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Introduction

Given any simplicial group G, there is a reduced simplicial set, traditionally denoted W (G) and called
the classifying space or classifying complex of G, which is a model for delooping of G and such that
the functor W (—) is right adjoint to the standart simplicial loop space construction G. In [13], Kan
introduced the classifying simplicial set W (G). This simplicial set consists of the followings:

+ underlying sets are

W(G)p := Gp X Gy X -+ X Gy
o face maps are given by

(di(gn)> di—1(gn—1)> - - > do(gn—i) -gn—i—1>Ln—i—2>-- - Qo) ifi<n
di(gnagnfl, . ,g()) =
(dn(gn):dn—l(gn—l),...,dl(gl)) lfl= n

o degeneracy maps are given by

Si(gn>gn—15- - -»80) = (5i(gn)> Si—1(gn—1) - - - »50(n—1)> & gn—i—1> - - - §0)

where e denotes the neutral element.

Additionally, the bisimplicial set N(G) is obtained by applying the nerve functor for groups dimen-
sionwise. From here, we can use the diagonal functor and give a simplicial set (Diag o N)(G). A well
known result, see Cegarra and Remedies [5], the classifying simplicial sets W (G) and (Diag o N)(G) are
weakly homotopy equivalent. In [16], Thomas proved that the Kan classifying simplicial sets W (G) and
(Diag o N)(G) are simplicially homotopy equivalent.

In this work, we give an analogue of Thomas result for simplicial algebras. That is, the main result of
this work is to prove that the classifying simplicial R-modules W(E) and (Diag o N)(E) are simplicially
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homotopy equivalent. Here, W (E) is defined by using tensor product operation in terms of underlying
modules and using addition operation in terms of face maps as the modules are additive groups. For
the simplicially homotopy equivalency, we show that W (E) is a strong simplicial deformation retract of
(Diag o N)(E).

So, we can say that the following diagram is commutative up to simplicial homotopy equivalence.

Cosk

XMod — sAlg, W sMody —C> Comp i) Mody

s*Modpz

Here these notions meanings are as follows:

XMod : the category of crossed modules of algebras
sAlgy : the category of simplicial R-algebras
sModp, : the category of simplicial R-modules
s’Mody, : the category of bisimplicial R-modules
Comp : the category of chain complexes

Modp : the category of R-modules

From the above commutative diagram, we obtain that the homology of a simplicial algebra and also
crossed modules of algebras are obtained by composition of the functors in the upper row. Similarly for
cohomology.

In order to get our goals, we organize the paper as follows;

In Section 1, we recall some needed definitions.

In Section 2, we define the analogues of Kan classifying functor W from the simplicial algebras to
simplicial modules and show that the classifying simplicial R-modules W (E) and (Diag o N)(E) are
simplicially homotopy equivalent.

In Section 3, we give the definitions of classifying simplicial modules of simplicial algebras and
crossed modules of algebras. Using the equivalency given in Section 2, we get an alternative definitions
of (co)homology of simplicial algebras and crossed modules of algebras.

1. Preliminaries

We recall some standart definitions will be used in this work. For details, see [1, 3, 6, 11, 14].

Simplicial algebras

Suppose that R is a commutative ring with identity. A simplicial (commutative) algebra E consists of a
family of algebras {E,,} together with face and degeneracy mapsd; = d} : E, — E,—1, 0 <i<n, (n #
0)ands; = s : E;, — E,q1, 0 < i < n, satisfying the usual simplicial identities. It can be completely
described as a functor A% — Algr where A is the category of finite ordinals [n] = {0 < 1 < -+ < n}
and increasing maps. We have a category of simplicial algebras the above definitions and it is denoted
by sAlgg.

Consider the product A x A whose objects are pairs ([p], [g]) and whose maps are pairs of weakly
increasing maps. A functor (A x A)% — Algg is called a bisimplicial algebra with value in Algg. To give
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this functor is equivalent with giving for each (p, q) algebra E, ; and homomorphisms
d": Epg — Ep14
S Epg— Epyig  i:0,...,p
d]V : Ep,q ad Ep,q—l
SJ":Ep,q—>Ep,q+1 j:0,...,9

such that the maps d commute with dV s" and dh sh (resp. d" 1’) satisfy the usual simplicial identities.
Here df’, sg’ denote the horlzontal operators and d;,s; denote the Vertlcal operators. We have a category

of bisimplicial algebras from the above deﬁnitlons and it is denoted by s*Algg.

