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a b s t r a c t

In this paper we compare three types of superstatistics by computing superstatistical
internal energies for continuous energy and quantum discrete energies and discuss spin
1
2 paramagnet model based on superstatistics. We demonstrate for Spin 1

2 paramagnet
that the magnetic moment per spin depends on the number of spins for finite variance
in contradiction with the case with zero variance. Moreover, we show that the super-
statistical internal energy is not proportional to the magnetic field for finite variance on
contrary to the zero variance case.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Recently, superstatistics has garnered tremendous interest among theoretical physicists and applied scientists studying
omplex systems or non-equilibrium thermodynamics in order to tackle statistical systems composed of a superposition of
ifferent Boltzmann distributions [1–24]. The classic signature of a superstatistical system is its intrinsically contrasting
ehavior on microscopic and macroscopic levels. The system typically obeys a single Boltzmann statistic with a local
0 =

1
kBT0

on microscopic level. The local β0 is no longer fixed on macroscopic level but it fluctuates dictated by the
superstatistical kernel.

Mathematically, the superstatistics is a generalization of the probability distribution in Boltzmann–Gibbs statistical
mechanics. For one-parameter probability density p(x, λ0), if we regard the parameter λ0 as another stochastic variable

and consider the probability density for λ, f (λ, λ0), we have a new one-parameter probability density P(x, λ0) in the
orm

P(x, λ0) =

∫
dλp(x, λ)f (λ, λ0) (1)

ased on [24], we know that x is a fast variable while λ is a slow variable. Therefore, p(x, λ) is regarded as a conditional
robability and f (λ, λ0) is marginal. For the well known probability density p(x), we can obtain the infinite class of the
robability densities based on Eq. (1) from different choice of the marginal probability.
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In thermodynamics, one-parameter probability density is the probability density for the exponential distribution with
the parameter β0 = 1/kT0 where T0 denotes the equilibrium temperature. Thus, superstatistics in thermodynamics has
another stochastic parameter β instead of fixed β0. Here the distribution of β can be interpreted as the fluctuation of the
equilibrium inverse temperature around β0 which we call global equilibrium inverse temperature.

Up to now we have three different approaches to application of superstatistics to thermodynamics:
1. Type A superstatistics: This is an application of superstatistics to Boltzmann factor which gives superstatistical

Boltzmann factor.
2. Type B superstatistics: This is an application of superstatistics to probability which gives superstatistical probability.
3. Type C superstatistics: This is an application of superstatistics to internal energy [11].
In this paper we compare three types of superstatistics by computing the superstatistical internal energies for

continuous energy and quantum discrete energies and discuss spin 1
2 paramagnet for Type C superstatistics. This paper

s organized as follows: In Section 2 we discuss three types of superstatistics. In Section 3 we discuss comparison of
uperstatistical internal energy in three types of superstatistics with two level distribution. In Section 4 we discuss
hermodynamical relations for Type C superstatistics and Spin 1

2 paramagnet. Our results for Spin 1
2 paramagnet clearly

ndicate that the magnetic moment per spin depends on the number of spins for finite variance in contradiction with the
ase with zero variance. Moreover, we show that the superstatistical internal energy is not proportional to the magnetic
ield for finite variance on contrary to the zero variance case.

. Three types of superstatistics

Superstatistics deals with the complex non-equilibrium systems with spatio-temporal fluctuations of an intensive
arameter on a large scale. In a canonical ensemble, the intensive parameter is inverse temperature, hence due to
luctuation in inverse temperature we should regard the inverse temperature as stochastic variable β . We take the
distribution of stochastic inverse temperature, f (β, β0) so that it may obey the following:
1 The probability density f (β, β0) should be non-negative and obey∫

∞

0
f (β, β0)dβ = 1 (2)

2 The average of β should be β0 = 1/kT0:

⟨β⟩ =

∫
∞

0
βf (β, β0)dβ = β0 (3)

