
ISA Transactions 159 (2025) 364–374

Available online 13 February 2025
0019-0578/© 2025 International Society of Automation. Published by Elsevier Ltd. All rights are reserved, including those for text and data mining, AI training,
and similar technologies.

Research article

Modified inverted pendulum on a cart system with four-bar mechanism

Sinan Basaran
Bilecik Seyh Edebali University, Faculty of Engineering, Department of Mechanical Engineering, TR, Bilecik 11210, Türkiye

A R T I C L E  I N F O

Keywords:
Inverted pendulum on a cart
Four-bar mechanism
Backstepping control design

A B S T R A C T

In this study, the inverted pendulum on cart system, classic problem of control theory has been modified and an 
experimental control design has been proposed to maintain balance of a four-bar mechanism instead of a 
traditional pendulum rod system. Both the inverted pendulum on cart system and the four-bar mechanism are 
commonly used systems that have been the subject of many control theory problems. Therefore, the combination 
of these two widely studied systems, which is the focus of this research paper, could very well be integrated for 
various practical problems such as Segway transportation systems, robotic applications, and rocket guidance 
systems. With this motivation the modified system has been designated as the "four-bar on a cart system", and 
dynamic equations of motion have been obtained using the Lagrange method. Furthermore, the performance of 
the system has been validated through an established experimental setup, and the experimental results for a 
Lyapunov type backstepping controller are presented. The utilization of a four-bar mechanism instead of a 
pendulum rod has led to greater challenges in the derivation of the motion of equation due to the additional link 
position variables in the system. However, despite the modifications on the system, the total degrees of freedom 
remain unchanged, and the system continues to exhibit dynamic behavior similar to inverted pendulum on cart 
system. For the completeness of the proposed topic, the inverted pendulum on cart system was initially inves
tigated in this study, and its experimental results were presented. Subsequently, the focus shifted to the four-bar 
on a cart system.

1. Introduction

Inverted pendulum systems consist of a pendulum where its center of 
mass is located above the pivot point. The pendulum rod is prone to 
falling due to their inherently unstable nature without any imple
mentation of a control design on the dynamic system. To make transition 
from unbalanced state of the pendulum system into a balanced state, 
control systems that facilitate linear and rotational movements around 
the pivot point must be employed on the structure. Inverted pendulum 
on cart system (IPCS) is characterized by having two degrees of freedom, 
in which the cart moves horizontally, and the pendulum rod can freely 
rotate around the pivot joint. IPCS has been extensively studied and 
various control designs have been developed by numerous researchers 
or research groups, considering it as a fundamental benchmark problem 
[1–4]. The structure of inverted pendulum systems can be encountered 
in various engineering systems such as robotic application [5,6]. It can 
serve as a base for wheeled mobile platforms and mobile robot systems 
[7,8]. This study focuses on the modification of the classical inverted 
pendulum system to use for a four-bar mechanism. The four-bar mech
anism is the most fundamental and well-known problem in mechanical 

engineering. The four-bar mechanism is a simple movable closed-chain 
linkage. It is formed by connecting four links to each other through four 
revolute joints. The four-bar mechanism is a versatile system that can be 
used for many mechanical purposes, primarily to convert rotational 
motion into reciprocating motion. It is a common mechanism chain 
found in various structures such as compressors, steering mechanisms, 
bicycles, and other engineering equipment. Researchers conduct various 
kinematic analyses on the four-bar mechanism [9], and structures uti
lizing this mechanism can be found in various industrial applications. 
Zhao et al. worked on the design of a flapping wing robot in their study 
and proposes a unified design formula for planar four-bar mechanism 
[10]. Aoustin and Hamon studied the performance of a planar 
two-legged robot equipped with cross four-bar linkages in their research 
for a more realistic walking gait [11]. Another research team proposed a 
robotic hand structure with a four-bar linkage mechanism to overcome 
the limitations associated with the use of cable-driven mechanisms [12].

Looking at academic and industrial studies, it is evident that both the 
inverted pendulum system and the four-bar mechanism have been the 
subjects of great research efforts. Specifically, achieving a stable inver
ted pendulum mechanism without a control design is not possible. 
Therefore, diverse studies on the classic pendulum system have been 
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conducted to make this problem more complex, leading to the emer
gence of unique structures. To this end, Francoa et al., examine the 
balance control problem for flexible inverted-pendulum systems and 
investigate the relationship between system parameters and robustness 
under disturbance effects [13]. After accepting the assumption of the 
elasticity of the pendulum rod, one of the most intriguing subjects is the 
structures that use two pendulum rods simultaneously. In another study, 
a decentralized adaptive control scheme was applied to a system con
sisting of two inverted pendulums mounted on separate carts connected 
by a spring. A challenging problem was presented to demonstrate the 
effectiveness of the proposed controller [14]. A single cart with two 
independent inverted pendulum rods, is analyzed by Lundherg and 
Roberge [15] and they compared to the single-inverted-pendulum sys
tem using classical linear methods of proposed dual rod system. On the 
other hand, Tsai and Shen proposed a dual-pendulum system, where two 
independent inverted pendulum rods are connected to a rigid body at 
their ends, enabling synchronized operation on a dual cart system [16].

