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A B S T R A C T   

This study addresses cracks and fracture problems in engineering structures that may cause significant challenges 
and safety concerns, with a focus on pressure vessels in nuclear power plants. Comprehensive parametric three- 
dimensional mixed mode fracture analyses for inclined and deflected nozzle corner cracks with various crack 
shape aspect ratios and depth ratios in nuclear reactor pressure vessels are carried out. Stress intensity factor 
(SIF) solutions are obtained using FRAC3D, which is part of Fracture and Crack Propagation Analysis System 
(FCPAS), employing enriched finite elements along the crack front. Also, improved empirical equations are 
developed to allow the determination of mixed mode SIFs, KI, KII, and KIII, for any values of the parameters 
considered in the study. This study provides practical solutions to assess the remaining life and fail-safe con
ditions of nuclear reactors by providing accurate SIF determination.   

1. Introduction 

In many engineering structures and industrial applications, cracks or 
fracture problems are encountered, and in some critical structures that 
require high technology and significant research and development ex
penditures, these failure types may become extremely vital. In a 
damaged structure, cracks may remain up to a certain safe size or a 
sudden fracture may cause serious financial losses, lead to dangerous 
accidents, and in some cases even cause loss of life. In computational 
fracture mechanics, numerical investigation of structures containing 
cracks requires an accurate and precise computation of fracture pa
rameters to prevent such hazards and to ensure that damaged parts 
function safely i.e., to assess their remaining life/fail-safe conditions. 
Therefore, recent studies on ensuring the safe operation of damaged 
structures have become more important. 

The reactor pressure vessel (RPV) is a key component of nuclear 
power plants along with the reactor core since, it is the heart of the 
nuclear steam supply system and is the penultimate safety fence to the 
release of radioactivity from the reactor core to the environment in case 
of a catastrophic failure [1,2]. Therefore, the structural integrity of RPV 
must be assured and maintained during operation. The number of 
studies on the investigation of fracture behavior of RPVs to ensure their 
safety increased significantly with the application of fracture mechanics 
approaches after 1960s. The effect of crack size on mode-I SIF was 

investigated experimentally for nozzle corner cracks by several re
searchers performing the burst test on epoxy models [3] and using the 
frozen-stress photo elastic technique [4–7]. Approximate stress intensity 
factor solutions [8–13] and numerical investigations using finite 
element method were also performed for nozzle corner cracks [14–31]. 
Most of the studies reported in the literature mainly concern pure 
mode-I fracture and crack growth problems dealing with the fatigue 
cracks initiated in the nozzles where a high-stress concentration occurs. 
However, in practice, many engineering structures containing cracks are 
exposed to various multi-axial loads i.e., the load directions are not 
perpendicular to the crack plane. Such loads are called mixed mode 
loads, under which crack may propagate in an inclined or deflected 
pattern from its actual plane. The existing developed approaches related 
to mode-I analysis are insufficient for these kinds of problems. Zhang 
et al. [32] analyzed cracks with different orientations using finite 
element alternating method in the reactor pressure vessel head pene
tration nozzles. They noted that the resulting mode-II and mode-III SIFs 
were dominant for some cracks and although their magnitudes were not 
large, they were not negligible. Spencer et al. [33] reported mixed mode 
SIF solutions obtained for two inclined cracks located at the inner sur
face of the RPV to show an initial demonstration of the usage of Grizzly 
which is a finite element-based simulation code. Liu et al. [34,35] per
formed mixed mode crack growth analyses for RPV under different 
loading conditions. FRANC3D software developed by a fracture group at 
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Cornell University was used to compute SIFs and the sub-model tech
nique was employed for crack propagation analyses [34,35]. It is indi
cated in these studies that the proportions of KI, KII, and KIII SIFs along 
the surface corner crack affect the direction of crack extension and, 
therefore the crack front shape. In previous studies [36–41], mixed 
mode-I/II, I/III and I/II/III fracture tests were performed for different 
types of specimens (compact tension shear- CTS specimen, T-specimen 
and compact tension-shearing and tearing- CTST specimen) under 
different mode mixity loading conditions. The results from mixed 
mode-I/II tests showed that although there is no mode-III external 
loading, mod-III SIF is also observed along the crack front due to Pois
son’s ratio effect of the material. The results for mixed mode-I/III tests 
also showed that although the applied load type is mixed mode-I/III, due 
to the out-of-plane bending effect, mode-II SIF is also observed in 
addition to mode-I and mode-III SIFs. Hence, mixed mode fracture 
behavior is complicated and includes some difficulties due to coupling of 
the in-plane shearing (mode-II) and out-of-plane tearing (mode-III) 
modes. Many problems related to engineering structures and machine 
parts seen in practice involve three dimensional nature. In order to 
ensure the safety of RPV, three-dimensional modeling capabilities and 
solutions, which are relatively limited in the literature for thorough 
understanding and clarification of mixed mode fracture conditions on 
RPV, are required for designing more reliable reactors. Due to the 
complexity of the configuration and of the stress distribution around 
nozzle junction, detailed investigation of mixed mode fracture behavior 

