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Abstract: Do the topologies of each dimension have to be same and metrizable for metricization of
any space? I show that this is not necessary with monad metrizable spaces. For example, a monad
metrizable space may have got any indiscrete topologies, discrete topologies, different metric spaces,
or any topological spaces in each different dimension. I compute the distance in real space between
such topologies. First, the passing points between different topologies is defined and then a monad
metric is defined. Then I provide definitions and some properties about monad metrizable spaces
and PAS metric spaces. I show that any PAS metric space is also a monad metrizable space. Moreover,
some properties and some examples about them are presented.
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1. Introduction

B. Greene [1] mentioned in his book “The Elegance of the Universe” that the 11th dimension
appears when the Heterotic-E matching constant is greater than 1 but not less than 1. In this case,
it may be thought that the 11th dimension is a different topology. I think this may be a discrete topology.
So, is a topology possible in which different topologies of different dimensions can exist? For topologies
of different sizes to be measured, should each topology be the same and measurable? In this context,
for a topological space in which different topologies can be written in different parameters, it should
be looked at whether a set is created in which different sets can be written in different parameters.
So, let us first analyze Molodtsov’s soft set [2], which makes it possible to write different sets with
different parameters.

Molodtsov [2] defined a soft set and gave some properties about it. For this, he thought that there
are many uncertainties to solve complicated problems such as in sociology, economics, engineering,
medical science, environment problems, statistics, etc. There is no deal to solve them successfully.
However, there are some theories such as vague sets theory [3], fuzzy sets [4], probability, intuitionistic fuzzy
sets [5], rough sets [6], interval mathematics [7], etc., but these studies have their own complexities.

Maji et al. [8] defined soft subset, soft superset, soft equality and they gave some operators such
as intersection, union of two soft sets, and complement of a soft set. They presented some properties
about them. But some properties of them are false. So, Yang [9] gave counterexample about some of
them. Also, Ali et al. [10] gave counter example about the others. Then they redefined operations of
soft sets. Then the other researchers pointed out these false about soft operators and they gave some
new definitions about soft operators of soft sets [11-19]. These are so valuable studies.

Up to now, there are many studies on the soft sets and their operations, also, taking universal set of
parameter E is finite and countable because of the definition of the soft set. There are many soft sets and
their operators defined. As first, in the soft set defined by Molodtsov [2] and developed by Maji et al. [8]
the union of any soft set and its complement need not be a universal set. So, this situation makes
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a lot of deficiencies like a problem about complement of any soft set. To overcome this problem,
researchers see two different ways. One way is using fixed parameter set in soft sets like Shabir and
Naz’s work [20]. They defined a lot of concept about a soft set and its topology. They used same
parameter sets in their soft sets. This situation limits the soft topology. As a result of the fixed parameter,
a soft point could be defined with fixed parameter. As a result of this, all soft sets have same values in
all their parameters [21-24]. Some researchers tried to overcome this situation by defining another soft
point [11,18,21,25]. You can see the latest study examples based on Shabir and Naz’s work [26-32].
The other way is to redefine soft set and its operations. As first, Cagman and Enginoglu [13] redefined
soft set and its operations. This study is so valuable. But anyone could not take uncountable or infinite
universal parameter set in practice. Because it is not pointed out what will we do with parameter sets
between two soft sets exactly while using soft operators. You can see the latest study examples based
on Cagman and Enginoglu’s work [26,30-34]. Cagman et al. [35] defined a soft topology. They use
different parameter sets in their soft sets. But all of them are finite because of the definition of soft
operations. Then, Zhu and Wen [19] redefined a soft set and gave operations of it. Also, they pointed
out what will we do with parameters set between two soft sets while using soft operators. But it is so
complicated and as a result, cause same problems. You can see the latest study examples based on Zhu
and Wen’s work [36-38]. A similar situation drew attention of Fatimah et al. in [39]. They said that in
their study all soft and hybrid soft sets used so far binary operation (either 0 or 1) or else real numbers
between 0 and 1. So they defined a new soft set and it is called an N-Soft set. They used n parameter in
their study, n € N, is natural numbers. Riaz et al. defined an N-Soft topology in [30]. Therefore, we can
say that they use set of parameters E as infinite and countable. They use initial universe X as finite and
countable. But in fact, in real life or in space they do not have to be finite and countable.

