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1 Introduction

Crossed modules of groups, introduced by Whitehead [11], originate in algebraic topology

and more particularly in homotopy theory. Mac Lane and Whitehead showed in [7] that

crossed modules of groups modelled homotopy 2-types (3-types in their notation). The

commutative algebra version of this construction has been given by T. Porter, [3]. Crossed

modules are algebraic objects with rich structure. They provide a simultaneous generaliza-

tion of the concepts of ideals and modules. Furthermore, we may consider any algebra as a

crossed module. For any algebra C, we have the crossed module id : C → C. Therefore it is

of interest to investigate generalizations of algebra (ring) theoretic concepts and structures
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to crossed modules. We interest some possible such generalizations.

In this paper we generalize certain well known some special ideals such as maximal,

prime and coprime ideals to crossed modules and study the connections between these

concepts. Also, we give the main result that (C,R, ∂) has a maximal ideal where (C,R, ∂)

is a crossed module such that R has an identity 1R 6= 0, as an application of Zorn’s Lemma.

2 Preliminaries

We recall the definition and elementary theory of crossed modules of commutative algebras

given in [10].

Let k be a fixed commutative ring, R be a k-algebra with identity. All k-algebras will

be commutative and will not necessarily have identities unless this is specified.

Definition 1 A crossed module, (C,R, ∂), consists of an R-algebra, C, and a k-algebra

morphism ∂ : C → R with an action R on C, written (r, c) 7−→ r · c such that, for r ∈ R,

c1, c2 ∈ C,

CM1) ∂(r · c) = r∂(c) and CM2) ∂(c1) · c2 = c1c2.

A morphism of crossed modules, (µ, η) : (C,R, ∂) → (C ′, R′, ∂′) consists of a pair of k-

algebra morphisms µ : C → C ′, η : R → R′ such that ∂′µ = η∂ and µ(r · c) = η(r) · µ(c)

for all r ∈ R, and c ∈ C.

Examples:

(i) Any ideal, I, in R gives an inclusion map I �
� inc. // R which is a crossed module.

Conversely, given any crossed module ∂ : C −→ R, the image I = ∂(C) of C is an ideal in

R.

(ii) Any R-module M can be considered as an R-algebra with zero multiplication and

hence 0 : M −→ R is a crossed module. Conversely, if ∂ : C −→ R is a crossed R-module,

ker∂ is an R/∂(C)-module.

(iii) Let (C,R, ∂) be a crossed module and I be an ideal of R such that I ⊆ Ann(C) =

{r ∈ R | r · c = 0}. Then (C,R/I, ∂) is a crossed module.
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(iv) Let (C,R, ∂) be a crossed module and C ′ be an ideal of C and RC ′ ⊆ C ′. Then

(C/C ′, R, ∂) is a crossed module.

(v) Let (C,R, ∂) be a crossed module and I be an ideal of R. Then I ⊆ Ann(C/IC)

and (C/IC,R/I, ∂) is a crossed module.

(vi) Let M(R) be the multiplication algebra defined by Mac Lane [8] (see also [6]) as

the set of all multipliers δ : R → R such that for all r, r′ ∈ R, δ(rr′) = rδ (r′) where R is

a commutative k-algebra and Ann (R) = 0 or R2 = R. Then µ : R → M(R) is a crossed

module given by µ(r) = δr with δr(r
′) = rr′ for all r, r′ ∈ R. (See [2],[5] for details).

A crossed module (C ′, R′, ∂′) is a subcrossed module of a crossed module (C,R, ∂) if

C ′, R′ are subalgebras of C,R, respectively, ∂′ = ∂|C′ and the action of R′ on C ′ is induced

by the action of R on C. Also, if C ′, R′ are ideals of C,R, respectively and R′C ⊆ C ′,

RC ′ ⊆ C ′, then a subcrossed module (C ′, R′, ∂′) of a crossed module (C,R, ∂) is called

crossed ideal and the set of all ideals of (C,R, ∂) is denoted by Id(C,R, ∂). Consequently, we

have the quotient crossed module of (C,R, ∂) by (C ′, R′, ∂′), (C/C ′, R/R′, ∂̃) with induced

boundary map and action [9].