3 The distribution has non-zero variance :

⟨β2
⟩ =

∫
∞

0
β2f (β, β0)dβ = (1 + η2)β2

0 (4)

The ordinary thermodynamics corresponds to f (β, β0) = δ(β −β0) which gives zero variance. For simplicity, let the entire
system S be divided into M subsystems called local cells denoted by Si, each of which has the local equilibrium inverse
temperature βi. Let qi be the probability that we find Si in S. This can be described in terms of the multi-level distribution
with different weight,

f (β) =

M∑
i=1

qiδ(β − βi) (5)

From Eqs. (2)–(4) we get

M∑
i=1

qi = 1 (6)

M∑
i=1

qiβi = β0 (7)

M∑
i=1

qiβ2
i = (1 + η2)β2

0 (8)

where η is real. Hence η2
≥ 0. Consider the case that the energy levels are given by En, n = 0, 1, 2, . . . at the global

equilibrium. Now let us discuss three types of superstatistics for this distribution.
2



W.S. Chung, A.I. Goker and H. Hassanabadi Physica A 568 (2021) 125729

2

T

a

w

T

T

w

w

T

T

.1. Type A

Let us apply superstatistics to Boltzmann factor which gives superstatistical Boltzmann factor. This is referred to as
ype A. In this case Type A superstatistical Boltzmann factor is

Bs(En) =

∫
dβe−βEn f (β) =

M∑
i=1

qie−βiEn (9)

nd Type A superstatistical partition function

ZA
s =

∞∑
n=0

Bs(E) =

M∑
i=1

qiZ(βi) =

∞∑
n=0

M∑
i=1

qie−βiEn , (10)

here the partition function in the ith local cell is

Z(βi) =

∞∑
n=0

e−βiEn (11)

hus, Type A superstatistical probability finding a system with energy En is

PA
s (En) =

Bs(En)
ZA
s

=
1
ZA
s

M∑
i=1

qie−βiEn (12)

ype A superstatistical internal energy is then given by

UA
s (β0) = −

1
ZA
s

M∑
i=1

qi
∂

∂βi
Z(βi) = −

1
ZA
s

M∑
i=1

qiZ(βi)
∂

∂βi
ln Z(βi) =

1
ZA
s

M∑
i=1

qiZ(βi)U(βi), (13)

here the internal energy in the ith local cell is

U(βi) =
1

Z(βi)

∞∑
n=0

Ene−βiEn = −
∂

∂βi
ln Z(βi) (14)

Type A superstatistical entropy is then

SAs (β0) = −

∞∑
n=0

PA
s (En) ln PA

s (En) = −

∞∑
n=0

PA
s (En) ln Bs(En) + ln ZA

s , (15)

where and from now on we set k = 1.

2.2. Type B

Let us apply superstatistics to the probability which gives Type B superstatistical probability. This is referred to as Type
B. In this case Type B superstatistical probability finding a system with energy En is

PB
s (En) =

∫
dβp(En)f (β) =

∫
dβ

e−βEn

Z(β)
f (β) =

M∑
i=1

qi
e−βiEn

Z(βi)
, (16)

here

Z(β) =

∞∑
n=0

e−βEn (17)

ype B superstatistical internal energy is then given by

UB
s (β0) =

M∑
i=1

qiU(βi) = −

M∑
i=1

qi
∂

∂βi
ln Z(βi) (18)

ype B superstatistical entropy is then

SBs (β0) = −

∞∑
n=0

PB
s (En) ln PB

s (En) = −

∞∑
n=0

PB
s (En) ln

(
M∑
i=1

qi
e−βiEn

Z(βi)