In this study, the inverted pendulum system has been modified using 
a four-bar mechanism in a way that has not been encountered in the 
literature previously. The novelty of the research comes from the main 
objective which is to maintain the balance of a four-bar mechanism 
instead of a rod in the inverted pendulum system. Therefore, the four- 
bar on a cart system (FBCS), inspired by the inverted pendulum sys
tem, can find applications in balance systems with joints that facilitate 
movement kinematically. This could be in transportation systems like 
the Segway or a system where two separate rockets are connected with 
joints to move together. In a classical inverted pendulum system, 
maintaining balance is achieved by controlling the movement of a rod 
pivoting around 90 degrees on a mobile platform through a motor. 
However, the suggested four-bar on a cart mechanism has its equilib
rium position changing depending on the angular position of link-2, 
link-3, or link-4, excluding the fixed link (link-1) in the mechanism. 
To determine the correct balance angle, the center of mass of the four- 
bar mechanism and the instant centers of velocity points have been 
calculated and utilized. Furthermore, due to the high number of position 
variables in the four-bar mechanism, obtaining the dynamic equation of 
motion of the proposed system has required extensive effort. However, 
by utilizing the Freudenstein equation and expressing the position of 
link-3 and link-4 as a function of the positions of link-2, the equations of 
motion have been derived. A study involving the Lagrangian dynamics 
of only the four-bar mechanism has been conducted as outlined in the 
reference [17]. However, considering a whole system with a moving 
platform, for the first time the dynamics of the FBCS with two degrees of 
freedom have been introduced in this study. Before presenting the 

control design and experimental studies for the FBCS, the work inspired 
by the IPCS was discussed in the article. Although the proposed system 
has dynamic equations in closed form similar to the inverted pendulum 
system, obtaining its dynamics is challenging. A general overview of the 
literature shows that many different control algorithms have been 
applied to the inverted pendulum system. Ebrahim and Murphy’s studies 
have demonstrated that the backstepping control design method is 
effective in synthesizing an asymptotically stable control system for the 
nonlinear dynamics of the inverted pendulum system [18]. The inverted 
pendulum system on a wheeled mobile platform, controlled using the 
backstepping controller, has shown superior results for larger initial 
angle conditions, as demonstrated in the simulation results discussed in 
the previous work [19]. In another study, a different control synthesis 
was used to extend the application to underactuated mechanical sys
tems. Researchers were achieved asymptotic stability for the inherently 
unstable inverted pendulum system [20]. In this study, instead of a 
pendulum rod, a four-bar mechanism is used, and the control perfor
mance of a system with different link angles, as opposed to a fixed rod, is 
experimentally demonstrated using a well-known, and recognized 
Lyapunov-based controller.

The main contribution of this study is the adaptation of the four-bar 
mechanism, which typically converts circular motion to reciprocating 
motion and is usually treated as a kinematic problem, to the inverted 
pendulum system as a dynamic control problem. Consequently, this 
study provides a framework that can serve as a benchmark problem for 
various applications, including mechanical linkages, balance systems, 
Segway transport systems, robotic applications, rocket launches, struc
tural systems, and the simulation of human posture. Therefore, the four- 
bar on cart system, inspired by the inverted pendulum system, can find 
applications in various systems with joints that facilitate movement 
kinematically. Furthermore, it is evident that the conventional inverted 
pendulum system’s equilibrium position occurs when the pendulum rod 
is vertical, or at a right angle of θ = 90◦ . However, the equilibrium 
position of the four-bar mechanism depends on the system’s center of 
mass and the instant centres of velocity point (IC). Therefore, the 
equilibrium position varies based on the lengths of the chosen links, as 
explained in Section 3.

The content of this study is structured as follows: Before presenting 
the FBCS, the classical IPCS is introduced in Section 2. In Section 3, the 
dynamic equations of the FBCS inspired by the IPCS were obtained using 
the Lagrange method. The equations of motion for both systems are 
obtained in a similar closed-form structure. In Section 4, Lyapunov- 
based Backstepping control design has been separately transferred for 
both systems. Following that, experimental studies conducted for both 
systems and the obtained results are shared in a similar manner. Finally, 
a conclusion is drawn.

2. Dynamics of the inverted pendulum on a cart system

In this study a FBCS, inspired by the IPCS, is proposed. To convey the 
similarity of the dynamics of the proposed FBCS to the IPCS, this section 
starts by establishing the classical dynamic model of the problem. Fig. 1
illustrates the inverted pendulum system schematically. The system is 
composed of a rod situated on a movable platform. The IPCS has been 
the subject of numerous studies in literature. Detailed dynamic models 
of this system have been developed and applied in various control 
studies [21–26]. The total kinetic energy of the system consists of both 
the translational and rotational kinetic energies originating from both 
the cart and the pendulum.