3 Some special crossed ideals

As an analogues of algebras, we can define some special ideals such as maximal, prime and

coprime ideals. First we will explain some notations and then give some definitions and

properties about these special crossed ideals and relations with factor crossed modules.

Let (C,R, ∂) be a crossed module and let C1, C2 be ideals of C, R1, R2 be ideals of R.

〈DR1(C1)〉 will denote the ideal of C generated by the set {r1 · c1 : r1 ∈ R1, c1 ∈ C1} and

〈DR2(C1), DR1(C2)〉 will denote the ideal of C generated by the set {r2 · c1, r1 · c2 : r1 ∈

R1, r2 ∈ R2, c1 ∈ C1, c2 ∈ C2}.

Proposition 2 Let (C,R, ∂) be a crossed module and Id(C,R, ∂) be the set of all ideals

of (C,R, ∂). If we define addition and multiplication on Id(C,R, ∂) by

(C1, R1, ∂) + (C2, R2, ∂) = (C1 + C2, R1 +R2, ∂)
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and

(C1, R1, ∂) · (C2, R2, ∂) = (< DR2(C1), DR1(C2) >,R1R2, ∂).

We obtain an algebraic structure (Id(C,R, ∂),+, ·) with the following properties:

(a) The addition in Id(C,R, ∂) is commutative and associative and posseses a neutral

element,namely (0, 0, ∂).

(b) The multiplication in Id(C,R, ∂) is associative and commutative. If R has an

identity (1R 6= 0), then (C1, R1, ∂) · (C,R, ∂) = (C1, R1, ∂).

(c) The distributive laws (C1, R1, ∂)·((C2, R2, ∂)+(C3, R3, ∂)) = (C1, R1, ∂)·(C2, R2, ∂)+

(C1, R1, ∂)·(C3, R3, ∂) and ((C1, R1, ∂)+(C2, R2, ∂))·(C3, R3, ∂) = (C1, R1, ∂)·(C3, R3, ∂)+

(C2, R2, ∂) · (C3, R3, ∂) hold.

(d) (C1, R1, ∂) · (C2, R2, ∂) ⊆ (C1 ∩ C2, R1 ∩ R2, ∂) ⊆ (C1, R1, ∂) + (C2, R2, ∂) for all

(C1, R1, ∂), (C2, R2, ∂) ∈ Id(C,R, ∂).

Remark: From the above properties of addition and multiplication, Id(C,R, ∂) is

“almost a ring”; the only axiom which is not satisfied is the existence of additive inverses.

Proposition 3 If (Ci, Ri, ∂) is a family of ideals of a crossed module (C,R, ∂), then the

intersection ∩(Ci, Ri, ∂) = (∩Ci,∩Ri, ∂) is also an ideal of (C,R, ∂).

Proof. It is clear from the definition of crossed ideal.

We can state isomorphism theorems for crossed modules that describe the relationship

between quotients, homomorphisms, and subobjects.

Theorem 4 (First Isomorphism Theorem) Let (µ, η) : (C,R, ∂) → (C ′, R′, ∂′) be a mor-

phism of crossed modules, then

(C,R, ∂)

Ker(µ, η)
∼= Im(µ, η).

where Ker(µ, η) is the crossed module (Kerµ,Kerη, ∂) and Im(µ, η) is the crossed module

(Imµ, Im η, ∂′).
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Theorem 5 (Second Isomorphism Theorem)Let (C1, R1, ∂1) and (C2, R2, ∂2) be subcrossed

modules of (C,R, ∂) and (C1, R1, ∂1) be an ideal of (C,R, ∂). Then,

(C1, R1, ∂1) + (C2, R2, ∂2)

(C1, R1, ∂1)
∼=

(C2, R2, ∂2)

(C1, R1, ∂1) ∩ (C2, R2, ∂2)
.