)
(19)
3



W.S. Chung, A.I. Goker and H. Hassanabadi Physica A 568 (2021) 125729

2

l
i

F

C

H
a

w

o

E

T

w

I

.3. Type C

Type C superstatistics differs from Type A and Type B in that the energy levels in local cell are different from the energy
evels in the entire system S at the global equilibrium. We will refer to the energy levels as effective energy levels because
t is not determined from Schrödinger equation. Following Ref. [11], we consider the effective energy levels Ẽ(i)

n in each
local cell Si with a local equilibrium inverse temperature βi. Then we can define the internal energy En of entire system
S corresponding to the quantum number n in terms of the average of the effective internal energies of the local systems
Si’s with the distribution f (β). Indeed, we have

En =

M∑
i=1

qiẼ(i)
n (20)

or
M∑
i=1

qi
Ẽ(i)
n

En
= 1 (21)

rom Eq. (7), we know
M∑
i=1

qi
βi

β0
= 1 (22)

omparing Eqs. (21) and (22), we can set

Ẽ(i)
n =

βi

β0
En, (23)

ere we know that the effective energy corresponding to a quantum number n in a local cell Si is dependent upon both
local temperature and a global temperature, more precisely, the ratio of these two temperatures.
Now we can define Type C superstatistical probability at local cell Si as the conditional probability in the form,

PC
s (En|i) =

1
ZC
s (β0)

e−β0 Ẽ
(i)
n =

1
ZC
s (β0)

e−βiEn , (24)

here Type C superstatistical partition function is defined as

ZC
s (β0) =

∞∑
n=0

M∑
i=1

qie−β0 Ẽ
(i)
n =

M∑
i=1

qiZ(βi) (25)

Thus, Type C superstatistical internal energy is

UC
s (β0) =

∞∑
n=1

M∑
i=1

qiẼ(i)
n PC

s (En|i) =

∞∑
n=1

M∑
i=1

qi
1

ZC
s (β0)

e−β0 Ẽ
(i)
n Ẽ(i)

n (26)

r

UC
s (β0) = −

∂

∂β0
ln ZC

s (β0) (27)

xpressing Type C superstatistical internal energy in terms of En’s, we get

UC
s (β0) =

1
β0ZC

s

∞∑
n=1

M∑
i=1

qiβiEne−βiEn =
1

β0ZC
s

M∑
i=1

qi

(
−βi

∂

∂βi

)
(Z(βi)U(βi)) (28)

ype C superstatistical entropy in entire system is defined as

SCs (β0) =

M∑
i=1

qiS(i)s , (29)

here superstatistical entropy in the ith local cell is defined as

S(i)s = −

∞∑
n=0

PC
s (En|i) ln PC

s (En|i) (30)

nserting Eq. (30) into Eq. (29) we get

SC (β ) = β UC (β ) + ln ZC (β ) (31)
s 0 0 s 0 s 0

4
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sing Eq. (27), we have

SCs (β0) =
∂

∂T0
(T0 ln ZC

s ) (32)

f we set

F C
s = −T0 ln ZC

s , (33)

e have

F C
s = UC

s − T0SCs , (34)

hich is Type C superstatistical Helmholtz energy.

. Comparison of superstatistical internal energy in three types of superstatistics with two level distribution

In this section we compare three types of superstatistics with two level distribution by computing their corresponding
uperstatistical internal energies.

.1. Non-relativistic ideal gas

Now let us compute the density of states for the non-relativistic ideal gas consisting of N identical particles in a
-dimensional volume V . The mass of each particle is m. The energy of jth particle is

Ej =
p2j
2m

, (35)

he partition function in local cell Si is given by

Z(βi) =
1
N!