The first equation of motion, resulting from the translational move
ment of the cart, is given below: 
(
Jeq +m

)
ẍ − mlcos(θ)θ̈+mlsin(θ)θ̇2

= F − bmẋ. (1) 

Similarly, the rotational equation of motion of the system is as 
follows: 

Nomenclature and Abbreviation

bfb damping coefficient at the four-bar mechanism joints
bm damping coefficient of the mobile platform system
bp damping coefficient at the pendulum pivot point
F force acting on mobile platform due to DC motor
Jeq equivalent moment of inertia
Jdc motor moment of inertia
kb motor back emf constant
kdc gear ratio associated with the motor
kt motor torque constant
rdc motor pinion radius
Rm motor armature resistance
Vdc system control voltage
ε efficiency of the gearbox
FBCS four-bar on a cart system
IC instant centers of velocity point
IPCS inverted pendulum on cart system
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(
Jeq +ml2

)
θ̈ − mlcos(θ)ẍ − mglsin(θ) = − bpθ̇. (2) 

Here, Jeq represents the equivalent moment of inertia as given below: 

Jeq = M+
εk2

dcJdc

r2
dc

. (3) 

In these equations, kdc represents the gear ratio associated with the 
DC motor, ε is the efficiency of the gearbox, Jdc denotes the motor’s 
moment of inertia, rdc represents the motor pinion radius, bm repre
sents the equivalent damping coefficient of the mobile platform system, 
F represent the force acting on mobile platform due to DC motor and bp 

represents the damping coefficient at the pendulum pivot point. The 
equation below can be used to compute the force expression in Eq. (1) in 
terms of motor control voltage. 

F =
ktVdcrdc − ktkbẋ

Rmrdc
(4) 

here, kt represents the dc motor torque constant, kb represents dc motor 
back emf constant, Rm represents dc motor armature resistance, and Vdc 
represents system control voltage. To eliminate dynamic coupling ex
pressions in the motion equations, the ẍ term from Eq. (1) is extracted 
and substituted into Eq. (2). Similarly, the θ̈ term can be extracted from 
Eq. (2) and substituted into Eq. (1), and with the help of Eqs. (3) and (4), 
the equations of motion of the system can be transformed into matrix 
format. 

here, JT = JeqJp +mJp +ml2Jeq has been defined as the simplification 
term. The equation in matrix form can be written in a closed form as 
follows: 

M(θ)q̈+C(θ, θ̇)q̇+G(θ) = FVdc. (6) 

3. Dynamics of the four-bar on a cart system

In this study, the main objective is to maintain the balance of a four- 
bar mechanism instead of a pendulum rod in the IPCS. The schematic 
diagram in Fig. 2 shows a modified system with a four-bar mechanism. 
Through the encoder attached to the joint between link-1 and 2 of four- 
bar mechanism, the instantaneous angle θ2(t) of the mechanism is 
measured in real-time. The instant center of velocity is a point that has 
the same instantaneous velocity at each body. In a mechanism, instant 
center velocity points are determined depending on the number of links 
of the mechanism. According to Kennedy’s rule [27] when three bodies 
move relative to one another, they have three instant centers lying on 
the same straight line. The total instant centers of velocity in a mecha
nism can be determined using the following formulation. 

Number of IC =
n(n − 1)

2
(7) 

Fig. 1. IPCS schematic view.

Fig. 2. Modified IPCS with four-bar mechanism.

⎡

⎢
⎢
⎢
⎢
⎣

− m2l2cos2(θ) + JT + m2l2

cos(θ)
(
Jeqml + m2l

) 0

0
m2l2cos2(θ) + JT + m2l2

cos(θ)
(
Jpml + m2l3

)

⎤

⎥
⎥
⎥
⎥
⎦

[
θ̈
ẍ

]

+

⎡

⎢
⎢
⎢
⎢
⎢
⎣

m2l2sin(θ)cos(θ)θ̇ + bp
(
Jeq + m

)

(
Jeq + m

)
mlcos(θ)

beqRmr2 + ktkb
(
Jeq + m

)
Rmr2

bpcos(θ) + sin(θ)
(
Jp + ml2

)
θ̇

(
Jp + ml2

)
cos(θ)

beqRmr2 + ktkb

mlcos(θ)Rmr2

⎤

⎥
⎥
⎥
⎥
⎥
⎦

[
θ̇
ẋ

]

+

⎡

⎢
⎢
⎢
⎢
⎣

−
gsin(θ)
cos(θ)

−
mglsin(θ)
(
Jp + ml2

)

⎤

⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎣

kt
(
Jeq + m

)
Rmr

kt

mlcos(θ)Rmr

⎤

⎥
⎥
⎥
⎦

Vdc (5) 
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where, n is the total link number of the mechanism. Hence, in a four-bar 
mechanism, there are a total of six IC points.

