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1. Introduction

Recently, superstatistics has garnered tremendous interest among theoretical physicists and applied scientists studying
complex systems or non-equilibrium thermodynamics in order to tackle statistical systems composed of a superposition of
different Boltzmann distributions [1-24]. The classic signature of a superstatistical system is its intrinsically contrasting
behavior on microscopic and macroscopic levels. The system typically obeys a single Boltzmann statistic with a local
Bo = ﬁ on microscopic level. The local Sy is no longer fixed on macroscopic level but it fluctuates dictated by the

superstatistical kernel.

Mathematically, the superstatistics is a generalization of the probability distribution in Boltzmann-Gibbs statistical
mechanics. For one-parameter probability density p(x, Aq), if we regard the parameter Ao as another stochastic variable
A and consider the probability density for A, f(A, A¢), we have a new one-parameter probability density P(x, Ag) in the
form

P(x. 70) = / drp(x, 1 (1. ho) (1)

Based on [24], we know that x is a fast variable while A is a slow variable. Therefore, p(x, 1) is regarded as a conditional
probability and f(A, Ag) is marginal. For the well known probability density p(x), we can obtain the infinite class of the
probability densities based on Eq. (1) from different choice of the marginal probability.
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In thermodynamics, one-parameter probability density is the probability density for the exponential distribution with
the parameter Sy = 1/kTp where Ty denotes the equilibrium temperature. Thus, superstatistics in thermodynamics has
another stochastic parameter 8 instead of fixed B,. Here the distribution of 8 can be interpreted as the fluctuation of the
equilibrium inverse temperature around Sy which we call global equilibrium inverse temperature.

Up to now we have three different approaches to application of superstatistics to thermodynamics:

1. Type A superstatistics: This is an application of superstatistics to Boltzmann factor which gives superstatistical
Boltzmann factor.

2. Type B superstatistics: This is an application of superstatistics to probability which gives superstatistical probability.

3. Type C superstatistics: This is an application of superstatistics to internal energy [11].

In this paper we compare three types of superstatistics by computing the superstatistical internal energies for
continuous energy and quantum discrete energies and discuss spin % paramagnet for Type C superstatistics. This paper
is organized as follows: In Section 2 we discuss three types of superstatistics. In Section 3 we discuss comparison of
superstatistical internal energy in three types of superstatistics with two level distribution. In Section 4 we discuss
thermodynamical relations for Type C superstatistics and Spin % paramagnet. Our results for Spin % paramagnet clearly
indicate that the magnetic moment per spin depends on the number of spins for finite variance in contradiction with the
case with zero variance. Moreover, we show that the superstatistical internal energy is not proportional to the magnetic
field for finite variance on contrary to the zero variance case.

2. Three types of superstatistics

Superstatistics deals with the complex non-equilibrium systems with spatio-temporal fluctuations of an intensive
parameter on a large scale. In a canonical ensemble, the intensive parameter is inverse temperature, hence due to
fluctuation in inverse temperature we should regard the inverse temperature as stochastic variable 8. We take the
distribution of stochastic inverse temperature, f(f8, Bo) so that it may obey the following:

1 The probability density f(B, Bo) should be non-negative and obey

| rep. ot =1 @)
0
2 The average of f should be By = 1/kTy:
B = [ prip. pop = po 3)
0

3 The distribution has non-zero variance :
(o]
(B) = / B*f(B. Bo)dp = (1+11°)B5 (4)
0
The ordinary thermodynamics corresponds to f(8, Bo) = 8(8 — Bo) which gives zero variance. For simplicity, let the entire
system S be divided into M subsystems called local cells denoted by S;, each of which has the local equilibrium inverse

temperature §;. Let g; be the probability that we find S; in S. This can be described in terms of the multi-level distribution
with different weight,

M
f(BY="_aib(B — B) (5)
i=1

From Egs. (2)-(4) we get

M
dai=1 (6)
i=1

M
> aiBi = po (7)
i=1
M
> aipt =0+ 8)
i=1

where 7 is real. Hence n? > 0. Consider the case that the energy levels are given by E,, n = 0, 1,2, ... at the global
equilibrium. Now let us discuss three types of superstatistics for this distribution.
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2.1. Type A

