eq. (2.1)
we introduce the wave variable

-expansion method, can be

ux,ty=u(é),&=x-ct, (2.2)

where the constant c is generally termed the wave velocity.
Substituting Eq. (2.2) into Eq. (2.1), we obtain the following
ordinary differential equation(ODE) in ¢ (which illustrates
a principal advantage of a travelling wave solution, i.e., a
PDE is reduced to an ODE).

P(U,cU, U, cU",PU",U",..)=0 (2.3)

Step 2: If necessary we integrate Eq. (2.3) as many
times as possible and set the constants of integration to
be zero for simplicity.

Step 3: We suppose the solution of nonlinear partial
differential equation can be expressed by a polynomial in

(%) as

(2.4)

u(©) - éai (%)
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where G = G (&) satisfies the second-order linear ordinary
differential equation

G" (&) +AG' (§)+uG()=0 (2.5)

where G’ = dG ,G" = diz’ and a;, A and u are real con-

stants with ay, 7& 0. Using the general solutions of Eq. (2.5),
we have

_%+ AZZ—‘W cwmh(\/’iﬁl‘:f)wzc?sh(\/% ,
clcosh< 5 “£>+chmh( 5 “{)
) A2 -4u>0
(§)-1 s, v (520 (42
KA 2 c1 cos(mt,’)wz sin(m{) ’
A2 -4pu<0

Moreover, it follows from Eq. (2.4) and (2.5) that

-Zmz (&) ~a(8) +u (%)),
v - Ziai((i e (4)"
(%/)1
4

U =

S\ 1+l
+Ri+1)A %)

1
+i (A% +2p) +(2i-1)Au (%)l

2

/

+i-Dp (%

and so on. Here the prime denotes the derivative with re-
spect to &.

Step 4:The positive integer M can be accomplished by
considering the homogeneous balance between the high-
est order derivatives and nonlinear terms appearing in
Eq. (2.3) as follows:

If we define the degree of u (§) as D [u ()] =
the degree of other expressions is defined by

D{dgq} M+q,

D {u’ (%’;) } =Mr+s(qg+M).

Therefore, we can get the value of M in Eq. (2.4).

Step 5:Substituting expansion (2.4) and derivatives of
u (¢) into Eq (2.3) and collecting all terms with the same
together, then setting each coefficient of this

M, then

order of (
polynomial to zero, it yields a set of algebraic equations for
a;, c,Aand u.

Step 6:Substituting a;, c, A and y obtained in step 5
and the general solutions of Eq. (2.5) into (2.4). Next, de-
pending on the sign of discriminant (A% - 4), we can ob-
tain an explicit solution of Eq. (2.1) immediately.
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2.2 Description of the Modified Extended
tanh method

We first consider u (x, t) = u (), ¢ = x — ct, then Eq. (2.1)
becomes an ordinary differential equation. In order to seek
the travelling wave solutions of Eq. (2.1), we use the follow-
ing ansatz

M
U@ =S@) =Ao+ > [Aid'+Bip7],  @7)

i=1

¢/ =b+ ¢2 ,
where Ao, A;, B;, 1 <i < M are constants to be determined
later and b is a parameter, ¢ = ¢ (£), ¢’ = %. The param-
eter M can be found by balancing the highest-order deriva-
tive term with the nonlinear terms. Inserting (2.7) and (2.8)
into the ordinary differential equation (2.3) will yield a sys-
tem of algebraic equations with respect to Ag, 4;, B;, band
¢ (where 1 < i < M) because all the coefficients of qbi have
to vanish. Solving the resulting system of coefficients of q.')i
we can then determine Ay, 4;, B;, b and c. Using the gen-
eral solutions of Riccati differential equation (2.8) as fol-

lows :
@Iifb<o

(2.8

¢ = -v~btanh (\/3(5 n 50))
or ¢ = —vV-b coth (ﬂ({ + é,’o)> , (2.9)

it depends on initial conditions.
@) Ifp>0

¢ = Vbtan (\/I;({+£o)) or ¢ = —vb cot (\/l;({+{0)),

(2.10)
it depends on initial conditions.
(i) Ifb=0
1
=—a, 211
¢ §+% 1)

and substituting Ao, A;, B;, b and c into (2.7), we have ob-
tained the solutions of Eq. (2.1).
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3 Connection between the (%’) ;

expansion method and the

modified extended tanh - method
Theorem:

All the solutions obtained by the (%)

method can be obtained by the modified extended tanh -
method using following equations:

f:ai (Cg)l =Aop+ i [Ai(;bi +Bi¢_i} ,
i=0 i=1

e e () ()

i=n

Bn = 0’

- expansion

u(é)

where u is the travelling wave solution of the PDE. There-
fore the %) - expansion method is a special case of the
modified extended tanh - method.