The correlation between the mechanism’s center of mass and the IC 
points varies depending on the mechanism’s instant position. As can be 
seen in Fig. 3, to maintain the balance of the mechanism, the center of 
mass should be somewhere in between the rotation centers IC-1 and IC- 
2. Thus, two different cases, considered as the lower and upper limits of 
the system, are presented in Fig. 3. It is evident that the equilibrium 
position of the mechanism will be between θ2 = 74.7◦ and θ2 = 121.5◦

degrees. As the mechanism moves clockwise, as shown in Fig. 3, the 
center of mass also moves clockwise. Similarly, the IC point moves 
clockwise and coincides with the center of mass along the same line at 
certain degrees. In Fig. 4, all IC points of the four-bar mechanism used in 
experimental studies are shown. In the figure, the green circles represent 
the six instant centers of velocity points of the mechanism in total. 
Additionally, the red circle in the figure represents the center of mass 
position of the four-bar mechanism.

The main point addressed in this study is the determination of the 
equilibrium position of the four-bar mechanism. Conventionally, in the 
inverted pendulum system, the equilibrium position is around the ver
tical position of the rod, where θ = 90◦ .

In the proposed four-bar mechanism, the equilibrium position has 
been determined using the IC point. The position where the center of 
mass coincides with the IC center, as shown in the figure, has been 
identified as the equilibrium position. This position has been determined 
through a computer aided design (CAD) program by inputting the ma
terial information of the four-bar mechanism. At θ2 = 96.5◦ degrees, the 
center of mass of the mechanism intersects with the IC point along the 
same line. Therefore, in this position, the gravitational force acts as a 

destabilizing input, causing the system to rotate either to the right or to 
the left.

In a previous section, the equations of motion of the inverted 
pendulum system were presented. In this section, the Lagrange method 
is used to obtain the motion equations of the modified inverted 
pendulum system for the four-bar mechanism. Despite the complexity 
introduced by using a four-bar mechanism instead of a simple rod, the 
total degrees of freedom of the system remain unchanged. In the 
inverted pendulum system, control is typically conducted around θ = 0◦

(a right angle θ = 90◦ ), where the rod is vertical. In the proposed system, 
control is carried out around θ2 = 96.5◦ degrees. To derive the motion 
equations, it is necessary to know the angles of the links of the four-bar 
mechanism, namely θ2, θ3, and θ4. The position of θ2 is read by the 
encoder and used in the closed-loop control system design. The angles θ3 
and θ4 can be expressed in terms of θ2, as they are dependent on it. 
Various methods, including the Freudenstein method [28], are 
employed for position analysis of the four-bar mechanism. This method 
is preferred for obtaining loop closure equations in mechanisms or 
structures with closed chains, such as robotic arms [29,30]. The 
fundamental goal here is to express the unknown angles (θ3, θ4) of the 
mechanism’s links in terms of the known θ2 and determine θ2 as the 
generalized coordinate of the mechanism. We can start the calculations 
of unknown angles by defining the loop closure equations of four-bar 
mechanism, as illustrated on Fig. 2. 

l3cos(θ3) = l1 + l4cos(θ4) − l2cos(θ2),

l3sin(θ3) = l4sin(θ4) − l2sin(θ2). (8) 

The sum of the squares of these loop closure equations can be defined 
as: 

f1sin(θ4)+ f2cos(θ4)+ f3 = 0 (9) 

where f1, f2, and f3 can be defined as a function of θ2. 

f1 = − 2l2l4sin(θ2),

f2 = 2l4(l1 − l2sin(θ2) ),

f3 = l21 + l22 − l23 + l24 − 2l1l2cos(θ2). (10) 

Let’s define the T variable, 

T = tan
θ4

2
, (11) 

and trigonometric relations to solve the Freudenstein equation defined 
in Eq. (8). 

sin(θ4) =
2T

1 + T2,

cos(θ4) =
1 − T2

1 + T2. (12) 

After trigonometric relations are written into the Eq. (8) solvable 
quadratic equation which is the function of the T is obtained. 

T2( f3 − f2
)
+2Tf1 + f2 + f3 = 0. (13) 

The solution of the equation can be written as follows: 

T =
− f1 ∓

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

f2
1 + f2

2 − f2
3

√

f3 − f2
. (14) 

With the help of Eq. (11), the unknown θ4 angle in the four-bar 
mechanism is obtained. 

θ4 = 2tan− 1

⎛

⎝
− f1 ∓

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

f2
1 + f2

2 − f2
3

√

f3 − f2

⎞

⎠. (15) 

Fig. 3. The relationship between the mechanism’s center of mass and the 
instant center of velocity point.
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Here the plus or minus sign refers to two different configurations of 
the four-bar mechanism. The other unknown θ3 angle can be obtained 
with the help of Eq. (8). 

θ3 = tan− 1
(

l4sin(θ4) − l2sin(θ2)

l1 + l4cos(θ4) − l2cos(θ2)

)

. (16) 

By solving the Freudenstein equation, the θ3 and θ4 positions of the 
four-bar mechanism, which has a single degree of freedom defined by θ2, 
were obtained in terms of the θ2 function.

To derive the equations of motion for the proposed system, firstly we 
should define the total kinetic energy (Tfb) expression for both trans
lational and rotational motion. 