In order to overcome all the problems mentioned about above Gogiir O [40] defined an amply soft
set. He named this soft set as an amply soft set, together with its operations, in order to eliminate the
complexity by selecting the ones that are suitable for a certain purpose among the previously defined
soft sets and the operations between them and redefining otherwise. Amply soft sets use any kind
of universal parameter set and initial universe (such as finite or infinite, countable or uncountable).
Also, he introduced subset, superset, equality, empty set, whole set about amply soft sets. And he gave
operations such as union, intersection, difference of two amply soft sets and complement of an amply
soft set. Then he defined three different amply soft points such as amply soft whole point, amply soft
point, monad point. He also gave examples related taking universal set as uncountable.

Gogtir O. defined a new soft topology, and it is called as a PAS topology in [40]. The PAS topology
allows to write different elements of classical topologies in its each parameter sets. The classical
topologies may be finite, infinite, countable or uncountable. This situation removes all of boundaries
in a soft topology and cause it to spread over larger areas. A PAS topology is a special case of an AS
topology. For this purpose, he defined a new soft topology, and it is called as an amply soft topology or
briefly an AS topology. He gave parametric separation axioms which are different from T; separation
axioms. T; questions the relationship between the elements of space itself while P; questions the
strength of the connection between their parameters.

The main aim of this study is to define monad metrizable spaces. A monad metrizable space
may have got any topological spaces and any different metric spaces in each different dimension.
The distance in real space between these topologies is computed. First of all, I define passing points
between different topologies, and define a monad metric. Then I give a monad metrizable space and
a PAS metric space. I show that any PAS metric space is also a monad metrizable space. Some properties
and some examples about them are also presented.

2. Materials and Methods

These terminologies are used hereafter in the paper: X denotes an initial universe, E denotes
a universal set of parameters; A, B, C are subsets of E.
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Definition 1. Ref [40]. Let P(X) denote the power set of X. If F: E — P(X) is a mapping given by
[ F(e), VeeA4;
F(e)_{ @, YecE-A, M

then F with A is called as an amply soft set over X and it is denoted by F + A. We can say an AS set instead of an
amply soft set for briefness.

Example 1. Ref [40]. Let X = {x1, x2, X3, x4} be a universal set, E = {eq, €, €3, €4, €5} a set of parameters and
A = ey, e, eq,e5) asubset of E. Let F: A — P(X) be the mapping given by F(e1) = {x1,x2}, F(e2) = {x2, x4},
F(eq) = {x3}, F(es) = {x3}. Then we can show it looks like the following:

F+A= {{xl}{e]}/ {x2heye0) 1X3 e e5)s {x4}{62}}' )

Definition 2. Ref [40]. Let F + A and G * B be two amply soft sets over X. F + A is subset of G * B, denoted by
F+ACG =B, if F(e) € G(e), forall e € A.

Definition 3. Ref [40]. Let F * A and G = B be two amply soft sets over X. F = A is superset of G B, denoted by
F+ADG+B, if F(e) 2 G(e), forall e € B.

Definition 4. Ref [40]. Let F + A and G = B be two amply soft sets over X. If F+ A is subset of G+ Band G+ B
is subset of F + A also, then F + A and G + B are said to be equal and denoted by F + A=G = B.

Definition 5. Ref [40]. An amply soft set F * A over X is said to be an empty amply soft set denoted by & if
F(e) = @ foralle € E.

Definition 6. Ref [40]. An amply soft set F + E over X is said to be an absolute amply soft set denoted by X if
foralle € E, F(e) = X.