Here, we use the notation d ;) := djdj—1 ... d, resp. spjj] := sisiy1 . . . sj for composites of faces resp.
degeneracies.Moreover, in the rest of the paper, we use some specified brackets such that [a,b] := (z € Z
| a > z > b) for the descending interval and [a, b] := (z € Z | a < z < b) for the ascending interval.

The Moore complex of a simplicial R-algebra

A complex M of R-algebras is a sequence

of R-algebras M,, for n € Ny = NU{0} and algebra morphism 9 such that 99 = 0. So, we have a category
of complexes of R-algebras denoted by C(Algg).

Given any complex of R-algebras M, we have Z,(M) := ker(M, BN M,_1) and B,(M) :=

Im(M; 4+, N M,) for n € Ny, where M_; = {0}. If B,(M) is an ideal in Z,(M), written B,(M) <
Z,(M), for all n € Ny, we can define the homology of M such that H,(M) := Z,(M) /B, (M) for n € Np.
For any simplicial R-algebra E, the Moore complex N(E) of E is the normal chain complex of defined
by
n—1
(NE), == () kerd} <E,
i=0

for n € Ny and differantials 9, : (NE),, — (NE),_; induced from d; by restriction. In particular,
No(E) = Ep
The n homotopy module 7, (E) of E is the n" homology module of the Moore complex of E, i.e.,

Monoidal category

A monoidal category is a category C consists of

« abifunctor ® : C x C —> C called the tensor product or monoidal product,

« an object I called the unit object or identity object,

o three natural isomorphisms subject to certain coherence conditions expressing the fact that the tensor
operation
and satisfying following conditions:

- isassociative: there is a natural isomorphism «, called associator, with components @4 p.c : (A® B) ®
C=AQB®O.

— has I as left and right identity: there are two natural isomorphisms A and p, respectively called left
and right unitor, with components 14 : I® A= Aand ps : AQ I = A.

where coherence conditions known as commutativity of pentagon and triangle diagrams.
Note: Any category with finite products can be regarded as monoidal with the product as the monoidal

product and the terminal object as the unit. Such a category is called a cartesian monoidal category.
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Examples:

(i) C =Set (the category of sets) is a cartesian monoidal category with the cartesian product and one-
element sets serving as the unit.

(ii) C = Cat (the category of small categories) is a cartesian monoidal category with the product
category and the category with one object and only its identity morphism serving as the unit.

(iii) C = Modpg (the category of R-modules) is a monoidal category with the tensor product of
modules ®p serving as the monoidal product and the ring R serving as the unit.

(iv) C =Algp (the category of R-algebras) is a monoidal category with the tensor product of algebras
as the monoidal product and R as the unit.

The category of monoid objects
A monoid object, in a monoidal category (C, ®,I), is an object E in C together with two morphisms

uw: EQE —> E called multiplication,
n: I —— E called unit,

such that the following diagrams commutative:

(1)

(EQE)QE o E® (E® E) — " EQE

11 "

E®E . E
(ii)
I9E2L EoE<2 EgI
A 14
E

In the above notions, I is the unit element and o, A and p are respectively the associativity, the left
identity and right identity of the monoidal category C.

Examples:

(a) A monoid object in C = Sets is a monoid.

(b) A monoid object in C = Modp is an R-algebra.

(c) A monoid object in C =sModp, is a simplicial R-algebra.

(d) A monoid object in C =Cat is a small category C with two functors 4 : C xC — C and 7 :
C® — C where C®? is a category with one object and only its identity morphism.

A monoid morphism from C to D in C is a morphism C %, D such that the following diagrams
commutative (1¢¢ = (¢ ® @)uP and nCp = nP):

C

cect ¢

o

DD ——D
P
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and

UC

N

D

I

where C and D are monoid objects.
So, we get a category of monoid objects from the above definitions and it is denoted by Mon(C).