is needed. 
A numerical assessment of damaged structures containing cracks 

requires an accurate and precise solution of three-dimensional SIFs, i.e., 
KI, KII, and KIII along the crack front which has a remarkable role on 
mixed mode fracture analysis. The RPV serves as the central component 
of these plants, acting as the nucleus of the nuclear steam supply system 
and serving as a crucial safety barrier to prevent the release of radio
activity in the event of a catastrophic failure. The potential for cracks or 
fractures in the RPV poses a significant risk, with the capacity to lead to 
severe financial losses, hazardous accidents, and, in extreme cases, loss 
of life. The mixed mode loads, where the directions are not perpendic
ular to the crack plane, result in crack propagation in inclined or 
deflected patterns, presenting a challenge not adequately addressed by 
current approaches. In this study, comprehensive and parametric frac
ture analyses of a wide range of inclined and deflected nozzle corner 
cracks with different aspect ratios and depth values for RPV are pre
sented in detail to gain a deeper understanding of mixed mode fracture 
conditions in RPVs. Moreover, recognizing the lack of comprehensive 
empirical equations for predicting KI, KII, and KIII SIFs for any crack 
shape and orientation in RPVs, based on the numerical results obtained 
for the in-depth cases aforementioned, improved regression-based 
empirical equations have been proposed. These equations aim to pro
vide accurate predictions of SIFs, enhancing the practical applicability 
of the study’s findings in the field of nuclear power plant engineering. 

2. Computation of mixed mode SIFs 

Details related to modeling and fracture analysis procedures are 
briefly described in this section. The process steps for the analysis pro
cedure are shown in Fig. 1. ANSYS™ [42] is used for modeling and the 
solution of the problem involving the whole assembly. After performing 
the stress analysis, the element, node lists connected to crack front and 
the sub-model, and displacement lists belonging to contact surfaces of 
the sub-model are taken from ANSYS. Those data are used in FRAC3D 
solver to compute SIFs along the crack front. FRAC3D solver [43,44], 
which is a general-purpose, standalone program employing enriched 
finite elements in an effort to compute three-dimensional mixed mode 
SIFs and is the main part of Fracture and Crack Propagation Analysis 
System (FCPAS) is used for fracture analyses. The enriched finite ele
ments permit direct computation of SIFs with no pre- and post-process 
interventions and without the need a special techniques or procedures 
near the crack front and additional treatments after solution of the finite 
element analysis. The crack front is surrounded by enriched elements 
sharing an edge or point. A representative view of a quadratic hexahe
dral enriched finite element touching the three-dimensional crack front 
is shown in Fig. 2. The SIFs and displacements along the crack front can 
be computed concurrently since these elements also include the un
known SIFs into finite element formulation in addition to nodal dis
placements and shape functions (Eq. (1)). Details regarding with finite 

Fig. 1. The process map of the analysis procedure.  