Tfb =
1
2

(
m2v2

2 + I2θ̇
2
2

)
+

1
2

(
m3v2

3 + I3θ̇
2
3

)
+

1
2

(
m4v2

4 + I4θ̇
2
4

)
. (17) 

The translational velocities in the equation can be defined as follows: 

v2
2 = ẋ2

+
l22
4

θ̇
2
2 − l2sin(θ2)θ̇2ẋ, (18) 

v2
3 = ẋ2

+ l22θ̇
2
2 +

l23
4

θ̇
2
3 − 2l2sin(θ2)θ̇2ẋ − l3sin(θ3)θ̇3ẋ+ θ̇2θ̇3cos(θ2 − θ3)l2l3,

(19) 

v2
4 = ẋ2

+
l24
4

θ̇
2
4 − l4sin(θ4)θ̇4ẋ. (20) 

In the mechanism, θ3 and θ4 angles are stated as a function of θ2, and 
similarly, θ̇3 and θ̇4 velocities should be expressed depending on θ̇2. For 
this purpose, it is necessary to take the derivative of the loop closure 
equation defined in Eq. (8). By performing the necessary operations in 
the equation, the velocities can be obtained as a function of θ̇2 as follows: 

[
θ̇3
θ̇4

]

=

⎡

⎢
⎢
⎢
⎣

−
l2sin(θ2 − θ4)

l3sin(θ3 − θ4)

−
l2sin(θ2 − θ3)

l4sin(θ3 − θ4)

⎤

⎥
⎥
⎥
⎦

θ̇2 =

[
D1(θ2, θ3, θ4)

D2(θ2, θ3, θ4)

]

θ̇2 =

⎡

⎢
⎢
⎢
⎣

∂θ3

∂θ2

∂θ4

∂θ2

⎤

⎥
⎥
⎥
⎦

θ̇2. (21) 

Here, D1 and D2 are terms, which are function of θ2, θ3, and θ4, are 
introduced to simplify the expression in the future operations. The 
general moment of inertia of a link of the mechanism can be defined as 
follows: 

Ii =
1
12

mil2i , i = 2, 3,4. (22) 

Considering the equivalent kinetic energy of mobile platform (Tm), 
and kinetic energy of the four-bar mechanism (Tfb), the total kinetic 
energy (T) of the modified system can be expressed as follows: 

T = Tm +Tfb. (23) 

After the necessary velocity terms are written, the explicit version of 
the kinetic energy equation can be obtained in the following form. 

T =

(
m2l22 + 4m3l22 + 4I2

8

)

θ̇
2
2 +

(
m3l23 + 4I3

8

)

θ̇
2
3 +

(
m4l24 + 4I4

8

)

θ̇
2
4

+

(
Jeq + m2 + m3 + m4

2

)

ẋ2
−

(
(m2 + 2m3)l2

2

)

sin(θ2)θ̇2ẋ

−

(
m3l3

2

)

sin(θ3)θ̇3ẋ −
(

m4l4
2

)

sin(θ4)θ̇4ẋ

+

(
m3l2l3

2

)

cos(θ2 − θ3)θ̇2θ

3.

(24) 

The potential energy originates from the links of the mechanism can 
be defined as follows: 

U = m2g
l2
2

sin(θ2)+m3g
(

l2sin(θ2)+
l3
2

sin(θ3)

)

+m4g
l4
2

sin(θ4). (25) 

Note that the total kinetic and potential energy terms defined in Eqs. 
(24) and (25) respectively for the modified system can be expressed in 
terms of the generalized coordinates of the system, x and θ2. The 
Lagrangian expression can be defined by L = T − U as the difference 
between kinetic and potential energy for proposed system. 

Fig. 4. The position where the instant center (IC) of velocity of the mechanism coincides with the center of mass (G).
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L = P1θ̇
2
2 +P2θ̇

2
3 +P3θ̇

2
4 +P4ẋ2

− P5θ̇2ẋ − P6θ̇3ẋ − P7θ̇4ẋ+P8P9θ̇2θ̇3 − P10

(26) 

where P1 =
(

m2l22 +4m3l22 +4I2
)
/8, P2 =

(
m3l23 +4I3

)
/8, P3 =

(
m4l24 +4I4

)
/8, P4 =

(
Jeq +m2 +m3 +m4

)
/2, P5(θ2) =

sin(θ2)(m2 +2m3)l2/2, P6(θ3) = sin(θ3)m3l3/2, P7(θ4) = sin(θ4)m4l4/2, 
P8 = (m3l2l3)/2, P9(θ2, θ3) = cos(θ2 − θ3), and P10(θ2, θ3, θ4) = U are 
constant terms and functions depending on mechanism link angles.