The nerve of a monoid object

Let E be a monoid object . The nerve of E is the simplicial object N(E) given by N,(E) := E®" for all
r € Ny with the faces N, (E) i> N;_1(E) and degeneracies N,(E) 2t N;41(E) are

Prm)me lr—1,1] ift=0
di = (P"m)me[rfl,tJrlj U ((Prt ®Prt71)ﬂ) U (prm)meLtfz,OJ if te[l,r—1]
(Prm)me(r—2,0] ift=r

fort € [0,r],r € N, r > 2, resp.
dy=d; =0forr=1
and
st = (Prm)melr—1,t) Y (1) U (Prm) me|t—1,0)
fort € [0,7], r € Ny, where E®" N denotes the unique morphism to the unit object under the

augmentation map from E to I.

Remark. Since any R-algebra is a monoid object in Modpg, we can define the nerve of an algebra as a
functor Mon(Modp) RN sModp. It can be applied dimensionwise to a simplicial R-algebra as a functor
Mon(sMody) N, s*Modgy.

From bisimplicial modules to simplicial modules (Diag functor)

Let C be a category. The functor

Dia
sC i sC

is an induced functor Diag := Cat(A,C) obtained by applying the hom-functor Cat(—,C) to the
diagonal morphism

AP By AP o AP

in Cat.
Let X be a bisimplicial object in C. Diag(X) is called its diagonal simplicial object.

AP x A%
s
X
- C
Diag(X)

So, diagonal simplicial module Diag(X) has entries Diag, (X) := X, for n € Ny, while the faces are

di = df(’dz = d%di‘ and degeneracies are s := si‘sl‘: = s%sz, respectively.
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Diagonal of the nerve of the simplicial algebra (Diag o N functor)

By using the well known definitions of nerve and diagonal functors, we can get the diagonal of the nerve
of the simplicial algebra as follows:

Let E be simplicial R-algebra. The diagonal of the nerve of E is a simplicial R-module with
DiagiN(E) = E¥" = E, ® E, - - - ® E, and the faces and degeneracies are as follows

r—th
dt((em)mel_r—l,oj) = (Xm)me [r—2,0]
di(em+1) ifme |r—2,t|
X =1 di(er) +di(er—q) ifm=t—1
di(em) ifme [t —2,0]

and

St((em)mel_rfl,oj) = (Zm)mel_r,OJ

si(em—1) ifme |[r,t+1]
Zmi=1 0 ifm=t
se(em) ifme [t—1,0],

(em)melr—1,0] = €r—1 @ er—2 Q@ -+ ® eg and (Xm)me|r—20] = Xr—2 D X—3 & - - - ® Xg.

Notions from simplicial homotopy theory

Given any simplicial R-modules X and Y, if there exists a simplicial module homomorphism X x A! RN
Y such that insoH = f and ins; H = g where insg and ins; are composite morphisms:

~ ; 1 ~ ; 0
X 5 X x AL X w Al resp. X —> X x A2 4 X x Al

resp., simplicial module homomorphisms f,g € sModr(X,Y) are said to be simplicially homotopic,
written f ~ g. Also, H is defined as simplicial homotopy from f to g.

If there exist simplicial module homomorphisms X L Yand Y —%> X such that fg ~ idx and
gf ~ idy, the simplicial R-modules X, Y are called simplicially homotopy equivalent. Then we can denote
X >~ Y, f and g are called simplicial homotopy equivalences.

Finally, we suppose given a dimensionwise injective simplicial module homomorphism Y S XY
is a simplicial deformation retract of X if there is a simplicial module homomorphism X —> Y such that
ir = idy and ri ~ idx. Also, r is said to be a simplicial deformation retraction. If there is a homotopy

ri —> idx which is constant along i, then we define Y is a strong simplicial deformation retract of X and
r is a strong simplicial deformation retraction.

Crossed modules (of R-algebras)

In this paper, all algebras will be commutative. Also, we accept that k is a commutative ring, R is a k-
algebra with identity.

A crossed module, (C, R, 3), (or shortly crossed R-module) consists of an R-algebra C and a morphism
d : C — R with an action R on C, satisfying the following conditions:

(CM1)

a(r-c) =rd(c)

forallr e Rand c € C.
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(CM2)
) - =
forallc, ¢ € C.
A morphism, («,8) : V —> V' of crossed modules consists of morphisms & : C —> C’ and
B : R —> R’ such that
(i) 098 =ad’
(i) a(r-c) =al)- p(r)
forallc € C,r € Rwhere V = (C,R,9) and V' = (C, R/, 9’) are crossed modules.
So, we have a category of crossed modules from the above definitions denoted by XMod.