Fig. 2. Quadratic hexahedral enriched finite element touching the three- 
dimensional crack front [45]. 
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Fig. 3. Detailed dimensions of the AP1000 RPV model [46].  

Fig. 4. The RPV model used in the analyses, (a) boundary conditions, (b) close-up view of the initial crack region including enriched and transition elements.  

Fig. 5. Details of nozzle corner crack.  
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element formulations and numerical integration of the enriched ele
ments can be found in Refs. [43,44].   

Calculation of stiffness matrices of enriched elements contains de
rivatives of the above displacement fields. The stress intensity factors are 
directly embedded in the enriched element formulation and thus, they 
are computed automatically using FRAC3D without any post-processing. 
In Eq. (1), uj are the m unknown nodal displacements, ξ, η and ρ are the 
local coordinates in the enriched elements and Nj are the regular finite 
element shape functions. Z0 is a zeroing function that is 1 for all enriched 

elements and varies between 0 and 1, m is 20 or 10 depends on element 
type, and fu, gu and hu are obtained from the analytically known func

tions in the asymptotic crack tip displacement expressions for mode-I, 
–II and –III displacement components. Ki

I, Ki
II and Ki

III are the unknown 
nodal stress intensity factors at the ith crack front node, and the series 
(
∑ntip

i=1Ni(Γ)Ki
I, Ki

II and Ki
III) symbolizes the stress intensity factor varia

tions along the whole crack front within the element shown and the 
neighboring nodes on the crack front. ntip is number of nodes on the 
edge of one element along the crack front and is 3 for a quadratic 
enriched element. The local isoparametric coordinate, Γ varies between 
- 1 and 1. 

3. Problem description 

In this section, details of three-dimensional mixed mode surface 
crack problem are depicted for the AP1000 RPV which has a third- 
generation advanced passive cooling system with four in-let and two 
out-let nozzles. A comparison is first done in this section to validate the 
applied three-dimensional enriched element method. Liu et al. [35] 
analyzed this problem to investigate the effect of thermal stress on crack 
propagation. The SIF solutions given for different inclination angles (β) 
in Ref. [35] are compared in the current study to validate the method. 
Since the AP1000 reactor pressure vessel has symmetry in two axes, it is 
modeled as a quarter model to simplify the problem. In Fig. 3, the 
geometric details of the model are summarized. The material considered 
for the analyses is SA508 Gr.3 Cl.1 steel. Young’s modulus and Poisson’s 
ratio of the material are 186 GPa and 0.3, respectively. The finite 
element model used in the fracture analyses and the close-up view of the 
initial crack region including enriched and transition elements are 
shown in Fig. 4. The internal pressure of 17.13 MPa is applied on the 
inner surface as is the case with the study performed by Liu et al. [35] to 
compare the analysis results for some specific loading conditions. Fig. 5 
depicts a surface corner crack at the inlet nozzle-cylinder intersection 
area of RPV. “a” is the crack depth, “2c” is the crack length, and “t” 

Table 1 
Geometric parameters utilized in sensitivity analyses.  

Parameters Values 

Crack depth ratio (a/t) 0.0625; 0.125; 0.25 
Crack shape aspect ratio (a/c) 0.5; 1.0; 2.0 
Crack inclination angle (β) 0◦ ; 15◦ ; 30◦ ; 45◦; 60◦; 75◦; 90◦

Crack deflection angle (α) 0◦; 15◦; 30◦; 45◦; 60◦; 75◦

Fig. 6. Detailed view of the initial crack located on the sub-model.  