The Lagrange equation defined below can be used to obtain the first 
dynamic equation of the system. 

d
dt

(
∂L
∂ρ̇i

)

−
∂L
∂ρi

= Qi, i = 1, 2. (27) 

Here, ρi represents the generalized coordinates of the system and Qi 

represents the generalized external forces acting on the system as 
defined below: 

ρ =

[
x
θ2

]

, (28) 

Q =

[
F − bmẋ
− bfbθ̇2

]

. (29) 

Where bfb represents the equivalent damping coefficient for revolute 
joints oriented from all links of the four-bar mechanism. Note that, the 
damping originating from each link of the four-bar mechanism needs to 
be added to the equation, but to simplify the equation of motion, the 
equivalent bfb is considered for the entire system. As a result of the 
Lagrange equation, with the small angle approximation (sin(θ) ≈ θ, 
cos(θ) ≈ 1) and the force-voltage Eq. (4), the equation of motion of the 
FBCS can be obtained in a matrix form as below. 

The Eqs. (31)-(37) are introduced for further simplification of the 
FBCS equation in a matrix form. 

Ω1 = P5 +P6D1 +P7D2, (31) 

Ω2 = 2P2D1Dʹ
1 +2P3D2Dʹ

2 +P8Pʹ
9D1 +P8P9Dʹ

1, (32) 

Ω3 = P6Dʹ
1 +P7Dʹ

2, (33) 

Ω4 = 2P1 +2P2D2
1 +2P3D2

2 +2P8P9D1, (34) 

Dʹ
1 = −

l2
l3(θ3 − θ4)

−
l22(θ2 − θ4)

2

l23(θ3 − θ4)
3

−

l2

(
l2

l3(θ3 − θ4)
−

l2(θ2 − θ4)

l3(θ3 − θ4)
2

)

(θ2 − θ3)

l4(θ3 − θ4)
,

(35) 

Dʹ
2 = −

l2
l4(θ3 − θ4)

+
l22(θ2 − θ3)

2

l24(θ3 − θ4)
3

−

l2

(
l2

l4(θ3 − θ4)
+

l2(θ2 − θ3)

l4(θ3 − θ4)
2

)

(θ2 − θ4)

l3(θ3 − θ4)
,

(36) 

Pʹ
10 =

gl2m2

2
+ gl2m3 −

gl2m3(θ2 − θ4)

2(θ3 − θ4)
−

gl2m4(θ2 − θ3)

2(θ3 − θ4)
. (37) 

Although the resulting equation of motion is long due to the system 
containing a four-bar mechanism, it can be written in matrix form with 
the defined simplification terms. The simplification terms which contain 
θ3and θ4 can be obtained depending on measured θ2. The closed form of 
the equation of motion can be defined as follows: 

Mfb(θ2)ρ̈+Cfb

(
θ2, θ̇2

)
ρ̇+ Gfb(θ2) = FfbVdc. (38) 

The above equation and the equation of motion of the IPCS defined in 
(6) have the same form. The notation ( • )fb is used as a subscript to 
associate the four-bar mechanism in the FBCS equation.

4. Lyapunov based backstepping controller

4.1. Controller design for inverted pendulum on a cart system

The dynamic equation of the IPCS given in (6) can be written by 
converting the following model to realize Lyapunov type backstepping 
controller [31]. 

M(θ)v̇+C
(

θ, θ̇
)

v+G(θ) = FVdc,

q̇ = v. (39) 

Here q = [ x θ ]T is the system state of the IPCS. The position 
tracking error, q̃ ∈ R2×1 and its time derivative ṽ ∈ R2×1 can be defined 
as follows: 

q̃ = q − qd,

ṽ = v − vd. (40) 

Here qd and vd represent the desired position and velocity, respec
tively. To continue the implementation of the controller the virtual 
control signal can be defined as follows. 

q̇ = v = s+α (41) 

where s = ṽ+Λq̃ is the new state vector used for tracking control and α 
is the stabilizing vector field can be chosen as 

α = vr = vd − Λq̃ (42) 

⎡

⎢
⎢
⎢
⎣

2P4Ω4 − Ω2
1

Ω1
0

0
2P4Ω4 − Ω2

1
Ω4

⎤

⎥
⎥
⎥
⎦

[
θ̈2
ẍ

]

+

⎡

⎢
⎢
⎢
⎣

4P4Ω2 + 2P4bfb − Ω3Ω1

Ω1
−

2P4Ω3 + Ω1bm

Ω1
+

ktkb

Rmr2

−
Ω3Ω4 − 2Ω1Ω2 − Ω1bfb

Ω4
−

bmΩ4 + Ω3Ω1

Ω4
+

ktkb

Rmr2

⎤

⎥
⎥
⎥
⎦

[
θ̇2
ẋ

]

+

⎡

⎢
⎢
⎢
⎣

2P4Pʹ
10

Ω1

Ω1Pʹ
10

Ω4

⎤

⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎣

ktr
Rmr2

ktr
Rmr2

⎤

⎥
⎥
⎥
⎦

Vdc. (30) 
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where Λ ∈ R2×2 positive-definite design matrix of the controller. In 
order to illustrate the candidate Lyapunov function, the position 
tracking error’s (40) derivative can be expressed as following: 

˙̃q = v − vd = s+α − vd = − Λq̃+ s. (43) 

The configuration of the system Eq. (39) can be used to implement 
the backstepping design. 