Definition 7. Ref [40]. The union of two amply soft sets of F+ A and G * B over a common universe X is the
amply soft set H+ C, where C = AUB and forall e € E,

F(e), Yee A-B,
G(e), Yee B— A,
F(e)UG(e), Yee ANB,
@, Yee E-C.

H(e) = ®)

We can write F+ AUG * BEFUG * A UB=H « C.

Definition 8. Ref [40]. The intersection H = C of two amply soft sets F + A and G + B over a common universe X
denoted by F » ANG + B is defined as C = AN B and for all e € E,

4)

F(e)NG(e),VeeC,
Hie) = { @,¥ec E—C.

We can write F+ ANG * BEFN G+ AN B=H = C.

Definition 9. Ref [40]. The difference H+A of two amply soft sets F + A and G + B over X is denoted by
F«A\G *Band it is defined as
F(e),Yee A-B,
H(e) ={ F(e)\G(e),Ye€ ANB, (5)
o,Vee E-A.
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We can write F+ A\G + B=F\G * A=H = A.

Definition 10. Ref [40]. Let F x A be an amply soft set over X. The complement of an amply soft set F » A over
X is denoted by (F* A)'=F' = E where F' : E — P(X) is a mapping defined as F' (¢) = X — F(e) forall e € E.
Note that, F' : E — P(X) is a mapping given by

F(e) :{ X—F(e), Ye € A,

X, Vee E-A. ©

Example 2. Ref [40]. Let X = {hy,hy, h3,ha, s}, E = le1,ez,e3,€e4,e5} and its subsets A = {e1,ep, €3},
B = {ey,e3,e4},C = {eq,e4} and F+x A, G+ B, H + C are amply soft sets over X defined as follows respectively,

F*AE{{thz}{m}, {h2, h3, halie,), {hl'hz'h5}{€3}}’ 7
G+ B={{h1, hadiey), 11, o, hadiegy, s, ey, ©
Hx =, hadiy), (b, sy ®

Then,

F+AUG+B=FUG*AUB 5{{h1,h2,h4}{gl}, {h2, h3, habie,), Ah1, h2, hy, hshe,), {h3,h5}{e4}}- (10)

F+ANG*B=FNG+ANB={{hl ), (1, haliey) ) (11)

F+ A\G+B=F\G * A={{ha) (o)), (2, 13, ha) ey, ths) ey - (12)
G+B\F+ A=G\F + B ={{haliy, o5), 13, Bshyey ). (13)

(F+ AY=F % E={{h3, ha, hs) ey, 1, hsey), (13, hadiey)s Kieges))- (14)
(G*B) =G'*E={lha, 3, ) ey, 3, hshies), Un, o, adieyy, Xienes) ) (15)

Proposition 1. Ref [40]. Let F+ A, G+ B and H » C be amply soft sets over X; A, B, C C E. Then the following holds.

F+AUF+A=F+ A, (16)

FxANF+ A=FxA, (17)
F+AUG=F+A, (18)
F+ANG=0, (19)

F+ AUXZX, (20)
F+ANX=F=*A, (1)
F+AUG+*B=G+BUF*A, (22)
F+ANG*B=G+*BNF+A, (23)
(F+AUG « BJUH + C=F + AU(G + BUH + C), (24)
(F+ ANG+B)AH + C=F+ AN(G+ BAH + C), (25)

F+ AN(G» BUH » C)=(F + ANG » B)J(F * ANH + C), (26)
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F» AU(G » BAH » C)=(F + AUG » B)\(F + AUH + C). 27)
((F A)7)7§F « A (28)

(F+ATG B)7E(F +A)N(G*B) (29)
(F+ARG « B)T':'(F +A)U(G+B) (30)

Definition 11. Ref [40]. Let {a } C E and let F * {a } be an amply soft set over X, x € X. If F = {a } is defined as
F(a ) = {x}, then F = {a } is called as a monad point and it is denoted by x,.

Definition 12. Ref [40]. Let a € A and F = A be an amply soft set over X, x € X. We say that x,€F * A read as
monad point x belongs to the amply soft set Fx A if x € F(a ).