Fig. 7. (a) Inclined crack, (b) deflected crack cases considered in the study.  

u(ξ, η, ρ)=
∑m

j=1
Nj(ξ, η, ρ)uj +Z0(ξ, η, ρ)

(

fu(ξ, η, ρ) −
∑m

j=1
Nj(ξ, η, ρ)fuj

)(
∑ntip

i=1
Ni(Γ)Ki

I

)

+Z0(ξ, η, ρ)
(

gu(ξ, η, ρ) −
∑m

j=1
Nj(ξ, η, ρ)guj

)(
∑ntip

i=1
Ni(Γ)Ki

II

)

+Z0(ξ, η, ρ)
(

hu(ξ, η, ρ) −
∑m

j=1
Nj(ξ, η, ρ)huj

)(
∑ntip

i=1
Ni(Γ)Ki

III

)

(1)   
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represents the nozzle section thickness including crack depth in a di
rection oriented 45-degrees from the center of the inner surface to the 
outer surface, as shown in Fig. 5. The value of “t" is approximately 240 
mm. To perform a large spectrum of SIF solutions and determine their 
sensitivity to the specified variables, the geometric parameters listed in 
Table 1 are utilized to cover all possible combinations. However, there 
might be some special cases ineligible for analysis such as some points of 
the crack surface extending beyond the nozzle surface. In Fig. 6, a 
detailed view of the surface corner crack located at the inlet 
nozzle-cylinder intersection on the sub-model is presented. In the case of 
an inclined crack, the crack plane is rotated with respect to the local y’ 
axis by β for which axis representations are given in Fig. 6. In the case of 
a deflected crack, the crack plane is rotated with respect to the local x’ 
axis by α. The inclination and deflection angles are measured from a 
plane parallel to the local x–y plane. Fig. 7 illustrates the cases of 
deflected and inclined cracks considered in the study. 

Fig. 8. Mixed mode SIF distributions along the crack front obtained for different crack tip element sizes for the case; α = 0◦, β = 45◦, a/t = 0.125 and a/c = 2.0.  

Fig. 9. Comparison of mode-I SIFs obtained from the current study by FCPAS 
and from the reference study [35]. 

Fig. 10. The mode-I SIF distributions for different crack depth ratio obtained by FCPAS and Ansys for the case; α = β = 0◦ and a/c = 1.0.  
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4. Numerical results 

To achieve the optimum mesh structures and accurate and exact 
analysis results, a series of mesh sensitivity analyses are carried out. In 
this context, the edge size of the enriched elements located at the crack 
tip is systematically reduced, and then the obtained SIFs along the crack 
front are compared. In Fig. 8, a comparison of the mixed mode SIF 
distributions along the crack front obtained for different crack tip 
element sizes is plotted for the case; α = 0◦, β = 45◦, a/t = 0.125, a/c =
2.0. As can be observed from the figure, the KI, KII, and KIII SIF distri
butions converge when the element size ranges from 0.005 mm to 0.003 
mm. The two SIF solutions are almost identical. Therefore, the enriched 
element size of 0.005 mm is deemed suitable for the analyses. The mode- 
I SIF solutions given for the case; a/t = 0.0625, a/c = 1.0, for different 
inclination angles (β) in the study performed by Liu et al. [35] are 
compared in Fig. 9 to validate the applied three-dimensional enriched 
element method. The comparison results demonstrate that there is a 
very good agreement between the results of this study and those of 

application example. As a second validation case, fracture analyses 
performed for different crack depth ratios (α = β = 0◦, a/c = 1.0) using 
Ansys and comparison of mode-I SIF variations are given in Fig. 10. As is 
seen that similar tendencies are observed for both software. In this 
section, detailed three-dimensional mixed mode SIF solutions are 
introduced including all possible combinations of the crack shape and 
patterns listed in Table 1. It should be noted that all comparison graphs 
(Figs. 11–22) exhibited in this section contain SIF distributions for a 
combination of 9 cases under 3 different values of crack shape aspect 
ratio (a/c), and crack depth ratio (a/t). Therefore in these figures 
(Figs. 11–22), the normalized crack front position on x-axis changes 
between 0 and 9. 