Examples:

(a) Let A be an R-algebra and I is an ideal of A. Then (I,A,i) is a crossed module with the
multiplication action of A on I. Conversely, we induce an ideal from a given crossed module. Indeed, for
a given crossed module (C, R, 9), 3(C) is an ideal of R.

(b) Let M be an R-module. Then (M, R,0) is a crossed module. Conversely, for a crossed module
(G, R, 9), one can get that ker d is an R/d(C)-module.

For the other details about crossed modules of algebras you can see [17-19]. Now, we give the relation
between the category of crossed modules and the category of simplicial algebras in the following theorem
proved in [2]. By using this theorem and coskeleton functor, we get the classifying simplicial modules of
crossed modules in the third section.

Theorem 1. [2] The category of crossed modules is equivalent to the category of simplicial algebras with
Moore complex of length 1.

2. Simplicially homotopy equivalent classifying simplicial modules
The analogues of Kan classifying functor W

In this section, we define the analogue of Kan classifying functor, W, from the category of simplicial
algebra to category of simplicial module. Then, we show that the functors W and Diag o N are simplicial
homotopy equivalent by using Thomas [16] method. Also, we obtain that the simplicial R-module W(E)
is a strong simplicial deformation retract of (Diag o N)(E) where E is a simplicial R-algebra.

Suppose that E is a simplicial R-algebra. The reduced simplicial R-module W (E) given by

W,(E) := ® Ex=E_1®E_2®- - -®Eforeveryr € Ny
ke|r—1,0]
with the following faces and degeneracies:

di((em)me lr—1,0] ) = (fm)me [r—2,0]

where
di(em+1) itme |[r—2,t]
fmi=1 diler) +e— ifm=t—1
em ifme [t —2,0]
and
St((em)mELr—l,OJ) = (hm)mel_r,OJ
where
si(em—1) ifme |[rt+1]
hp=1 0 ifm=t
em itme |t —1,0].

Here, we use the addition notation for the group operation because of Abelian group.
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For following calculations, the composite of morphisms X L) Yand Y =55 Zis denoted by X £>

Z. The composite of functors C L Dand D -% € s denoted by C ok e

Proposition 2. (a)
D:DiaggoN — W
is a natural transformation such that (Dg)y = Q@  dirm+1) : E?’ — Q)  Enforallr € Ny,
me|r—1,0] me|r—1,0]

E € ObsAlgp.
(b) D is a retraction and

S: W —> Diago N
is a coretraction such that Sg is recursively given by (Sg)r © & Em —> E27, (em)melr—1,0) —>

me|r—1,0]
Ym)me|r—1,0] with

Ym = Z A\ kmt1)5Tmr—17 (€) — Z A kymt1)5Tmk—11 k) € Er
kelr—1,m] ke[m+1,r—1]
foreachm € |r — 1,0],r € Ny, E € ObsAlgg.

Proof. (a) Since the morphisms (Dg), for r € Ny are compatible with the faces and degeneracies of E,
(see [12], for details.)

(Diag o N)(E) =% W(E)
is a simplicial algebra homomorphism. Also, (Dg), = Q®  dirmt1) is a module homomorphism
me|r—1,0]
since all faces are module homomorphisms.
Additionally, given any simplicial algebra homomorphism ¢ : E — F

(DE)r(WrQD)Z ® d[r,m+1J ® Pm

me|r—1,0] me|r—1,0]

= ® d[r,m—HJ Pm

me|r—1,0]

= ® ‘prdL‘r,erlJ

me|r—1,0]

= (p;@r ® d[r,m+1J

me|r—1,0]
= (Diag:N¢)(Dg),

for all r € Ny. So, we get a commutative diagram that is D is a natural transformation.

(Diag o N)(E) =~ W(E)

(DiagoN)wl lw(p

(Diag o N)(F) o W(F)
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(b) Since the morphisms (Sg), for r € Ny are compatible with the faces and degeneracies of E, (see [12],
for details.)

W(E) % (Diag o N)(E),

is a simplicial algebra homomorphism. Also, it is clear that (Sg), are module homomorphisms from the
definition.
Finally, we prove that Dg is a retraction with coretraction Sg, that is,

(Se)r(DE)r = idWy (E)

for all r € Ny.