Definition 13. Ref [40]. Let a € E and F = {a } be an amply soft set over X, x € X. We say that x,&F * {a } if
x¢F(a).

Definition 14. Ref [40]. Let T be the collection of amply soft sets over X, then T is said to be an amply soft
topology (or briefly AS topology) on X if,

1. @, Xbelongtot
2. The union of any number of amply soft sets in T belongs to T
3. The intersection of any two amply soft sets in T belongs to T.

The triplet ()?,?, E) is called as an amply soft topological space over X.
We will use AS topological space X instead of amply soft topological space ()?,"F, E) for shortly.

Definition 15. Ref [40]. Let (}?,?, E) be an AS topological space, then the members of T are said to be AS open

sets in an AS topological space X.

Definition 16. Ref [40]. Let (f,?, E) be an AS topological space. An amply soft set F + A over X is said to be

an AS closed set in an AS topological space X, if its complement (F+ A) belongs to T.

Proposition 2. Ref [40].

1. Let (X?, E) be an AS topological space. Then
@, X are AS closed sets in AS topological space X,

The intersection of any number of AS closed sets is an AS closed set in an AS topological space X,

The union of any two AS closed sets is an AS closed set in an AS topological space X.

Proposition 3. Ref [40]. Let ()?,?, E) be an AS topological space. Then the collection T, = {F (e)|F * E-é?} for
each e € E, defines topologies on X.

Definition 17. Ref [40]. Let ()?,?, E) be an AS topological space and B C T. If every element of T can be written

as any union of elements of E, then Eis called as an AS basis for the AS topology T. Then we can say that each
element of p is an AS basis element.

Definition 18. Ref [40]. Let n € N, e, € E. Let (X, 1,) be topological spaces over same initial universe X.
Let f be mapping from t, to 1, for all e € E. Then B = {t,,} is an AS basis for an AS topology T. We can say
that it is called as an AS topology produced by classical topology and for shortly a PAS topology.
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Note that these separation axioms defined as parametric separations in below are different from T;
separation axioms. T; questions the relationship between the elements of space itself while P; questions
the strength of the connection between their parameters.

Definition 19. Ref [40]. Let ()FZ,F’E, E) be an AS topological space and a,b € E such that a # b, if there exist

x € Xand AS open sets F+ A and G B such that x,€F A and x,&F » A; or x,€G * B and x,&G = B, then ()?,'f, E)
is called as a Py space.

Definition 20. Ref [40]. Let (;?,?, E) be an AS topological space and a,b € E such that a # b. If there

exist X € X and AS open sets F+ A and G + B such that x,€F + A and thF + A; and x,€G = B and xagG * B,
then (X,?, E) is called as a Py space.

Theorem 1. Ref [40]. Let ()?,?, E) be a Py space, then it is also a Py space.

Definition 21. Ref [40]. Let ()Z?, E) be an AS topological space and a,b € E such that a # b. If there exist

x € X and AS open sets F+ A and G = B such that x,€F+ A, x,€G * B and F + ANG * B3, then (?{5, E) is
called as a Py space.

Theorem 2. Ref [40]. Let ()Z?, E) be a Py space, then it is also a Py space.

Theorem 3. Ref [40]. Any PAS topological space (}?,?, E) is a Py space.

Example 3. Ref [40]. Let e1,e; € E, x € X and (X, Tel) and (X, e, ) be indiscrete topological spaces over same
universe X. Let (X T, E) be their PAS topology. So; T = {@ X, {X } {X{gz}}} is an AS topological space over

X.
Therefore there exist AS open sets {X{el}} and {X{ez}} such that xe]E{X{el}}, erE{X{ez}} and
{X{El}} H{X{EZ}} =2. 50 ()?,75, E) is a Py space.

Definition 22. Ref [40]. Let (5(',?, E) be an AS topological space, H + C be an AS closed set,a € E, x € X

such that xagH + C. If there exist x € X and AS open sets F + A and G * B such that x,€F+ A, H+CCG * B and
F+ANG * B=2 then (X,?, E) is called as a Halime space.