4.1. Fracture analyses for inclined cracks 

First, SIF solutions are provided for inclined cracks (Fig. 7-a). Fig. 11 
shows the comparison of mode-I SIF distributions along the crack fronts 
for different inclined cracks including all possible crack aspect ratios and 

Fig. 11. Comparisons of mode-I SIF distributions for inclined cracks.  

Fig. 12. Comparisons of mode-II SIF distributions for inclined cracks.  
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crack depths listed in Table 1. It should be indicated that each interval 
on the horizontal axis represents the distribution of SIFs along the crack 
front for each crack configuration considered. It is observed from the 
figure that, for a given crack aspect ratio, a/c, as the crack depth ratio 
(a/t) increases i.e., the initial crack approaches the boundary surface, 
due to the back surface effect, the mode-I SIFs increase for each crack 
configuration. This so-called back surface effect is caused due to the 
decreased rigidity of the ligament between the crack and back surface. 
Also, for a given a/c, the amount of increment of SIF value is propor
tional with a/t, i.e., the increment amount is maximum for a/c = 0.5, 
minimum for a/c = 2.0. The value of mode-I SIF along the whole crack 
front is maximum for the case that the crack is not inclined, i.e., β = 0, 
and consistently decreases with increasing inclination angle. Further
more, for crack aspect ratios with a/c = 0.50, the maximum SIF is 
observed in the deepest region. For a/c = 1.0 and 2.0, on the contrary, 
the SIFs near the free surface locations are higher than at the center of 
the crack depth. Another conclusion from the curves is that, for a given 
a/t, KI decreases with increasing a/c ratios. A comparison of mode-II SIF 

distributions along the crack fronts for different inclined cracks is 
included in Fig. 12. It is clearly seen that, for the intermediate angles, KII 
has its maximum value at the free-surface points and its distribution is 
nearly linear and anti-symmetric. Also, for β = 0◦ and 90◦ cases and for 
a/t = 0.0625, the magnitude of KII is close to zero along the whole crack 
front for all a/c ratios, while gradually increases in magnitude with 
increasing a/t. Another observation is that, as inclination angle in
creases, KII progressively increases until it reaches its maximum 
magnitude at β = 45◦, and decreases as the inclination angle further 
increases. Finally, for the intermediate angles, the increment of KII with 
increasing a/t ratios for a given a/c is also seen. Fig. 13 shows the 
comparison of mode-III SIF distributions along the crack fronts for 
different inclined cracks. Similar to the behavior of KII, for all crack 
configurations, KIII gradually increases in magnitude as inclination angle 
increases, reaching its maximum magnitude at β = 45◦, and decreases as 
the inclination angle further increases. It is clearly observed that, for a 
given a/t, KIII decreases with increasing a/c ratios, and for a given a/c, 
on the contrary, KIII increases with increasing a/t ratios. It should be 

Fig. 13. Comparisons of mode-III SIF distributions for inclined cracks.  

Fig. 14. Comparisons of mode-I SIF distributions for deflected cracks (β = 0◦).  
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noted that in this paper, the terms “increase” and “decrease” are used in 
the magnitudes, not necessarily in terms of the algebraic sense. Similar 
to the behavior of KII, for β = 0◦ and 90◦ cases and for a/t = 0.0625, KIII is 
nearly zero along the crack front, and increases with increasing a/t. For 
the intermediate angles, the maximum KIII occurs at the deepest point 
and as a/t ratio increases the level of asymmetry increases. 