Let us apply superstatistics to Boltzmann factor which gives superstatistical Boltzmann factor. This is referred to as
Type A. In this case Type A superstatistical Boltzmann factor is

M
By(En) = /dﬂe*ﬂfnf(ﬁ)= Zqie—ﬂ.fn o
i=1

and Type A superstatistical partition function

oo M oo M
=) BJ(E)=) aZ(B)= qie P, (10)
n=0 i=1

n=0 i=1
where the partition function in the ith local cell is

o0
=Y et (11)
n=0

Thus, Type A superstatistical probability finding a system with energy E,, is

PAE,) = ZA = Zq, ~hifn (12)

S =1

Type A superstatistical internal energy is then given by

M
1
A _——
Ul (o) = — 77 ; ﬂ =7 leq (B3 InZ(B) = 7 ;q, (BIU(B), (13)
where the internal energy in the ith local cell is
— 3
u(p) = Ene PP = ———InZ(f)) (14)
’ Z(ﬂf); ! op
Type A superstatistical entropy is then
(o] o0
SA(Bo) = — > PA(E)INPAE,) = — Y PA(E,)InBy(Ey) + InZ2, (15)
n=0 n=0

where and from now on we set k = 1.
2.2. Type B

Let us apply superstatistics to the probability which gives Type B superstatistical probability. This is referred to as Type
B. In this case Type B superstatistical probability finding a system with energy E, is

e ﬁzEn

PEE) = [ dBp(E = 16

e = [ ) = [ dpS s qu Aan) (16)
where

2p)=) e (17)

n=0

Type B superstatistical internal energy is then given by

UZ(o) = Zq, (B) = quaﬁ InZ(6:) (18)

Type B superstatistical entropy is then

e M —BiEn
S¥(Bo) = ZPBEn )In P(E,) = ZPE(En)ln(quZ(m> (19)
i=1 !

n=0 n=0
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2.3. Type C

Type C superstatistics differs from Type A and Type B in that the energy levels in local cell are different from the energy
levels in the entire system S at the global equilibrium. We will refer to the energy levels as effective energy Ievels because
it is not determined from Schrédinger equation. Following Ref. [11], we consider the effective energy levels I:',1 in each
local cell S; with a local equilibrium inverse temperature 8;. Then we can define the internal energy E, of entire system
S corresponding to the quantum number n in terms of the average of the effective internal energies of the local systems
Si's with the distribution f(8). Indeed, we have

M
En= ) qEY (20)
i=1
or
M 50
E,
Y a— =1 (21)
‘ En
i=1
From Eq. (7), we know
M
quﬁ =1 (22)
= " bo
Comparing Egs. (21) and (22), we can set
=i _ Bi
EW = %En, (23)

Here we know that the effective energy corresponding to a quantum number n in a local cell S; is dependent upon both
a local temperature and a global temperature, more precisely, the ratio of these two temperatures.
Now we can define Type C superstatistical probability at local cell S; as the conditional probability in the form,

e—ﬁoés) — 1
ZE(Bo) ZE(Bo)

where Type C superstatistical partition function is defined as

Zqu pofi! —qu (8) (25)

n=0 i=1

P (Eyli) = e Pifn, (24)

Thus, Type C superstatistical internal energy is

U (o) = ZZq,E“PC Eli) = ZZq,ZC e PO E) (26)

n=1 i=1 n=1 i=1 S

or

US(Bo) = —ﬁ InZE(Bo) (27)

Expressing Type C superstatistical internal energy in terms of E,’s, we get

US(Bo) = ZCZZqﬁIEne Pifn = ZCZq,< Biog ) Z(BU(B:)) (28)

S =1 i=1 S =1

Type C superstatistical entropy in entire system is defined as

SE(Bo) = Zq, 0, (29)
where superstatlstlcal entropy in the ith local cell is defined as
o0
= — > PE(Eqli) In P (Enli) (30)
n=0