Definition 23. Ref [40]. Let (}?,?, E) be an AS topological space. Then it is said to be a P3 space if it is both
a Halime space and a Py space.

Example 4. Ref [40]. Let X = {x,y,z} be a universal set, E = {eq,ep,e3} be a parameter set and let
T = {@, X, {{x, y}{el}, {%, 2} e, {y,z}{gs}}, {{z}{el},{y}{ez}, {x}{es}}} such that every members be amply soft set
E — P(X). Then (X,?, E) is an AS topological space. Let us see if it is a P3 space.

Firstly, let us see if it is a Halime space.
For ey € E, choose x., and for an AS closed set{ ZHe,)s {x}es) }such that x,, ¢ {{z}{e1 {y } leo)r {x}{e3}}}.
}

There exists an AS open set {{ ZY ey Y {63}}} such that { er)s {y}{q}'{ X }} { ZY ey Y }62}, {x}{ES}}}.
There exists an AS open set {{x y}{el],{x ZY ey Y, 2 }{83}} such that Xe, € {{x Yhey (6 2o Y 2 }{83}} and
o TR 7 R a2 I }{93}}}5 Z

Fore; €E, choose Xe, and for an AS closed set { ler)r {y}{e2 {63}}} such that xezg{{z}{gl},{y}{ez}, {x}{ES}}}.
There exists an AS open set {{ }{el},{y}{ez},{ }{63}}} such that { ZYer) Ve el {63}}} c {{z}{el},{y}{ez}, {x}{e3}}}.
There exists an AS open set :{x, y}{el},{x,z}{gz},{y,z}{ES}} such that x,€ {{x, y}{el},{x,z}{gz},{y,z}{63}} and
{{x, ]/}{e]}/ {x,z}{EZ},{y,z}{ES}}ﬁ{{z}{gl},{y}{ez},{x}{€3}}} = &, For e5 € E, choose Ze, and for an AS closed set
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{{z}{gl},{y}{ez},{x}{e3 }} such that zesé{{ ZHer) Whiey) {x}{e3}}} There exists an AS open set {{ }{gl},{y}{ez} {x}{%}}}
such that {{Z}{el},{y}{gz},{ }[63}}}_{ {el},{y}{eﬂ,{x}{%,}}‘ There exists an AS open set{{x y} .y {y,z}{eg}}
such that 263'6“{{3@ Yiey): 1% 2 ey {y,z}{e3,} and {{x, Yhery 1 Ziey)s {yzz}{%}}ﬁ {{Z}{el}’ }} =9

So ()?,?, E) is a Halime space from the Definition 22.

Finally, let us see if it is a P; space.

Forey, e, € E, thereexist y € X and AS open sets {{x, y}{el}, {x, z}ie,) {y,z}{ES}}and {{z}{el},{y}{gzl,{x}[e3}}}such that
Yey {{x Yheyy (X0 2henp Ay 2he }andyezg{{x,y}{el},{x,z}{EZ},{y,z}{ES}};and Ye, € {{Z}{el},{y} {ea)’ {x}{ES}}}and
Yer & {{ }61 '{y}{ez}’{ x} 63}}}'

For ey, e3 € E, there exist x € X and AS open sets {{x, y}{el}, {x, 2}, ) {VIZ}{53}} and {{ { Zie, ) {]/}{e2 {63]}} such
that xelg{{x, y}{e1 ,{x,z}{EZ},{y,z}{ES}} and xe;@z{{x, y}{el},{x,z}{EZ},{y,z}{ES}} ;and Xe,€ { Z}ey) ,{y}{ez}, {63}}}
and xo, {12} ey}, (Veg)s 1¥Hea) -

Forey, e € E, thereexist y € Xand AS opensets{{x y}{e1 {x, zhe, ,{y,z} }}and {{Z}{el}r{]/}{ez}/ {x}[e3}}}such
that ye,€ {{x, y}{el}’{x’z}{ﬁz}/{y/ }{33}} and yeﬁ{{x, y}{el {2 2hea), {y, 2 }{e3 } and yeZE{{Z}{el}’{y}{ez}’{x}{€3}}}
and Ye, & {{Z}{el}r{g}{ez}/ {xhea) |}

Therefore, (X,?, E) is a Pq space from the Definition 20. ()?,?, E) is a P3 space because it is both
a Halime space and a P; space.