Proof. 1f we divide the Eq. (2.5) by G (¢) and then use the

. L GO _ (GO, (6©)
simple equality T = (G(E)) + (G(E)) , we get

G &)\ (@& LG @) )
(G(f)) +<G(§)> ”‘G({)W—O- 3.1)
The last equation can be written as follows:
G @®\, (G ©, A\, 4u-A_
(G(£)> +<G(¢') +§> t— =0 (3.2

As it can be seen that Eq. (3.2) is completely equal to
Eq. (2.8) when considered ¢ (¢) = —% - %({{)) and b = 4"—;’12
From here, it has been reached the connection between the
Egs. (2.5) and (2.8) that they are essentially the same equa-
tion.

Namely, the solutions in (2.6) can be easily converted
the solutions (2.9)-(2.11) by taking the following hyper-

bolic and trigonometric identities into consideration

sinh aé cosh a&y + sinh aé, cosh a¢

tanh (a (§ + §0)) = ooy a& cosh a¢y + sinh a¢ sinh a¢,
_ cysinhaé +c; coshaé
" cycoshaé +c,sinhaé’

coth (a (¢ + &)) = cosh aé cosh ady + sinh ag'sinh agp

sinh aé cosh a&, + sinh aé cosh a¢
¢y coshaé + ¢, sinhaé
¢y sinhaé + ¢, coshaé’
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where tanh aé = %,

_ sinaé cosaéy +sinaéy cosaé

tan (a (¢ + = - -
(@(5+ o)) cos a& cos a&y — sin aé sin a
_ _—cisinaé +cycosad
cicosaé +cysinaé”’
cosaé cosaéy —sinaésina
cot (a (§ + &) = 248 £05 50 —Sin s sin dsg

" sinaé& cos a& + sin a&y cos a&
cycosaé + cysinaé
—-cysinaé + ¢, cosa¢’

where tan b§p = - ¢2.

Now, using the binomial expansion and auxiliary
transformation % =-¢ (&) - %, we can gain a general for-
mula that gives a connection between the coefficients of
these two methods. We consider the expansion in (2.4) and

(2.7) as follows:

i

S

M

u (-3 a (
i-0

M

= Ao + Z

i=1

so that gives

An f: ((-1)" (l,_in> a; (g)i_n) (3.4)

i=n

Bn = O.

)i _ éai (-e@-3)

At + B,~¢"'} , (3.3)

—

From here, the solutions obtained by the % - ex-
pansion method can be converted easily to the some solu-
tions of the modified extended tanh method via (3.4). How-
ever, when B, # 0, the modified extended tanh method
gives many more solutions which can not be obtained by
the (%) - expansion method. Particularly, the solutions
consist of combinations of tanh-coth and tan-cot func-
tions.

O

In order to indicate these common and different solutions,
we will give a concrete example as solving the Lonngren
wave equation.

4 The Lonngren Wave Equation as
an illustrative example

The Lonngren wave equation is given by

aZ

32 (4.1)

(uxx - au +ﬁu2) + Uxx = 0.
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Using the wave variable ¢ = x-ct in Eq. (4.1), then integrat-
ing this equation and considering the integration constant

to be zero, we obtain
AU’ + (1 - acz) U+Bc?U? =o0. (4.2)

Balancing U? and U” gives M = 2.

4.1 Solutions by using (%’> expansion
method

The solutions of Eq. (4.2) can be written in the form as

in (2.4)
Gl G/ 2
U@-aa(g)ra(g)

where ag, a; and a, are constants which are unknowns to
be determined later.

Substituting Eq. (4.3) and its derivatives into Eq. (4.2)
and equating each coefficient of (%) to zero, we obtain a

(4.3)

set of nonlinear algebraic equations for ag, a;, a, and c.
Solving this system using Maple, we obtain

Set 1.
C:$;a —_éa :_@ :_/12'*'2]1.
/7a+/12_4ya 2 ﬁ’ 1 B; 0 B s
Set 2.
Va-AZ+4u’ 2o [ B

Using these values, when A2 - 4u > 0, we obtain the hy-
perbolic function travelling wave solutions respectively:

up (x, t) = (/122_;]1)
c1 sinh (@{) + ¢ cosh <\/Az{74”{> 2
o c1 cosh (@{) + ¢ sinh <@{>
(4.4)
where £ = x F \/ﬁ,
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3(A%-4
U (X, t) = <2ﬁ‘u)
2
c1 sinh ( VA {) +¢; cosh ( Xy {)
1-

¢y cosh ( VA4 .{) + ¢, sinh ( Xy 5)

(4.5)
_ t
where { = x F e
When A? - 4u < 0, we obtain the trigonometric func-

tion travelling wave solutions respectively:

A% - 4u
us (X’ t) = ( zﬁ )
2
-cysin <7V4§‘_’12§) + ¢, COS ( VAL {)
1+3 - ,
clcos(V {) +czsin<v4’2Hl .{)
(4.6)
- t
where { = x F Nt
h - 3 (A% -4p)
0=
—cy sin ( 4’;‘“ .f) +C5 COS ( v 4’;‘” .f)
1+ >
1 COS ( A 26) +Cy sin ( Vl"z‘_pé’)
(4.7)
- t
where & = x F T
When A% - 4u = 0, we obtain the rational function

travelling wave solution:

6 c 2
__6 2
Us (. 0) = B (C1+C25) ’
where £ = x F \/La

(4.8)

4.2 Solutions by using modified extended
tanh method

The solutions of Eq. (4.2) can be written in the form as in
2.7

U(€)=Bp~°

where B,, By, Ag, A1 and A, are constants which are un-
knowns to be determined later.