Theorem 6 (Third Isomorphism Theorem) Let (C1, R1, ∂1) and (C2, R2, ∂2) be ideals of

(C,R, ∂) such that (C2, R2, ∂2) ⊆ (C1, R1, ∂1), then

(C,R, ∂)/(C2, R2, ∂2)

(C1, R1, ∂1)/(C2, R2, ∂2)
∼= (C,R, ∂)/(C1, R1, ∂1).

Theorem 7 Suppose R has an identity 1R 6= 0 and let (C1, R1, ∂) be an ideal of crossed

module (C,R, ∂). Then for n ≥ 2,

(C1, R1, ∂)n = (〈DRn−1
1

(C1)〉, Rn
1 , ∂)

where DRn−1
1

(C1) = {r1 · (r2 · (· · · (rn−2 · c1) · · · )) | r1, . . . , rn−2 ∈R1, c ∈ C1}. If C1 = C

and C has an identity 1C 6= 0, then (C,R1, ∂)n = (C,Rn
1 , ∂).

Proof. It is clear from the induction.

Proposition 8 If (α, φ) : (C,R, µ) −→ (C ′, R′, µ′) is a surjective crossed module mor-

phism, then

(α, φ)((C,R, µ)n) = (C ′, R′, µ′)n

for some n ∈ N.

Proof.

(α, φ)((C,R, µ)n) = (α, φ)((Dn−1, Rn, µ))

= (α(Dn−1), φ(Rn), µ′)
(∗)
= (D′n−1, R′n, µ′)

= (C ′, R′, µ′)n
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where D′n−1 = {r′1 · (r′2 · (. . . (r′n−1 · c′) . . .)) | r′1, . . . , r′n−1 ∈ R′, c′ ∈ C}. We obtain the

equation (∗) by induction on n. See [1] for details.

The annihilator Ann(C,R, µ) of a crossed module (C,R, µ) is defined in [2] to be the

kernel of a morphism of crossed modules (C,R, µ) −→ A(C,R, µ) where A(C,R, µ) is an

actor of crossed module (C,R, µ) and clearly Ann(C,R, µ) is an ideal of (C,R, µ).

We will give following results related with Ann(C,R, µ)

Proposition 9 Let (C ′, R′, µ) be an ideal of (C,R, µ).

a) If (C ′, R′, µ) · (C,R, µ) = 0 then (C ′, R′, µ) ⊆Ann(C,R, µ)

b) (C,R, µ)·Ann(C,R, µ) = 0.

Proof. See [1] for details.

4 Generalization of Zorn’s Lemma: Maximal crossed

ideals

Zorn’s lemma is one of the most famous and useful result in mathematics. It is a result in

set theory that appears in proofs of some non-constructive existence theorems throughout

mathematics. It shows up in many areas including the functional analysis, algebra and

topology. We will give a generalization of Zorn’s lemma to crossed modules as follows.

We note that Id(C,R, ∂) is partially ordered set as following order relation:

(C1, R1, ∂) ⊆ (C2, R2, ∂) if and only if C1 ⊆ C2 and R1 ⊆ R2.

for (C1, R1, ∂), (C2, R2, ∂) ∈ Id(C,R, ∂).

Definition 10 An ideal (C1, R1, ∂) of a crossed module (C,R, ∂) is said to be maximal if

(C1, R1, ∂) 6= (C,R, ∂) and for every ideal (C2, R2, ∂) such that (C1, R1, ∂) ⊂ (C2, R2, ∂) ⊂

(C,R, ∂), either (C2, R2, ∂) = (C1, R1, ∂) or (C2, R2, ∂) = (C,R, ∂).

We state the following results without proof.
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Proposition 11 Suppose R has an identity 1R 6= 0. (C,R, ∂) has no ideal (C1, R, ∂) such

that C1 6= C.