Theorem 4. Ref [40]. Let ()?,?, E) be a P3 space, then it is also a P; space.

Definition 24. Ref [40]. Let (}?,?,E) be an AS topological space, H + C and K+ D be AS closed sets such

that H+CNK+D = @. If there exist AS open sets F = A and G * B such that H+ CCF + A, K+ DCG+B and
F+ANG * B=J then (X,?, E) is called as an Orhan space.

Definition 25. Ref [40]. Let ()?,?, E) be an AS topological space. Then it is said to be a P4 space if it is both an
Orhan space and a Py space.

Example 5. Ref [40]. Let us consider the AS topology ()? T, E) on the Example 4. Let us see if it is a P4 space.

{{x Ve (% Zhen) AV Zhiey) } and { ZYey) (W ey X {63}}} are disjoint AS closed sets on it. We know
that these are also disjoint AS open sets. So (X T, E) is an Orhan Space. Also (X T, E) is a P; space from
the Example 4, so (X, T, E) is a P4 space from the Definition 25.

Example 6. Ref [40]. Let us consider the PAS topology on the Example 3. Let us see if it is a Py space.

First, let us seeif it is an Orhan space. There exist AS closed sets {X{ } and {X { e }} such that {X{el}} H{X{gz} }} =2.
We know that {X{ell} and {X{ez}} are also AS open sets such that {X{EI]}E{X{EI}}, {X[ez}}} E{X{ez}}} and
{X{el}} H{X{ez}}} =2. So ()?,"E, E) is an Orhan space.

Finally, let us see if it is a Py space.

There exist AS open sets {X{gl}} and {X{gz}}} such that xelg{X{e]}}, erE{X{el}} and erE{X{gz}}, xelg{X{q}}.
So ()?,?, E) is a Py space. Because (}?,?, E) is both an Orhan space and a P1 space, it is a P4 space.

Proposition 4. Ref [40]. Any PAS topological space ()?,?, E) may not be a Py space.

Example 7. Ref [40]. Let R be real numbers, E = {ey, ep} be a universal parameter set, (R, 1) be a discrete
topological space and (R, t2) be a finite complement topological space and from the Definition 18, their PAS
topology over R be (R,?, E).

Now let us see if R is a P4 space.
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Firstly, we can say that the PAS topology is a P; space because of the Theorem 3. and the Theorem 2.
Let us see it,

For ey, ey; there exist 2 € R and :{2}{31}, (R-1{2,3, 5}){62}}, {{3}{81}, (R-1{3, 5}){32}= €T such
that 25,€ {{2}ie), (R=1{2,3,5)) 0} and 20,¢ {12}ie)), (R=12,3,5)) ) 26,€ {Bhey), (R—13,5)),,} and

231;2{{3}{61], (R-1{3, 5}){62}}. Therefore, it is clearly seen that (]R,?, E) is a Py space.

Finally, let us see if R is an Orhan space. Let U, VCR be finite sets. Then we can choose {U{ez}}
and {V{EZ}} AS closed sets such that {u{ez}}ﬁ{v{q,}zé But for A,B C E, we cannot find any AS open sets
F+A and G B such that {U{Ez}}EF *A, {V{gz}}EG + B and F+ ANG + B=3. For this purpose, suppose that,
there exist {(R -Uu) {62}}, {(R - V){EZ}} be AS open sets such that {V[EZ}}E{(R -Uu) {ez}}' {U{EZ]}E{ (R- V){ez}}
and {(R - U){Ez}}ﬁ{(R Ve }55. Therefore, we can obtain U UV = R. This result contradicts the finite

selection of U and V. Hence, (R,?, E) is not an Orhan space and so it is not a Py space.