Suppose that (V) me|r—1,0 denote the image of an element (e;)me(r—10] € &  Ep under (Sg)y,
me|r—1,0]
where

Ym = Z A\ km+1]STmr—17 (k) — Z d\km+1)Srmk—11 (Vi)
ke|r—1,m] ke[m+1,r—1]

So, we have

(Sg)+(Dg)r((em) me lr—1,0] ) = (DE)r(()’m)mE lr—1,0] )

= ® dLV,m+1J (()’m)meUfl,OJ)

me|r—1,0]
= (dLr,m—HJ ()’m))me lr—1,0]-

Induction on m € |r — 1,0] shows that

> diemt1)STme—1 (e —
kelr—1,
dLr,erlj ()’m) = d[r,erlj EI_erj

ke[m+1,r—1]

A\ kmt1]STmk—11 k)

= Z A\ k1) STmr—1141rm+1) (€k) —

ke|r—1,m|
> dmersStmk-1dirme) (%)
ke[m+1,r—1]
= > dgmiy— Y diemryOn)
ke|r—1,m] ke[m+1,r—1]
= Z d\km1) (ex) — Z d\k,m+1) (ex)
kelr—1,m] ke[m+1,r—1]
= ep,.
This implies that (Sg),(Dg)r = idW,(E) for all r € Ny. O

Theorem 3. Given any simplicial R-algebra E, the simplicial R-module W(E) is a strong simplicial
deformation retract of (Diag o N)(E) with a strong simplicial deformation retraction given by

Dk : (Diag o N)(E) —> W(E).

Proof. We have the coretraction S. Now, we show that DgSg ~ id(piagon)(E) Via @ simplicial homotopy
constant along Sg. A simplicial homotopy H from DgSg to id(piagon)(E) is given by

H,(E) : Diag;N(E) x A} — Diag.N(E), ((er,m)melr—1,05T ) — 0T e - 10)
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for all r € Ny, where t € [0, 7 + 1] and, defined by descending recursion,

erm ifme|r—1,t—1] NNy

YU > Ai—tmt1)Sme—21(erf) —
m kelt—2,m] i
(r4+1—t) ifm e |_t - 2) OJ

Z d[k,m+1j Sm,k—1] (}’k )
ke[m+1,t—2]

We abbreviate y,, := y%H_[) for the respective index t € [0, r] under consideration to facilities the
following calculations.
Here, H,(E) yields a simplicial algebra homomorphism

H : (Diag o N)(E) x A! — (Diag o N)(E).

This can be checked from [12]. Now, we prove that insoH = DgSg and insi H = id(piagon)(E)- For r € Ny,
t € [0,7 + 1], (er,m)melr—1,0) € (Diag o N),(E), we have

(DE)r(SE)r((er,m)meLr—l,OJ) = (SE)r(dLr,m+1J (er,m))meLr—l,Oj
= ()’m)me[r—l,oj

with
ymo i = > Ak dimrySme11@) = Y it Stmk-110%)
kelr—1,m| ke[m+1,r—1]
= > dpmpusimen1@E) — Y dikmrnSimk-1 %)
kelr—1,m] ke[m+1,r—1]

forallm € |r — 1,0], and

Hr((er,m)me\_r—l,oj:Tr+17t) = (()’%Hfo)meu—l,m)
with
erm ifme |[r—1,t—1] NNy

Y= > di—tm1)Stme—21(erk) —

kelt—2,m] .
1— ifme [t—2,0].
Y dme Sk 0F )
ke[m+1,t—2]

But by descending induction on m € [r — 1,0], we get

Ym = Z d|_r,m+1J5[m,r—H (eri) — Z d[k,m+1j5[m,k—1'| 673)
ke|r—1,m] ke[m+1,r—1]
0
= Z A\ rm+1]5mr—11(erk) — Z A\ kymt1) STrmk—1] (;V,(( )
kelr—1,m] ke[m+1,r—1]
0
= V-

Hence,

(inso)rHy((erm)melr—1,0) = Hr((€rm)me|r—10)>T")
= ((}’SS)))mELr—l,OJ
= (Ym)melr—1,0]
= (DE)r(SB)r((erm)melr—1,0))
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and