Lemma 12 Let (C,R, ∂) be a crossed module such that R has an identity 1R 6= 0 and

(C1, R1, ∂) be a proper ideal. Then R1 6= R.

We now introduce a generalization of Zorn’s Lemma.

Theorem 13 Let (C,R, ∂) be a crossed module such that R has an identity 1R 6= 0. Then

(C,R, ∂) has a maximal ideal.

Proof. The proof is a straightforward application of Zorn’s Lemma to the partially ordered

set of all proper ideals of (C,R, ∂), τ . In order to apply Zorn’s Lemma we must show that

every chain ∆ = {(Ci, Ri, ∂) : i ∈ Γ} in τ ,indexed by some set Γ, has an upper bound in

τ . Let
−
C =

⋃
i∈Γ

Ci and
−
R =

⋃
i∈Γ

Ri.

be the unions of all the Ci and Ri, respectively. Clearly, C1 6= ∅, C1 ⊆ C and R1 6= ∅, R1 ⊆

R.

If x and y are in
−
C then there are i, j ∈ Γ with x ∈ Ci and y ∈ Cj. Since ∆ is a

chain, either Ci ⊆ Cj or Cj ⊆ Ci; without loss of generality we assume that Ci ⊆ Cj. Then

x, y ∈ Cj. Since Cj is an ideal of C we have x − y ∈ Cj ⊆ C and cx, xc ∈ Cj ⊆
−
C for

x ∈ Cj, c ∈ C. This proves that
−
C is an ideal of C. Similarly,

−
R is an ideal of R. The reader

can check
−
C and

−
R are algebras of C.

We show that (
−
C,
−
R, ∂) is a subcrossed module of (C,R, ∂). Let c ∈

−
C. There is a

(Ci0 , Ri0 , ∂) ∈ ∆ such that c ∈ Ci0 . Then ∂(c) ∈ Ri0 and so ∂(c) ∈
⋃
i∈Γ

Ri =
−
R. That is

∂(
−
C) ⊆

−
R. Let r ∈

−
R and c ∈

−
C. Then there are (Ci, Ri, ∂), (Cj, Rj, ∂) ∈ ∆ such that

r ∈ Ri and c ∈ Cj. Since ∆ is a chain, either (Ci, Ri, ∂) ⊆ (Cj, Rj, ∂) or (Cj, Rj, ∂) ⊆

(Ci, Ri, ∂). Thus, either c ∈ Ci, r ∈ Ri or c ∈ Cj, r ∈ Rj. Hence, either r1 · c1 ∈ Cj or

r1 · c1 ∈ Ci. Therefore, r1 · c1 ∈
−
C and so (

−
C,
−
R, ∂) is a subcrossed module of (C,R, ∂).

7



So, to show that (
−
C,
−
R, ∂) is an ideal of (C,R, ∂), we must show that R

−
C ⊆

−
C and

−
RC ⊆

−
C.

Let r ∈ R and c1 ∈
−
C. Then there is a (Ci0 , Ri0 , ∂) ∈ ∆ such that c1 ∈ Ci0 . Since

(Ci0 , Ri0 , ∂) is an ideal, RCi0 ⊆ Ci0 . Thus, rc1 ∈ Ci0 and so rc1 ∈ C1. Hence R
−
C ⊆

−
C.

Similarly we get
−
RC ⊆

−
C.