4.2. Fracture analyses for deflected cracks (β = 0◦) 

In this sub-section, results of fracture analyses are presented for 
deflected cracks for the case of β = 0◦ (Fig. 7-b). In Fig. 14, variations of 
mode-I SIFs along the crack fronts for different deflected cracks (β = 0◦) 
with various crack shapes listed in Table 1 is presented. As is the case 
with the inclined cracks, due to the back surface effect, the increased KI 
with increasing the crack depth ratio (a/t) is apparently observed for 
each crack shape, and also the amount of increment of KI is proportional 
with a/c. KI is maximum for α = 0◦, and progressively decreases in 
distribution of KI with increasing deflection angle as expected, and its 

magnitudes are partially below zero for α = 75◦ and completely below 
zero for α = 90◦, indicating the crack surface contact. Similar to the 
behavior of inclined cracks, the deepest point has the maximum SIF for 
the case of a/c = 0.50. Conversely, for a/c = 1.0 and 2.0, SIFs near the 
free surface points are maximum, and for a given a/t, the decreased KI as 
the ratio, a/c, further increases is explicitly seen. Similarly, distributions 
of mode-II and –III SIFs along the crack fronts for deflected cracks for the 
case of β = 0◦ are presented in Figs. 15 and 16, respectively. SIF dis
tributions for α = 90◦ are not included in these figures due to their 
magnitude is completely below zero. As evident from the figures, the 
behavior of mode-II SIFs (Fig. 15) closely resembles the behavior of 
mode-III given in Fig. 13, while mode-III SIF distributions (Fig. 16) show 
a similar tendency to the mode-II SIF distributions shown in Fig. 14. 

4.3. Fracture analyses for deflected cracks (β = 45◦) 

SIF solutions for deflected cracks for the case of β = 45◦ are presented 
in this sub-section. Fig. 17 illustrates the distributions of mode-I SIFs 

Fig. 15. Comparisons of mode-II SIF distributions for deflected cracks (β = 0◦).  

Fig. 16. Comparisons of mode-III SIF distributions for deflected cracks (β = 0◦).  
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along the crack fronts for the case of deflected cracks (β = 45◦) with 
different crack configurations listed in Table 1. As is seen, KI distribu
tions closely resemble the behavior of KI presented in Fig. 14 for the 
previous case, except for the increasing level of asymmetry with 
increasing crack deflection angle and crack depth ratio. It should be 
noted that some cases for α = 75◦ and completely for α = 90◦ are not 
included in the figure. As mentioned above some cases are ineligible for 
analysis due to modeling problems of the initial crack related to crack 
shape such as some points of the crack surface extending beyond the 
nozzle surface. Variations of KII along the deflected crack fronts for β =
45◦ with different crack shapes are represented in Fig. 18. As is the case 
with Fig. 12 given for KII distributions for inclined cracks, a similar 
tendency is observed for each crack configuration, except asymmetric 
distribution is present apparently, and also the magnitudes of KII are out 
of zero for α = 0◦. Fig. 19 shows the distributions of mode-III SIFs for 
deflected cracks (β = 45◦) with different shape ratios. A high level of 
asymmetry compared to previous figures plotted for KIII variations is 
clearly seen. 

4.4. Fracture analyses for deflected cracks (β = 90◦) 

Finally, results of fracture analyses are presented for deflected cracks 
(β = 90◦) with different crack configurations listed in Table 1. In 
Figs. 20–22, SIF distributions along the crack fronts are given. It is seen 
from Figs. 20–22 that, compared to results of the other crack configu
rations, the almost lowest SIF values are obtained for all three fracture 
modes under the same a/t and a/c ratios and the magnitudes of resultant 
KI values are relatively close to KII and KIII SIFs. The problem is further 
mixed-mode compared to other cases and complicated for modeling of 
the initial crack. Therefore, SIF solutions for α = 60◦, 75◦ and 90◦ are not 
included in (Figs. 20–22) as modeling of these crack cases is not feasible 
or possible. Also, for α = 45◦, KI values are partially below zero (Fig. 20) 
which is physically impossible and reflects the crack surface contact. 

5. Development of new mixed mode SIF equation 

In an effort to establish the effect of a/t ratios, a/c ratios, crack 

Fig. 17. Comparisons of mode-I SIF distributions for deflected cracks (β = 45◦).  