Inserting Eq. (30) into Eq. (29) we get
Ss (Bo) = BoUs (Bo) + InZ{ (o) (31)
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Using Eq. (27), we have

SE(fo) = 51 (TonZ) (32)
If we set

FS = —ToInZzf, (33)
we have

FS = US — ToS¢, (34)

which is Type C superstatistical Helmholtz energy.
3. Comparison of superstatistical internal energy in three types of superstatistics with two level distribution

In this section we compare three types of superstatistics with two level distribution by computing their corresponding
superstatistical internal energies.

3.1. Non-relativistic ideal gas

Now let us compute the density of states for the non-relativistic ideal gas consisting of N identical particles in a
d-dimensional volume V. The mass of each particle is m. The energy of jth particle is

2

E = ;im (35)

The partition function in local cell S; is given by
Nd/2

260 = (2',’:—2”) g (36)
Now let us consider two level distribution obeying Eqs. (2)-(4),

f(B) = q18(B — Po(1 — ns)) + q28(B — Bo(1+ n/s)), (37)
where

0<qi.@2<1, it+@=1pB<ph (38)

and

s \/@ (39)
a1

Heres > 1forqy, > q; s = 1forq, = q1; 0 <s < 1for qu < q;. For three types of superstatistics, superstatistical
internal energies are
d_

N Nd
1 1—ps) 27! 1 2!
0 = Ly, {ql( EET H R T } (40)
q1(1—=ns)" 2 +q2(1+n/s)” 2
1 a1 q2
U? = ~NdT, 41
S22 0[1—ns+1+n/s:| (1)
1
U = SNdTo (42)

Fig. 1 shows the plot of U versus n with & = 0.3, Ty = 0.5 for U/ (Line), U? (Dashed) and US (Dot-Dashed) with q; = 0.8
and g, = 0.2. The superstatistical internal energy for Type C is the same as the ordinary case.

3.2. Quantum harmonic oscillator: photon

Now let us consider the photon case whose energy is E, = nhv, where n = 0, 1, 2, .. .. The partition function in local
cell S; is given by
1
Z(Bi) = 1_ Bl (43)
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Fig. 1. Plot of U versus n with NTd =0.3,Tp = 0.5 for U? (Dashed), U? (Dot-Dashed) and US (Line) with q; = 0.8 and g, = 0.2.

For three types of superstatistics, superstatistical internal energies are

qle—ﬂ] hv qze—ﬂzhv
(176_'31}“))2 (17e—ﬁ2h\1)2

U4 = hv

a1 92
1—e F1hv + 1—eF2hv

B _ a1 a2
Us =hv [eﬂlhv -1 + eb2hv _ 1:|

q1(1—ns)e"P1hv + Q@ (1—n/s)e— P2
(1—e P12 (1—e P2lvy2

a1 (b}
1—e~F1hv + 1—e—F2hv
where

B1=Po(1—=ns), Br=Po(1+n/s), B1<ph

0.3

0.4

Physica A 568 (2021) 125729

(44)

(45)

(46)

(47)

Figs. 2 and 3 show behavior of U versus n and v with g; = 0.8, g; = 0.2 and B4, 8, = 0.5. For Type A superstatistical

entropy is then

5 a0
: " Z,’:of(ni)

where
f(n) = (qre 1" 4 ge=Femiv)

and Type B superstatistical entropy is then

e —Bynhv —Bynh
q.e qae
Sy =—(q1+q2) Ln( + )
s ; } :'?0:0 e—Binhv E noio e—Banhv

and Type C superstatistical entropy is then

d 1
Ssc = 7[T0Ln< : hv + qzhu >]
L e G O

Fig. 4 show that the S¢ versus n with hv = 1 and n = 0.2 for g; = 0.6, g, = 0.4 and T, = 0.5.