To see that (
−
C,
−
R, ∂) is a proper ideal, note that 1R /∈ Ri for each i since each

(Ci, Ri, ∂) ∈ τ is a proper ideal of (C,R, ∂). Therefore 1R /∈ ∪Ri =
−
R, so (

−
C,
−
R, ∂) 6=

(C,R, ∂) and is (
−
C,
−
R, ∂) indeed a proper ideal of (C,R, ∂). It is an upper bound for

the chain since (Ci, Ri, ∂) ⊆ (
−
C,
−
R, ∂) for each i ∈ Γ. So the hypotheses of Zorn’s lemma

applies. There is then a maximal element (M,N, ∂) of τ . We claim that (M,N, ∂) is

a maximal ideal of (C,R, ∂). To prove this, suppose that (M,N, ∂) 6= (C,R, ∂) and

(M,N, ∂) ⊆ (I, J, ∂) ⊆ (C,R, ∂) with (I, J, ∂) an ideal of (C,R, ∂). Maximality of (M,N, ∂)

then forces (M,N, ∂) = (I, J, ∂). Thus either (I, J, ∂) = (M,N, ∂) or (I, J, ∂) = (C,R, ∂).

Corollary 14 Let (C,R, ∂) be a crossed module such that R has an identity 1R 6= 0. Every

proper ideal of (C,R, ∂) is contained in a maximal ideal.

Proof. Apply Zorn’s Lemma to the set of all proper ideals of (C,R, ∂) which contain any

proper ideal (I, J, ∂) of (C,R, ∂),

{(S, T, ∂) ∈ Id(C,R, ∂)|(S, T, ∂) 6= (C,R, ∂) and (I, J, ∂) ⊆ (S, T, ∂)}.

Theorem 15 Let (C1, R1, ∂) be an ideal of (C,R, ∂) such that R has an identity 1R 6= 0.

(C1, R1, ∂) is a maximal ideal if and only if R1 is a maximal ideal of R and C1 is a maximal

ideal of C with respect to ∂(C1) ⊆ R1.

Proof. Suppose that (C1, R1, ∂) is a maximal ideal but R1 is not a maximal ideal of R.

Hence, there is a proper ideal R2 of R such that R1 & R2. Then (〈DR(C1), DR2(C)〉, R2, ∂) is
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an ideal of (C,R, ∂).Moreover, (〈DR(C1), DR2(C)〉, R2, ∂) 6= (C,R, ∂), (〈DR(C1), DR2(C)〉, R2, ∂) 6=

(C1, R1, ∂) and (C1, R1, ∂) ⊆ (〈DR(C1), DR2(C)〉, R2, ∂). This contradicts to our assump-

tion that (C1, R1, ∂) is a maximal ideal of (C,R, ∂). Hence R1 is a maximal ideal of R. Now,

we will show that there is no ideal C2 of C such that C1 & C2 and ∂(C2) ⊆ R1. Suppose

that there is an ideal C2 of C such that C1 & C2 and ∂(C2) ⊆ R1. Then (C1, R1, ∂) ⊆

(〈DR(C2), DR1(C)〉, R1, ∂) is an ideal of (C,R, ∂). Since R1 6= R and (C1, R1, ∂) is max-

imal, we have C1 = 〈DR(C2), DR1(C)〉. Thus, DR(C2) ⊆ C1. Therefore, if c2 ∈ C2, then

c2 = 1R.c2 ∈ DR(C2) ⊆ C1 and so C2 ⊆ C1. This contradicts to C1 6= C2, C1 ⊆ C2. Thus

C1 is a maximal ideal of C with respect to ∂(C1) ⊆ R1.

Let R1 be a maximal ideal of R and C1 be an ideal of C maximal with respect to ∂(C1) ⊆

R1. We will show that (C1, R1, ∂) is a maximal ideal of (C,R, ∂). Suppose (C2, R2, ∂) is an

ideal of (C,R, ∂) such that (C1, R1, ∂) ⊆ (C2, R2, ∂). Then C1 ⊆ C2 ⊆ C and R1 ⊆ R2 ⊆ R.