Fig. 18. Comparisons of mode-II SIF distributions for deflected cracks (β = 45◦).  
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inclination (β), and deflection (α) angles on the resultant KI, KII and KIII 
SIFs obtained from all crack configurations considered in this study, 
main effects analyses are performed with the provided results of fracture 
analysis. The nozzle junction of RPV is subjected to higher and more 
complex stresses than the remaining parts due to the complexity of the 
construction. Therefore, a detailed investigation of three-dimensional 
mixed mode analysis is needed to understand the nature of fracture 
behavior and the effect of crack parameters on this complicated 
behavior for designing more reliable reactors. In order to summarize the 
effect of these crack parameters on mixed mode SIFs, additional com
parison graphs are provided. In Figs. 23 and 24, comparisons of mean of 
KI, KII and KIII obtained for the depth point from all cases considered are 
represented as a function of inclination or deflection angles for the 
cracks with different a/t and a/c ratios, respectively. In Fig. 23, the 
mean of KI, KII and KIII refers to the average values of these SIFs 
computed for different a/c ratios under a given a/t ratio, crack incli
nation (β), and deflection (α) angles while it represents the average of 
SIFs obtained for different a/t under a given a/c, β, and α in Fig. 24. An 

obvious conclusion from both figures would be that the effect of a/t and 
a/c ratios on KI is greatest for non-inclined/non-deflected cases (α = β =
0◦) and decreases as inclination/deflection angles increase, whereas it is 
vice versa for KII, i.e., a/t and a/c ratios have the least influence on KII for 
α = β = 0◦, and the influence increases mostly with increasing the 
inclination/deflection angles. Another observation from both figures is 
that for deflected cracks, the level of influence of a/t and a/c ratios on 
KIII generally does not change much with the variation of inclination 
angle. 

Instead of time-consuming methods to determine SIFs, equations or 
criteria developed for customized problems are highly desirable in terms 
of practicality. There is a need for an improved equation considering the 
influence of the variables on analysis results, that can provide a practical 
method to determine mixed mode SIFs for intermediate values of the 
variables without the need for analysis. After determining the effects of 
parameters considered on mixed mode SIFs, regression-based [48] 
empirical equations are developed using KI, KII, and KIII values obtained 
from all SIF solutions presented above for the crack depth point. The SIFs 

Fig. 19. Comparisons of mode-III SIF distributions for deflected cracks (β = 45◦).  

Fig. 20. Comparisons of mode-I SIF distributions for deflected cracks (β = 90◦).  
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obtained for cases where KI values are partially or completely negative 
have been excluded from the regression analysis. Poisson regression 
analysis is employed to develop an empirical equation to determine KI. 
The equation is defined as follows; 

KI = ey (2)  

where e is the Euler number, and y is expressed as follows; 

y= 4.122+ 7.012
a
t
− 0.513

a
c
− 13.22

(a
t

)2
− 0.99β2 − 0.812α3 + 0.965

a
t
α2

− 0.133
a
c
α2 − 0.403β2α

(3) 

In Eqs. (2) and (3), α and β in radian, KI in MPam0.5. To validate the 
developed empirical equation, the mode-I SIF solutions provided for 
cracks with various crack shape aspect ratios and depth ratios in the 
study conducted by Du and Shi [47] are compared in Fig. 25. It is evident 
that there is an excellent agreement between the results obtained from 

the equation and those from the reference study [47]. Thus, it can be 
concluded that Eq. (2) can effectively be employed to determine the 
mode-I SIF for any intermediate values of the parameters listed in 
Table 1. Finally, similar to the equation mentioned above, 
regression-based empirical equations are formulated for determining KII 
and KIII SIFs, and they are presented below; 

KII = − 1.444 + 23.286
a
t
+ 1.012β + 46.371α − 66.660

(a
t

)2
+ 206.940

a
t

α

− 23.263α2 − 5.328
a
c

α − 34.440αβ + 3.457
a
c

βα + 69.244
(a

t

)2
β

− 249.349
(a

t

)2
α − 1.104

a3

c2t
− 2.415a3 − 13.651

a2

tc
α − 4.363

a
t
β2

− 72.828
a
t

βα − 16.427
a
t
α2 + 1.493β2α + 18.932βα2

(4)  

Fig. 21. Comparisons of mode-II SIF distributions for deflected cracks (β = 90◦).  