Theorem 5. Ref [40]. Let (}?,?, E) be a Py space, then it is also a Ps space.

Conclusion 1. Ref [40]. Any AS topological space ()?,?, E) is a Py space = P3 space = P, space = P;
space = Py space.

3. Results

Monad Metric and Monad Metrizable

We will use X for amply soft absolute set defined over an initial universe X and a universal
parameter set E for the following pages.

Definition 26. Let (}?,?, E) be an AS topological space and a,b € E such that a # b. If there exist x € X and

AS open sets F + A and G * B such that x,€F * A, xy@F + A; and x,€G * B, x,¢G * B, then x is called as a passing
point between a and b parameter points.

Definition 27. d : X x X — R is said to be a monad metric on the amply soft set X if d. satisfies the following
conditions:

1 cﬂlv(xa, xp) >0 foralla,b € E and x € X is a passing point between a and b,
2. cﬂlv(xa, Xp)
3. c?(xm Xp)
4 tﬂxa,xc) < d(xg,xp) + c-ly(xb,xc) a,b,c € Eand x € X is a passing point between a and b; and between b
and c.

Oiffa=0",foralla,b € Eand x € X is a passing point between a and b,

d(xp,xz) a,b € E and x € X is a passing point between a and b,

Amply soft absolute set X with a monad metric d on X is called as a monad metric space and denoted by
(X, &) The above conditions are said to be monad metric axioms.

Let us consider the Proposition 3. Let ()?,’f, E) be an AS topological space and a,b,c € E. Let d be

a monad metric over X. Here d,, dy, d. may be defined as metric or discrete metric or pseudo metric in
(X,12), (X,7p), (X, 1) topological spaces respectively.
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Definition 28. Let d: Xx X — R be a monad metric on the amply soft set X and a,b € E such that
a#b; x,y,z € Xsuchthat x # y # z. Let d, and d), be metric or discrete metric or pseudo metric defined over
X.Thend: XxX - Risa mapping given by

(30, xp) + d(xp, yo) = 0, 30) + dy(x,);
d~(x %) = _if xisa passing point between a and b, (31)
Y e za) + dzaz) + Az, vo) = da(x,2) + d(za, ) + oz, v);

if z is a passing point between a and b.

If itis noted here, it is seen that the monad metric gains importance at the passing points. Therefore,
it would be sufficient to define the monad metric for passing points especially. It must be defined as
a real number greater than zero.

Our claim was to show that the topologies of the dimensions may be different and nonmetric,
but even so a monad metric can be defined between the dimensions. Let us define a monad metric on
()?,?, E) on the Example 4.

Remark 1. Let (}?,?, E) be an AS topological space. Then (X, t.) are topologies over same universe X,e € E
from the Proposition 3.

We know that these topologies may be Ty, T1, T2, T3, T4 spaces. Then pseudo metric d: XX X — R is
a mapping given by

1 if thereexist A € Tsuchthatx€ A,y ¢ A
(e y) = { 0 otherwise forxyeX (32)
may be defined.
If (X, 14) be discrete topological space, then discrete metric
d: Xx X — R is a mapping given by
1 ifx+y
d(x,y)—{o ifr—y for x,ye X,acE (33)

may be defined on it.

Example 8. Let us consider the AS topology ( E) on the Example 4. Let X = {x, y, z} be a universal set,

X, T,
E = {el,ez,eg}beapammetersetandlet?—{ Af( {x, v} Y A% 2 ey v, 2 }{63}}, {{z}{el},{y}{ez} {x }63}}} We

know that from the Example 6, it is a Py space.

Then, there are (X,7.,) = {&, X, {x, y} (2}, (X, te,) = {2, X, {x, 2}, {y}} and (X, 7.;) = {@, X, {y, 2}, {x}}
topologies over same universe X from the Proposition 3.