Since R1 is a maximal ideal of R, we can write R1 = R2 or R2 = R. If R2 = R, as (C,R, ∂)

has no ideal (C2, R, ∂) such that C 6= C2, then (C2, R2, ∂) = (C,R, ∂). If R1 = R2, then

(C1, R1, ∂) ⊆ (C2, R1, ∂). Since (C2, R1, ∂) is an ideal of (C,R, ∂), we have ∂(C2) ⊆ R1. As

C1 is a maximal ideal of C with respect to ∂(C1) ⊆ R1, we get C2 ⊆ C1. Consequently,

we obtain C2 = C1. That is (C1, R1, ∂) = (C2, R2, ∂). Therefore, (C1, R1, ∂) is a maximal

ideal of (C,R, ∂).

Now, we will explain some relations between maximal ideals and factor crossed modules.

Proposition 16 Let R be a field and (C,R, ∂) be a crossed module. Then, ∂ = 0 or

∂(C) = R.

Proof. The proof is immediate.

Theorem 17 Let (C1, R1, ∂) be an ideal of (C,R, ∂) and R be a field. Then

1) ∂̃ = 0 or

2) ∂̃(C/C1) = R/R1. In this case, (C/C1, R/R1, ∂̃) ∼= (R/R1, R/R1, id).

where ∂̃ : C/C1 → R/R1 is the quotient map ∂̃(c+ C1) = ∂(c) +R1.

Proof. It is obvious from the Proposition 16.
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Theorem 18 Let (C1, R1, ∂) be an ideal of (C,R, ∂) such that R and C have identities

1R 6= 0, 1C 6= 0. (C1, R1, ∂) is a maximal ideal if and only if

a) R/R1 is a field and C = C1 or

b) R/R1 and C/C1 are fields.

Proof. Suppose that (C1, R1, ∂) is a maximal ideal of (C,R, ∂). Then R1 is a maximal

ideal of R, by Theorem 15. Hence R/R1 is a field. On the other hand, since R/R1 is a

field, we can write by Theorem 17,

i) ∂̃ = 0 or

ii) (C/C1, R/R1, ∂̃) ∼= (R/R1, R/R1, id).

If ∂̃ = 0, then ∂̃(c + C1) = ∂(c) + R1 = R1 for every c ∈ C i.e. ∂(c) ∈ R1 and so

∂(C) ⊆ R1. Since (C1, R1, ∂) is a maximal ideal, we have, by the Theorem 15, C = C1.

Thus (a) is true.

If (C/C1, R/R1, ∂̃) ∼= (R/R1, R/R1, id), then C/C1
∼= R/R1. Since R/R1 is a field,

C/C1 is a field. Hence, (b) is true.

Now suppose that (a) or (b) is true. Let (a) be true. Then, R/R1 is a field and C = C1.

Hence, R1 is maximal and so (C1, R1, ∂) = (C,R1, ∂). This implies that (C1, R1, ∂) is a

maximal ideal. Let (b) be true. Then, R/R1 and C/C1 both are fields and so R1 and C1

are both maximal ideals. So, we can write, by the Theorem 15, (C1, R1, ∂) is a maximal

ideal of (C,R, ∂).

Theorem 19 Let (C1, R1, ∂) be an ideal of (C,R, ∂) such that R and C have identities

1R 6= 0 and 1C 6= 0. (C1, R1, ∂) is a maximal ideal if and only if R/R1 is a field and

a) If ∂(C) ⊆ R1, then C1 = C;

b) If ∂(C) * R1, then C/C1 is a field.

Proof. Let (C1, R1, ∂) be a maximal ideal. Then, R1 is maximal and so R/R1 is a

field. On the other hand, if ∂(C) ⊆ R1 then (C,R1, ∂) is an ideal of (C,R, ∂) and

(C,R1, ∂) 6= (C,R, ∂). Moreover, (C1, R1, ∂) ⊆ (C,R1, ∂). Since (C1, R1, ∂) is a maximal

ideal, we have C1 = C. Thus (a) is true. Let ∂(C) * R1. Then, in the factor crossed
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module (C/C1, R/R1, ∂̃), ∂̃ 6= 0. Since R/R1 is a field, we have ∂̃(C/C1) = R/R1 and

(C/C1, R/R1, ∂̃) ∼= (R/R1, R/R1, id) by Theorem 17. Since R/R1 is a field, C/C1 is a

field. Hence (b) is true.