(ins1)Hy (erm)mer—1,0)) = Hr((enmmelr—100 7"
= 05 ) melr-10) = (erm)melr—10)
= id(DiagoN)(E) ((€r,m)me|r—1,0))-
Now, we show that H is constant along Sg. For (ep)me|r—1,0] € W, (E), we have

H,((SE)r(em)melr—1,0> T ") = HA(m)melr—1,0, T 1)

= ()’,(n,rl-i_l_t))me lr—1,0]>

where
yme= > dgmesmen) — Y Aty Simk—11 (%)

kelr—1,m] ke[m+1,r—1]
and

Ym ifme|r—1,t—1] NNy

PrHl= > di—tm1)Stme—21 (k) —
m kelt—2,m] .
1— ifme [t—2,0].
Y dimrnSmk-n 07 )
ke[m+1,t—2]

We also show that yﬁ,r,H_t) = ym forallm € |r — 1,0],t € [0, + 1]. For t € {r + 1,0}, this follows
since H is a simplicial homotopy from DgSg to id(piagon) (k) and since SEDESE = Sg. So we may assume
that ¢t € |r, 1| and have to show that y%H_t) = ym for every m € |t — 2,0]. But we have

A= 1mt11STmi—21 Wm) = Alt—1m41]S[m,—2] Z A\ kmt1)5[mr—17 (ex) —
ke|r—1,m]

> dikmersStmk-1 %)
ke[m+1,r—1]

= Z A\ kmt1]STmr—11A 1= 1,m41)5Tm,t—2] (€k) —
kelr—1,m]

Z Al km1)STmk—11A 1= 1,m1) STm,t—21 (V)
ke[m+1,r—1]

= D Al Sime 115011l L1 Stmi—21 (ek) —
ke|lr—1,m]

> dim1sSTmt- 1157t k=11 AL L 1)Sme—21 ) —
kelt,r—1]

Z Alkm+1]STmk—11 t—1,m+1)STm,t—21 (k)
ke[m+1,t—1]

= Z A k1] STmt—1191 =1 m+1) STm+1mtr—]Sm,t—2] (€k) —
kelr—1,m]

Z A\ kmt1)STmt—11 A= 1,m+1) STmt- Lmak—1] STmyt—21 (k) —
kelt,r—1]

> demrrydimt 1kt 1) k=114 Ukm1 STt —2] (k)
ke[m+1,t—1]
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= Z Alkm1]SmSm1,m-4r—t]S[m,t—2] (€k) —
kelr—1,m]

Z A\ km1]SmSTmt 1m4k—11Sm,t—21 (Vk) —
kelt,r—1]

Z Alkm1) A mtt—1—km+1) STm,t—21 (V)

ke[m+1,t—1]
= Z d\kmt1)STmr—11 (k) — Z dlt—1,m+1)Smt—21 (Vi) —
kelr—1,m| ke[m+1,t—1]

> dikmryStmk-1 0%)
kelt,r—1]

and this implies, by induction on m € [t — 2,0] that

_ 1—
SR Z At—1,m+1)S[mt—21 (Vi) — Z i1y Stmi—11 0f )
ke|t—2,m] ke[m+1,t—2]
= Z At—1,m+1)S[mt—21 (Vi) — Z ik m-+1]STmk—11 (Vi)
ke|t—2,m] ke[m+1,t—2]
= Z dlt—1,m+1]S[mi—21 k) + Z A\ kymt1)5Tm,r—17 (€k)
kelt—2,m+1] kelr—1,m]
- Z Alt—1,mt1)5tmt—21 k) — Z A\ kmt1)Smk—11 k)
ke[m+1,t—1] kelt,r—1]
= D dkmbrsStmk-n O%)
ke[m+1,t—2]
= Z de,m+1J Sm,r—1] (ex) — Z de,m+1J Sm,k—1] (673)
ke|r—1,m] ke[m+1,r—1]
= ym
forallm e |t —2,0]. O

3. Classifying simplicial modules of crossed modules of algebras

The classical (co)homology of any group G is defined to be the (co)homology of the classifying space
B(G). Whitehead [20] has given an algebraic model for (path-connected) CW-space having trivial
homotopy groups 7, for n 2 3. This model is called a crossed module.