6
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Fig. 2. Plot of U versus n with 8; = 0.1, 8, = 0.5 and hv = 1 for U2 (Line), U? (Dashed) and U¢ (Dot-Dashed) with q; = 0.8, ¢, = 0.2 and B, = 0.5.
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Fig. 3. Plot of U versus v with ; = 0.1, B = 0.5, h = 1 for U? (Line), U? (Dashed) and US (Dot-Dashed) with q; = 0.8, g, = 0.2 and 5 = 0.8.

4. Thermodynamical relations for Type C superstatistics and spin % paramagnet

Although we can obtain superstatistical probabilities and superstatistical internal energies for three types of su-
perstatistics, we cannot derive thermodynamic relations from Type A and Type B. However, we can construct the

7
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Fig. 4. Plot of S¢ versus n with To = 0.5.

thermodynamic relations from Type C superstatistics, hence we will discuss thermodynamics related to Type C super-

statistics.
Let us denote the heat supplied to the system by Q. In ith local cell, we have

dQ = Tids!" (52)
Using Eq. (26) we have

M
i=1

M
= Y _adQ
i=1
= BodQ (53)

Let us denote the volume of ith local cell by V®. Then we have

M
av®
2

M aw®
P

av

i=1
dw
=——, 54
P (54)
where P is pressure and W is thermodynamic work in ith local cell. Thus we have the first law of thermodynamics in

the form

dUS = TodSE — PdV, (55)
Thus we have the following thermodynamic relations
aut aut
S =T, S — _P, (56)
as¢ lv Vv Is¢
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Fig. 5. Plot of M versus B with Bp = 1,u = 1,N = 10 and n = 0.2.

From superstatistical Helmholtz energy we get

dFS = —S&dTy — PdV

Thus we have the following thermodynamic relations

OF | ¢ OFS

_S — — =
Ty Iv 79V I,

)

4.1. Spin § paramagnet

Now let us consider the spin % paramagnet which composed of N spins. The Hamiltonian is given by

N
H=—uB) S,
n=1

where p is the magnetic moment and B denotes magnetic field. The partition function in local cell S; is

Z(B;) = (2 cosh(BiuB)N

Now let us consider two level distribution. Thus, superstatistical Helmholtz energy is

FE = —ToIn [q1 (2 cosh(B1 B)" + g (2 cosh(f11B)" ]

We can work out the total magnetic moment M of the paramagnet by computing

dF
M=—(=
(5),

N [q1(1 — ns) (cosh(B1uB))N " sinh(B14B) + g2(1 + n/s) (cosh(BouB))N " sinh(B,uB)
q1 (cosh(B1uB)N + g, (cosh(BruB)N

where

B1 = Bo(1—=ns), B2 = Po(1+1n/s)

As is different from the ordinary case (n = 0), the magnetic moment per spin, M/N depends on the number of spins.
Fig. 5 shows the plot of M versus B with 8o = 1, x = 1, N = 10 for q; = q; = 1/2 (Line), ¢ = 1/3, q; = 2/3 (Dashed)

] (62)

(63)
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and q; = 2/3,q; = 1/3 (Dot-Dashed) with n = 0.2. Beside, superstatistical internal energy is not proportional to the
magnetic field while for = 0 we have U = —MB.

5. Conclusion

In this paper we compared three types of superstatistics by constructing the corresponding superstatistical probabil-
ities, superstatistical internal energies and superstatistical entropy. Here, superstatistical Helmholtz energy was defined
only for Type C. We compared superstatistical internal energies in three types of superstatistics with two level distribution.
As examples we computed superstatistical internal energies for continuous energy and quantum discrete energies. We
found that thermodynamic relations and first law of thermodynamics could be derived only for Type C. As example we
discussed the spin % paramagnet. As is different from the ordinary case (n = 0), the magnetic moment per spin, M/N
depends on the number of spins for n # 0. Besides we found that superstatistical internal energy was not proportional
to the magnetic field while for = 0 we have U = —MB. In this paper we discussed the canonical ensemble. We think
that extension of this work into the grand canonical ensemble is more interesting.
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