+Bip v Ag+ A1+ A2, (4.9)
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Substituting Eq. (4.9) and its derivatives into Eq. (4.2)
and equating each coefficient of Y to zero, we obtain a
set of nonlinear algebraic equations for B, B, By, B1, B>
and c. Solving this system using Maple, we obtain

Set 1.

1 6b? 6b

Cc= ,By = - ,B1=0,A,=A1=0,4A0=-—";
TVawap 2T g T2 AR = T
Set 2.

1 6b? 2b
= ,By = - ,B1=0,A,=0=A4A1,40=-——";
:F\/m 2 ﬁ 1 2 1,40 B
Set 3
1 6 2b

C= ,Bb=B1=0,A,=——,A1=0,40=——";
?m 2 1 2 B 1 0 ﬂ
Set 4

1 6 6b

C= ,Bb=B1=0,A,=——,A1=0,40=—"}
:Fm 2 1 2 B 1 0 ﬁ
Set5

1 6b? 6
C=$7m,32=—T,Bl—O=A1,A2——B,
12b
A0=_T;
Set 6.
1 6b? 6
C=:F7m,32=—T,B1=O=A1,A2=—B,
4b
AO=?;

Using these values, we obtain following general solu-
tions, respectively:

up (x,t) = —% + %’ coth? (F(x F \/7 + {0))
(4.10)

u; (x, t) = —% + %%anh2 <\/7(X:F NG + {0))
(4.11)

w0 == - ot (VBtrr L)
(4.12)

Ug (x, t) = —%7 %’ tan? (\/E(X ¥ \/aiw + fo)) ,

(4.13)
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Us (X, £) = —%b ¥ %b coth® <M(X ! ‘/“iw ) {0()4).1;)
s (0= =2 + % tanh’ (M(X (= f0()4).1’5)
uz (X, t) = ‘2/3b 6/3b cot <f(x ’ ‘/7 ' {0)()4 16)
s (¥, t) = —sz %b tan’ <f(x e £0)()4 17)
o (6. 1) = _%b v %” tanh? (M(X T \/at—W ' 52_)18)
s (x, £) = _%b + %9 coth? (\/j(x T \/aiw + €o)>
(4.19)
uir (x, t) = —% - %b ten’ (\/E(X ' ‘/"‘iw ) &2220)
Ui (x, t) = —%b 6pr cot? (\/E(X i \/“t_ﬁ ' 50()2.21)
w13 (x, 1) = —%b ’ %bt nh* (\@(XjF “"‘iﬁ ' &2)22,
(4.22)
oty ==+ conn (Vblr e EZZB)
uss (x, ) = ‘%b %b tan’ (\F(X ! ﬁ ' &)14 24)
uze (%, ) = ‘%b %b cot’ (f(x ’ ﬁ ' ‘50)(2 25)
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ui7 (x, t) —%7 + % <cothh2 (F(X:F NCEETH +.{0))
+tanh? (\ﬁ(x¢ — fo)))
uig (x, t) —l;gb 6,8b <cot <f(x1F Taich {0))
+tan® (\f(x:F T fo)))

12b  6b

Upg (X, t) = ~5 + 5 (Coth h? (\/E(X F

_t §0)>
va+16b
+tanh? <\/—b(x ¥ 7{1 T 50)))

12b  6b

uzo(x,t‘)=—T 5 (ot (\/E(XHF

+tan? (\f(x F—

t
va+16b * 50))

i 9))
where b # 0;

6

) 7 (4.26)
Tt 60)

Usq (X, t) = -

B(x
where b = 0.

Taking the hyperbolic and trigonometric identities in
section 3 into consideration, the solutions (4.4)—(4.7) and
(4.18)—(4.25) are same. Besides, using the formula (3.10)
the coefficients of modified extended method in set 3 and
set 4 are equal to the coefficients of — expansion
method in set 1 and set 2, respectively. On the other hand,
while the modified extended method gives us five solution
set, (%) —expansion method gives only two solution set

for the Lonngren wave equation. Therefore, the modified
extended tanh method is more powerful than the other.

5 Conclusion

In this paper, giving the connection between the (%) —ex-
pansion method and the modified extended tanh method
via transformation, we have shown that the solutions of
the %) - expansion method can also be obtained using
the modified extended tanh method. Solving the Lonngren
wave equation as an example with these two methods, we
were not able to obtain the solutions of the combination of
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tanh-coth and tan-cot function by using the (%) - expan-
sion method. Consequently, the modified extended tanh
method is both more powerful and brief. The computa-
tions in this work were performed by using Maple 12.
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