In [7], Ellis considered the (co)homology of the space B(M N G) as the “right” (co)homology of
the crossed module 8 : M — G. Moreover the alternative (co)homology theory have been worked in
several papers (see [4, 10, 15]). He also give some computer implemantations for computing homology
of a simplicial group and finite crossed module of reasonably small order in [8, 9].

In this last section, we give an alternative definition of (co)homology of simplicial algebras and crossed
modules of algebras by using (co)homology of their classifying simplicial R-modules.

For crossed R-module V = (C LN R), we construct its (co)homology in two steps:
(i) We associate to V a simplicial R-algebra, its coskeleton Cosk(V),

(ii) We construct a classifying simplicial R-module B(E) for any simplicial R-algebra E. Therefore we
can define B(V) = (B o Cosk)(V).

Firstly, we recall the definitions of classifying (bi)simplicial module and (co)homology of a simplicial
R-algebra.
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Let E be a simplicial R-algebra. B@(E) := N(E) is called the classifying bisimplicial module of E and
B(E) := (Diag o N)(E) is called the classifying simplicial module of E.

Let E be a simplicial R-algebra, A be a commutative ring, M be an A-module and #n € Ny be a non-
negative integer. The n-th homology module of E with coeflicients in M over A is defined to be the n-th
homology module of its classifying simplicial module, that is

Hy(E,M;A) := Hy(B(E), M; A).
Dually, we let
H"(E, M; A) := H"(B(E), M; A)

be the n-th cohomology module of E with coeflicients in M over A.
Also, we abbreviate

H,(E,A) : = H,(E,A; A)
H,(E,M) : = H,(E, M;Z)
Hy(B) : = Hy(E, Z; Z),
and
H"(E,A) : = H"(E,A; A)
H"(E,M) : = H"(E, M; Z)
H"(E) : = H"(E, Z; 7).

Corollary 4. Let E be a simplicial R-algebra, A be a commutative ring and M be a A-module. Homology
and cohomology of E can be computed as

H,(E,M;A) = H,(W(E), M; A)
and

H™(E,M; A) = H(W(E), M; A)
foralln € Ny.

Proof. Since B(E) := (Diag o N)(E) and (Diag o N)(E) =~ W(E), we have
Hy(E, M; A) = H,(B(E), M; A)
= Hyu(W(E), M; A)
and
H"(E,M;A) = H"(B(E), M; A)
= H"(W(E), M; A). O

We know that a crossed module V' = (C,R, ) can be associated to a simplicial R-algebra by its
coskeleton, Cosk(V). So, we can give following definitions for crossed modules by similar way.

We define B(V) := B(Cosk(V)) and B® (V) := B® (Cosk(V)) to be the classifying simplicial module
and the classifying bisimplicial module of a crossed module V e ObXMod, respectively.

Let V = (G, R, ) be a crossed module, A be a commutative ring, M be an A-module and n € Ny be
a non-negative integer. The n-th homology module of V with coefficients in M over A is defined to be
the n-th homology module of its classifying simplicial module, that is

H,(V,M;A) .= H,(B(V), M; A).
The n-th cohomology module of V with coefficients in M over A is defined to be
H"(V,M;A) := H"(B(V), M; A).
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We abbreviate
H,(V,A) : = H,(V,A; A)
H,(V,M) : = H,(V,M;Z)
Hy(V) : = Hy(V,Z; 2),
and
H"(V,A) : =H"(V,A;A)
H"(V,M) : = H"(V, M;7)
H"(V): = H"V,Z; 7).

Corollary 5. Let V be a crossed module, A be commutative ring, M be an A-module. Then
Hn(V,M; A) = H,(Cosk(V), M; A)

and
H"(V,M;A) = H"(Cosk(V), M; A)

foralln € Ny.

Proof. We have
H,(V,M;A) = H,(B(V),M; A) = H,(B(Cosk(V)), M; A) = H,(Cosk(V), M; A)
and analogously,
H"(V,M;A) = H"(B(V),M; A) = H"(B(Cosk(V)), M; A) = H"(Cosk(V), M; A)
for all n € Nj. O

Corollary 6. Also, we can give the above homology and cohomology as follows from the Corollary 4
H,(V,M;A) = Hy(Cosk(V), M; A) = H,(W(Cosk(V)), M; A)
and

H"(V,M;A) = H"(Cosk(V), M; A) = H"(W(Cosk(V)), M; A).
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