Suppose that (a) is true. Then, R/R1 is a field and C = C1. Thus R1 is a maximal

ideal. This implies that (C1, R1, ∂) = (C,R1, ∂) is a maximal ideal. Now suppose that (b)

is true. Then R/R1 and C/C1 are both fields and so R1 and C1 are both maximal ideals.

(C,R1, ∂) is not an ideal because of ∂(C) * R1. Since (C,R, ∂) has not any ideal of the

form (C1, R, ∂), we can say that (C1, R1, ∂) is a maximal ideal.

Corollary 20 Let (C1, R1, ∂) be an ideal of (C,R, ∂) such that R and C have identities

1R 6= 0, 1C 6= 0 and ∂(C) * R1. (C1, R1, ∂) is a maximal ideal if and only if C/C1 and

R/R1 are fields i.e C1 and R1 are both maximal ideals.

Proof. It is clear from Theorem 19, (C1, R1, ∂) is maximal if and only if C/C1 and R/R1

are both are fields. On the other hand, C/C1 and R/R1 are both fields if and only if C1

and R1 are both maximal ideals.

Theorem 21 Let (C,R, ∂) be a crossed module such that R has an identity 1R 6= 0 and

R1 be a maximal ideal of R. Then there is a unique maximal ideal (C1, R1, ∂) of (C,R, ∂).

Proof. Suppose that (C2, R1, ∂) and (C3, R1, ∂) are maximal ideals. Then (C,R, ∂) 6=

(〈DR(C2∪C3)〉, R1, ∂) is an ideal and (C2, R1, ∂), (C3, R1, ∂) ⊆ (〈DR(C2∪C3)〉, R1, ∂). On

the other hand, since (C2, R1, ∂) and (C3, R1, ∂) are maximal ideals, we have (C2, R1, ∂) =

(〈DR(C2 ∪ C3)〉, R1, ∂) = (C3, R1, ∂) and so C2 = C3.

Corollary 22 Let (C,R, ∂) be a crossed module such that R has an identity 1R 6= 0. There

is an one to one map from the set of maximal ideals of (C,R, ∂) onto the set of maximal

ideals of R.

Theorem 23 Let (C,R, ∂) be a crossed ideal such that R and C have identities 1R 6= 0,

1C 6= 0 and (C1, R1, ∂) be an ideal of (C,R, ∂). If
⋂∞

n=1R
n
1 = 0, then C1 6= C.
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Proof. Suppose that C1 = C. Since R has an identity, we have 〈DRn−1
1

(C)〉 = C and

(C1, R1, ∂)n = (〈DRn−1
1

(C)〉, Rn
1 , ∂) = (C,Rn

1 , ∂). Hence

∞⋂
n=1

(C,R1, ∂)n = (
∞⋂
n=1

〈DRn−1
1

(C)〉,
∞⋂
n=1

Rn
1 , ∂) = (C, 0, ∂).

That is, we have ∂ = 0. This contradicts to C has an identity and (C,R, 0) is a crossed

module. Thus C1 6= C.

Corollary 24 Let (C,R, ∂) be a crossed module such that R and C have identities 1R 6=

0, 1C 6= 0 and R be a local ring with maximal ideal R1. If
⋂∞

n=1R
n
1 = 0, then ∂ is onto.

Proof. Suppose that ∂ is not onto. Then ∂(C) is a proper ideal of R and so ∂(C) ⊆ R1.

On the other hand, (C,R1, ∂) is a crossed ideal and

∞⋂
n=1

(C,R1, ∂)n = (
∞⋂
n=1

〈DRn−1
1

(C)〉,
∞⋂
n=1

Rn
1 , ∂) = (C,

∞⋂
n=1

Rn
1 , ∂) = (C, 0, ∂).