Fig. 22. Comparisons of mode-III SIF distributions for deflected cracks (β = 90◦).  
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Fig. 23. Effect of crack depth ratio (a/t) on the resultant SIFs obtained from the all cases considered.  
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KIII = 1.079 − 25.925
a
t
− 81.260β

− 0.715
(a

c

)2
+ 53.095β2 + 19.305

a2

tc
+ 30.728

a
c

β

− 46.643
a
t

α+ 15.351βα+ 105.071
a
t
β2 + 19.925

a
t

βα − 159.751
a
t

β

+ 31.217
a
t
α2 − 20.152

a
c
β2 − 10.563β2α (5)  

In order to demonstrate the applicability of the developed empirical Eqs. 
(4) and (5), an extended series of fracture analyses has been performed 
by FCPAS for different intermediate values of the parameters that have 
not been analyzed before, and the SIFs obtained from the empirical 
equations and FCPAS for the crack depth point are given in Table 2. 
Although for some cases where KII and KIII are close to zero, differences 
of more than 20 % are observed between the predictions, in general, it 
can be concluded that the predictions made using the equations are close 
to the analysis predictions. 

6. Summary and conclusions 

This study attempts the critical issue of mixed-mode fracture 
behavior in reactor pressure vessels (RPVs) and its implications for 
structural integrity and safety. Fracture analyses cover a broad spectrum 

Fig. 24. Effect of crack shape aspect ratio (a/c) on the resultant SIFs obtained from the all cases considered.  

Fig. 25. Comparisons of mode-I SIFs obtained from the developed empirical 
equation and from the reference study [47] for different crack configurations. 
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of crack shape aspects and depth ratios and orientations, providing a 
comprehensive understanding of SIFs along the crack front. Three- 
dimensional fracture analyses were performed employing enriched 
finite elements along the crack front using FRAC3D, which is a general- 
purpose standalone fracture analysis program. The study demonstrates 
that the influence of these parameters on SIFs is significant. Based on the 
results of the fracture analyses, some key observations regarding 
possible crack patterns considered critical to the structural integrity of 
the reactor pressure vessel and their impact on SIFs are given below;  

- Increasing crack depth ratio (a/t) and crack shape aspect ratio (a/c) 
generally leads to increased SIFs for all KI, KII, and KIII across all 
angles.  

- Cracks with lower β and α angles experience higher SIFs for KI and 
potentially significant KII and KIII values making them more prone to 
initiation and growth and may pose a greater threat to the structural 
integrity of the reactor vessel due to increased susceptibility to 
fracture. 

This study indicates that the orientation of the crack, whether in
clined or deflected, plays a crucial role in the distributions of SIFs. In 
order to make the determination of SIFs practical and easy, regression- 
based empirical equations are proposed considering the effects of the 
aforementioned parameters on mixed mode SIFs, KI, KII, and KIII. The 
developed equation (Eq. 2) for mode-I SIF is shown to be highly reliable, 
as evidenced by their excellent agreement with reference data from a 
previous study. The equations developed for mode-II and mode-III SIFs 
(Eqs. (4) and (5)) were validated by additional fracture analyses per
formed for various crack configurations. In summary, this study pro
vides detailed analysis information on mixed-mode fracture behavior at 
the inlet nozzle-cylinder intersection area of RPV and provides engineers 
with valuable tools to accurately determine SIFs under various crack 
configurations. These findings are expected to contribute to the overall 
design, safety, and reliability of critical structures in the nuclear reactor 
field. 
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