Mṡ+Cs = FVdc − Mv̇r − Cvr − G. (44) 

The candidate Lyapunov function and its time derivative can be 
defined as follows: 

V =
1
2
q̃TKpq̃+

1
2
sTMs,

V̇ = − q̃TKpΛq̃+ sTKpq̃+ sTMṡ. (45) 

Where Kp ∈ R2×2 is the positive-definite design matrix. 

FVdc = Mv̇r +Cvr +G − Kpq̃ − Kds (46) 

where Kd ∈ R2×2 is the positive-definite design matrix. The motor con
trol voltage input Vdc obtained by the pseudeo-inverse of F† =
(
FTF

)− 1FT. Finally, the negative-definite derivative of the Lyapunov 
function is obtained as: 

Fig. 5. Simplified block diagram of proposed FBCS controller.

Table 1 
Parameters of the IPCS and FBCS.

Parameter Definition Value and unit

M mass of the cart 0.669[kg]
m mass of the pendulum rod 0.3 [kg]
l pendulum length from pivot point to centre of 

gravity of the rod
0.25 [m]

Jp mass moment of inertia of pendulum rod 0.008 [kgm2]
beq viscous friction coefficient for cart displacement 2.63 [Nms/m]
bp viscous friction coefficient for pendulum pivot 

point
0.6 [Nms/rad]

kt DC motor torque constant 0.01 [Nm/A]
rm DC motor pinion radius 0.018 [m]
kb DC motor back emf constant 0.01 [V/rad/ 

sec]
Rm DC motor armature resistance 35.2 [Ω]
g acceleration of gravity 9.81 [m/s2]
m2 mass of the link− 2 in four-bar mechanism 0.116 [kg]
m3 mass of the link− 3 in four-bar mechanism 0.079 [kg]
m4 mass of the link− 4 in four-bar mechanism 0.133 [kg]
l1 length of the link− 1 in four-bar mechanism 0.18 [m]
l2 length of the link− 2 in four-bar mechanism 0.415 [m]
l3 length of the link− 3 in four-bar mechanism 0.28 [m]
l4 length of the link− 4 in four-bar mechanism 0.48 [m]
I2 mass moment of inertia of link− 2 in four-bar 

mechanism
0.0017904 
[kgm2]

I3 mass moment of inertia of link− 3 in four-bar 
mechanism

0.0005811 
[kgm2]

I4 mass moment of inertia of link− 4 in four-bar 
mechanism

0.0027339 
[kgm2]

bfb viscous friction coefficient for four-bar 
mechanism joints

0.7 [Nms/rad]

Fig. 6. Inverted pendulum on a cart experimental setup.
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V̇ = − sT(C+Kd)s − q̃TKpΛq̃. (47) 

Given that V is positive definite and V̇ is negative definite, then (q̃, s)
= (0,0) exponential stability is achieved globally.

4.2. Controller design for four-bar on a cart system

The equation of motion of the IPCS (6) and the equation of motion of 
the FBCS (38) share the same equational form. The state vector for the 
IPCS is denoted as q = [ x θ ]T, while the state vector for the FBCS is 
defined as ρ = [ x θ2 ]

T . Since the Lyapunov-type Backstepping 
controller was designed in the previous section, equation of the 
controller can be similarly obtained for the FBCS which can be defined 
as following: 

FfbVdc = Mfbv̇r +Cfbvr +Gfb − Kpq̃ − Kds. (48) 

Fig. 5 illustrates the control block diagram structure applied to the 
proposed system. The key distinction here is that the dynamic matrices 
of the system are dependent on all angles of the four-bar mechanism (θ2, 
θ3, and θ4), and the linear position of the cart (x). While x and θ2 are 
measured using a two different encoder in the system, other variables of 
the four-bar mechanism are obtained through the Freudenstein 
equation.

5. Experimental studies

In this study, experiments were conducted using the same system for 
both the IPCS and the FBCS. Initially, experimental work was conducted 
for the classical inverted pendulum problem. Subsequently, the system 
was modified by substituting a four-bar mechanism for pendulum rod. 
Table 1 provides the physical parameters of both systems.

5.1. Experimental studies and results for inverted pendulum on a cart 
system

In Fig. 6, the experimental system of the IPCS is presented. In this 
system, an encoder and a pivot joint are positioned on the cart. The cart 
system is driven by a belt-pulley and a DC motor. The angular position of 
the pendulum rod, connected to the pivot joint, is measured in real-time 
through an incremental encoder. This information is then monitored on 
the host computer using the dSpace 1104 system. Similarly, another 
incremental encoder integrated into the DC motor shaft measures the 
linear position of the cart. Lyapunov type backstepping controller co
efficients have been utilized for the in the IPCS as follows: 

Λ =

[
0.0025 0

0 0.0035

]

, Kp =

[
0.015 0

0 0.015

]

Kd =

[
0.003 0

0 0.003

]

. (49) 

The pendulum rod is initially at a lower position (θ = 2700) due to 
the effect of gravity. The controller is activated after maneuvering the 
pendulum rod around the equilibrium position. Fig. 7 shows the 
pendulum position for proposed Lyapunov type Backstepping controller 
with respect to time. Once the controller is activated (around 5 s indi
cated in Fig. 7), the cart is able to perform linear movements to preserve 
pendulum rod balance position. Fig. 8 shows the linear position of the 
cart. To keep the pendulum rod in a balanced position, the necessary 
linear motion of the car is achievable through a DC motor belt-pulley 

Fig. 7. Pendulum position for Backstepping controller.