(
2mπ

h2

)Nd/2

VNβ
−Nd/2
i (36)

ow let us consider two level distribution obeying Eqs. (2)–(4),

f (β) = q1δ(β − β0(1 − ηs)) + q2δ(β − β0(1 + η/s)), (37)

here

0 < q1, q2 < 1, q1 + q2 = 1 β1 < β2 (38)

nd

s =

√
q2
q1

(39)

ere s > 1 for q2 > q1; s = 1 for q2 = q1; 0 < s < 1 for q2 < q1. For three types of superstatistics, superstatistical
nternal energies are

UA
s =

1
2
NdT0

[
q1(1 − ηs)−

Nd
2 −1

+ q2(1 + η/s)−
Nd
2 −1

q1(1 − ηs)−
Nd
2 + q2(1 + η/s)−

Nd
2

]
(40)

UB
s =

1
2
NdT0

[
q1

1 − ηs
+

q2
1 + η/s

]
(41)

UC
s =

1
2
NdT0 (42)

ig. 1 shows the plot of U versus η with Nd
2 = 0.3, T0 = 0.5 for UA

s (Line), UB
s (Dashed) and UC

s (Dot-Dashed) with q1 = 0.8
nd q2 = 0.2. The superstatistical internal energy for Type C is the same as the ordinary case.

.2. Quantum harmonic oscillator: photon

Now let us consider the photon case whose energy is En = nhν, where n = 0, 1, 2, . . .. The partition function in local
cell Si is given by

Z(βi) =
1

(43)

1 − e−βihν

5



W.S. Chung, A.I. Goker and H. Hassanabadi Physica A 568 (2021) 125729

w

F

w

a

a

F

Fig. 1. Plot of U versus η with Nd
2 = 0.3, T0 = 0.5 for UA

s (Dashed), UB
s (Dot-Dashed) and UC

s (Line) with q1 = 0.8 and q2 = 0.2.

For three types of superstatistics, superstatistical internal energies are

UA
s = hν

⎡⎣ q1e−β1hν

(1−e−β1hν )2
+

q2e−β2hν

(1−e−β2hν )2
q1

1−e−β1hν
+

q2
1−e−β2hν

⎤⎦ (44)

UB
s = hν

[
q1

eβ1hν − 1
+

q2
eβ2hν − 1

]
(45)

UC
s = hν

⎡⎣ q1(1−ηs)e−β1hν

(1−e−β1hν )2
+

q2(1−η/s)e−β2hν

(1−e−β2hν )2
q1

1−e−β1hν
+

q2
1−e−β2hν

⎤⎦ , (46)

here

β1 = β0(1 − ηs), β2 = β0(1 + η/s), β1 < β2 (47)

igs. 2 and 3 show behavior of U versus η and ν with q1 = 0.8, q2 = 0.2 and β1, β2 = 0.5. For Type A superstatistical
entropy is then

SAs = Ln
(∏n

i=0 f (ni)∑n
i=0 f (ni)

)
, (48)

here

f (ni) = (q1e−β1nhν + q2e−β2nhν) (49)

nd Type B superstatistical entropy is then

SBs = −(q1 + q2)
∞∑
n=0

Ln
(

q1e−β1nhν∑
∞

n=0 e−β1nhν
+

q2e−β2nhν∑
∞

n=0 e−β2nhν

)
(50)

nd Type C superstatistical entropy is then

SCs =
∂

∂T0
[T0Ln

(
q1

1 − (e−
hν
kT0 )1−ηs

+
q2

1 − (e−
hν
kT0 )1+

η
s

)
] (51)

ig. 4 show that the SC versus η with hν = 1 and η = 0.2 for q = 0.6, q = 0.4 and T = 0.5.
s 1 2 0

6
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Fig. 2. Plot of U versus η with β1 = 0.1, β2 = 0.5 and hν = 1 for UA
s (Line), UB

s (Dashed) and UC
s (Dot-Dashed) with q1 = 0.8, q2 = 0.2 and β0 = 0.5.

Fig. 3. Plot of U versus ν with β1 = 0.1, β2 = 0.5, h = 1 for UA
s (Line), UB

s (Dashed) and UC
s (Dot-Dashed) with q1 = 0.8, q2 = 0.2 and η = 0.8.