That is, we have ∂ = 0. This is a contradiction. So, ∂ is onto.

Corollary 25 Let (C,R, ∂) be a crossed module such that R and C have identities 1R 6=

0, 1C 6= 0, R be a local ring with maximal ideal R1 and ∂ be not onto. If
⋂∞

n=1 R
n
1 = 0, then

(C1, R1, ∂) is maximal if and only if R1 and C1 are maximal ideals.

Theorem 26 Let (C,R, ∂) be a crossed module such that R and C have identities 1R 6= 0,

1C 6= 0 and (C1, R1, ∂) be an ideal of (C,R, ∂). If
⋂∞

n=1(C1, R1, ∂)n = (0, 0, ∂) then

C1 6= C.

Proof. Suppose that C1 = C. Then (C1, R1, ∂)n = (〈DRn−1
1

(C)〉, Rn
1 , ∂). As Cn = C for

every n ∈ N, if c1c2 · · · cn−1cn ∈ Cn, then

c1c2 · · · cn−1cn = ∂(c1c2 · · · cn−1)cn = ∂(c1)∂(c2) · · · ∂(cn−1)cn ∈ DRn−1
1

(C)

12



and so C = 〈DRn−1
1

(C)〉. Since

∞⋂
n=1

(C,R1, ∂)n = (
∞⋂
n=1

〈DRn−1
1

(C)〉,
∞⋂
n=1

Rn
1 , ∂) = (0, 0, ∂), then we have

C =
∞⋂
n=1

〈DRn−1
1

(C)〉 = 0 and
∞⋂
n=1

Rn
1 = 0.

Since 1C ∈ C and 1C 6= 0, this is a contradiction . Thus C1 6= C.

Theorem 27 Let (C,R, ∂) be a crossed module such that R and C have identities 1R 6= 0,

1C 6= 0 and let (C1, R1, ∂) be an ideal of (C,R, ∂) such that for some m ∈ N, Rm
1 = 0.

Then C 6= C1.

Proof. Suppose that C1 = C. Then for every n ∈ N, (C,R1, ∂)n = (〈DRn−1
1

(C)〉, Rn
1 , ∂) =

(C,Rn
1 , ∂). Since Rm

1 = 0 for m ∈ N and Rm+1
1 = 0, we have 〈DRm

1
(C)〉 = 0 and

(C,R1, ∂)m+1 = (〈DRm
1

(C)〉, Rm+1
1 , ∂) = (C,Rm+1

1 , ∂). Thus C = 0 and so C1 6= C.

Definition 28 An ideal (C3, R3, ∂) of (C,R, ∂) is said to be prime if (C3, R3, ∂) 6=

(C,R, ∂) and (C1, R1, ∂)(C2, R2, ∂) ⊆ (C3, R3, ∂), for any ideals (C1, R1, ∂), (C2, R2, ∂)

of (C,R, ∂) then (C1, R1, ∂) ⊆ (C,R, ∂) or (C2, R2, ∂) ⊆ (C,R, ∂).

We also note the following results, whose proofs take place in [4].

Proposition 29 Let (C,R, ∂) be a crossed module. If R′ is a maximal ideal of R, then

(∂−1(R′), R′, ∂) is prime.

Corollary 30 Let (C,R, ∂) be a crossed module. If R′ is a prime ideal of R, then (∂−1(R′), R′, ∂)

is prime.

Theorem 31 Let (C,R, ∂) be a crossed module. If (C,R, ∂)2 = (C,R, ∂), then every

maximal ideal is also prime.

Corollary 32 Let C,R have identities and (C,R, ∂) be a crossed module. If the crossed

ideals (C1, R1, ∂) and (C2, R2, ∂), as well as the crossed ideals (C1, R1, ∂) and (C3, R3, ∂),

are coprime, then (C1, R1, ∂) and (C2, R2, ∂)(C3, R3, ∂) are also coprime.
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