Fig. 8. Cart position for Backstepping controller.

Fig. 9. IPCS motor control input.

Fig. 10. Four-bar on a cart experimental setup.
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system. The control input of the DC motor is calculated by the controller 
as shown in Fig. 9.

5.2. Experimental studies and results for four-bar on a cart system

In the experimental system, the pendulum rod has been replaced 
with a four-bar mechanism. In the mechanism, link-1 represents the 
fixed member. The position θ2(t) can be measured with an encoder 
located at the hinge point of link-2. Fig. 10 shows the modified experi
mental setup. To ensure the stability of the four-bar mechanism, it is 
assumed that the line passing through the instant center of velocity point 

presented in Fig. 4 coincides with the line passing through the center of 
mass of the mechanism. Therefore, it has been determined that this 
position occurs when link-2 is at 96.5 degrees. The position analysis of 
the four-bar mechanism in this selected equilibrium state has been 
carried out using the GeoGebra program as shown in Fig. 11. In the four- 
bar mechanism, at the balanced position of link-3 is θ3 = 13.53◦ , and 
link-4 is θ4 = 84.59◦ . To keep this balance position for the Lyapunov 
type backstepping controller in the FBCS, the following control co
efficients have been utilized. 

Fig. 11. Linkage synthesis of four-bar mechanism using GeoGebra at balance position.

Fig. 12. Initial position of a four-bar mechanism. Fig. 13. Link-2 position for Backstepping controller.
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Λ =

[
0.0055 0

0 0.0065

]

, Kp =

[
0.015 0

0 0.015

]

,

Kd =

[
0.003 0

0 0.003

]

. (50) 

When the controller is disabled in FBCS, the mechanism has been 
positioned horizontally as shown in Fig. 12. Therefore, the initial angle 
of link-2 has been fixed at 180 degrees. This ensures that the incremental 
encoder used in the system reads a constant value at the beginning of the 
experiment. The initial positions of the mechanism θ2(0), θ3(0) and θ4(0)
are also can be seen in Figs. 13 and 14 at t = 0 s.

After the system is brought around to the equilibrium position from 
the initial position indicated in Fig. 12, the controller is activated via the 
host computer. As soon as the controller is activated, the system operates 
to maintain the four-bar mechanism in balance. Fig. 13 shows the 
angular displacement graph over time for link-2. The angular displace
ment information, calculated with the help of the Freudenstein equa
tions, for link-2 and link-3 is presented in Fig. 14. The linear 
displacement of the cart over time is obtained when the equilibrium 
state is presented in Fig. 15. Finally, the motor control voltage calculated 
by the controller is presented in Fig. 16.

6. Conclusion

In this study, the classic problem of the IPCS in automatic control 
theory has been approached with a different perspective. The four-bar 
mechanism, which forms the foundation of many machines, has been 
utilized in the system to maintain balance instead of the pendulum rod. 
The inverted pendulum system represents various applications, 
including the segway, balancing systems, rocket launches, structural 
system, and the simulation of human posture. Anything requiring ver
tical stabilization shares similar dynamics with the inverted pendulum 
system. On the other hand, the four-bar mechanism, in practice, emerges 
in various industrial fields such as compressors, motors, robotics, or 
mechatronic systems. As a result, it has been demonstrated in this study 
that a four-bar mechanism, having a similar degree of freedom, can be 
balanced on a moving car system.

By considering the dynamics of both the inverted pendulum system 
and the four-bar mechanism together, this study addresses a complex 
and multifaceted problem. One of the most challenging aspects of the 
mobile platform problem involving the four-bar mechanism is deriving 
the equations of the motion using the Lagrange method. This approach 
requires meticulous attention to the dynamic interactions and con
straints within the system. However, the application of the Freudenstein 
equation significantly simplifies the process by allowing for the precise 
calculation of other variables based on the position of link-2 in the 
mechanism. This method not only enhances the accuracy of the model 
but also improves computational efficiency. The integration of these 
methodologies demonstrates a novel approach to solving balance and 
stabilization problems in dynamic systems. This innovative approach 
has the potential to be applied in various industrial and technological 
fields, offering improved performance and reliability in applications 
ranging from robotics to structural systems. Finally, in the proposed 
four-bar on cart system, as the lengths of the mechanism’s links change, 
the system’s center of mass and instant centers of velocity also change. 
Depending on the selection of the link dimensions, a four-bar mecha
nism can function as a crank-rocker, double-rocker, or double-crank 
mechanism. This means that the equilibrium position of the system 
will also change. As a future study, an investigation could be conducted 
to establish the correlation between the link lengths and the system’s 
equilibrium position.
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