4. Thermodynamical relations for Type C superstatistics and spin 1
2 paramagnet

Although we can obtain superstatistical probabilities and superstatistical internal energies for three types of su-
perstatistics, we cannot derive thermodynamic relations from Type A and Type B. However, we can construct the
7
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Fig. 4. Plot of SCs versus η with T0 = 0.5.

thermodynamic relations from Type C superstatistics, hence we will discuss thermodynamics related to Type C super-
statistics.

Let us denote the heat supplied to the system by Q . In ith local cell, we have

dQ = TidS(i)s (52)

sing Eq. (26) we have

dSCs =

M∑
i=1

qidS(i)s

=

M∑
i=1

qiβidQ

= β0dQ (53)

et us denote the volume of ith local cell by V (i). Then we have

dV =

M∑
i=1

dV (i)

= −

M∑
i=1

dW (i)

P

= −
dW
P

, (54)

here P is pressure and W (i) is thermodynamic work in ith local cell. Thus we have the first law of thermodynamics in
he form

dUC
s = T0dSCs − PdV , (55)

hus we have the following thermodynamic relations

∂UC
s
C

⏐⏐⏐ = T0,
∂UC

s
⏐⏐⏐

C
= −P, (56)
∂Ss V ∂V Ss

8
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Fig. 5. Plot of M versus B with β0 = 1, µ = 1,N = 10 and η = 0.2.

rom superstatistical Helmholtz energy we get

dF C
s = −SCs dT0 − PdV (57)

hus we have the following thermodynamic relations

∂F C
s

∂T0

⏐⏐⏐
V

= −SCs ,
∂F C

s

∂V

⏐⏐⏐
T0

= −P, (58)

.1. Spin 1
2 paramagnet

Now let us consider the spin 1
2 paramagnet which composed of N spins. The Hamiltonian is given by

H = −µB
N∑

n=1

Sn, (59)

here µ is the magnetic moment and B denotes magnetic field. The partition function in local cell Si is

Z(βi) = (2 cosh(βiµB))N (60)

Now let us consider two level distribution. Thus, superstatistical Helmholtz energy is

F C
s = −T0 ln

[
q1 (2 cosh(β1µB))N + q2 (2 cosh(β2µB))N

]
(61)

We can work out the total magnetic moment M of the paramagnet by computing

M = −

(
∂F
∂B

)
T

= Nµ

[
q1(1 − ηs) (cosh(β1µB))N−1 sinh(β1µB) + q2(1 + η/s) (cosh(β2µB))N−1 sinh(β2µB)

q1 (cosh(β1µB))N + q2 (cosh(β2µB))N

]
(62)

here

β1 = β0(1 − ηs), β2 = β0(1 + η/s) (63)

s is different from the ordinary case (η = 0), the magnetic moment per spin, M/N depends on the number of spins.
ig. 5 shows the plot of M versus B with β = 1, µ = 1,N = 10 for q = q = 1/2 (Line), q = 1/3, q = 2/3 (Dashed)
0 1 2 1 2

9
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nd q1 = 2/3, q2 = 1/3 (Dot-Dashed) with η = 0.2. Beside, superstatistical internal energy is not proportional to the
agnetic field while for η = 0 we have U = −MB.

. Conclusion

In this paper we compared three types of superstatistics by constructing the corresponding superstatistical probabil-
ties, superstatistical internal energies and superstatistical entropy. Here, superstatistical Helmholtz energy was defined
nly for Type C. We compared superstatistical internal energies in three types of superstatistics with two level distribution.
s examples we computed superstatistical internal energies for continuous energy and quantum discrete energies. We
ound that thermodynamic relations and first law of thermodynamics could be derived only for Type C. As example we
iscussed the spin 1

2 paramagnet. As is different from the ordinary case (η = 0), the magnetic moment per spin, M/N
depends on the number of spins for η ̸= 0. Besides we found that superstatistical internal energy was not proportional
to the magnetic field while for η = 0 we have U = −MB. In this paper we discussed the canonical ensemble. We think
that extension of this work into the grand canonical ensemble is more interesting.
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