1t is clearly seen that (X, Te, ), (X, Te,) and (X, Te, ) are Tg spaces. Then, a pseudo metric d : X x X — R
is a mapping given by

forx,y € X (34)

(x,y) = 1 if there exist A€ tsuchthatx e A,y ¢ A
44 0 otherwise

can be defined.

Let us find passing points for all a,b € E such that a # b. For shortly take F x A and G * B such that
{66, iy 1 D) (9, 2 o) | ZF > A and {2} AWy, )iy JEG # Bon T,

For e1,e; € E; there exist y € X and AS open sets F+ A and G * B such that y. €F = A, yezm,
and Ye,€G * B, Yo, G * B. So y is a passing point between ey and ey parameter points, from the Definition 26.
Similarly, we can see that there exist z € X and AS open sets F + A and G * B such that zeIEG *B, z,,¢G = B;
and ze,€F + A, zelm. So z is a passing point between ey and ey parameter points, from the Definition 26.
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For e1,e3 € E; there exist x € X and AS open sets F+ A and G * B such that xglgF*A, xg3m;
and xe,€G * B, x,,¢G = B. So x is a passing point between ey and e parameter points, from the Definition 26.
Similarly, we can see that there exist z € X and AS open sets F + A and G * B such that zelgG *B, z0,¢G * B;
and zg,€F * A, zelm. So z is a passing point between ey and e3 parameter points, from the Definition 26.

For ey,e3 € E; there exist x € X and AS open sets F+ A and G+ B such that erEF*A, Xe,@F x A;
and xe,€G * B, x,,¢G = B. So x is a passing point between ey and es parameter points, from the Definition 26.
Similarly, we can see that there exist y € X and AS open sets F * A and G * B such that ye,€G * B, ¢, ¢G * B;
and Ye,€F % A, Ye, &F * A. So y is a passing point between ey and e3 parameter points, from the Definition 26.

Therefore,

The passing points on (}?,?, E) are stated like the following:

e between ey and ep; passing points y and z;
e  Dbetween ey and e3; passing points x and z;
e between ey and e3; passing points x and .

Let us define monad metric d privately for passing points from the Definition 28. Let d:XxX—R be
a mapping given by

— { 5 if a#0b, xisapassing point between aand b,a,b € E, x € X, (35)

d(xq, xp) = . . ) )
(xa, %) 0 if a =10, xis a passing point between a and b,a,b € E,x € X.

It is clearly seen that the monad metric d provides the monad metric axioms. Then d: XxX > Ris
a monad metric. Also we can calculate d(x,, yp) for all x,, yy€X from the Definition 28. For example,

d(Xe,,Zes) = d(Xey, Xey) + d(Xes, Zey), X is a passing point and De finition 28 (36)
= 5+de,(x,z), Definition 28. (37)

= 5+1; thereexist {x} € 13 such that xe{x}, z ¢ {x} (38)

—6. (39)

;Zv(zes,xgl) = ﬂzea, Xey) + tixg3,xel ), xis a passing point and De finition 28. (40)
= de;(z,x) +5; Definition 28. (41)

=145 there exist {x} € 13 such that xe{x}, z & {x} (42)

=6. (43)

So we can see that d(Xe,, Ze;) = d(Zes,Xe,) = 6.

d(Xe,, Ye,) = d(Xey, Ye,) +A(Yey, Ve, ), Y IS a passing point and Definition 28. (44)
= do, (x,y)+5; Definition 28 (45)

= 0+5; thereis not any exist A € Ty suchthatx € A, y ¢ A (46)

- 5. 47)

d~(y32,zg3) = d~(ygz, Yes) + d~(y83, Zey), Y 1S a passing point and De finition 3.3. (48)
= 5+ de, (y,2); Definition 3.3. (49)

= 540; ; thereisnotanyexist A€ 13suchthatxe A, y¢ A (50)

=5. (51)
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So we can see that d(Xe,,ze;) < d(Xey, Ye,) + A(Yey, Zey) it satisfies triangular inequality.
6<5+5 (52)

6 < 10. (53)

Definition 29. An AS topological space ()?,?, E) is said to be a monad metrizable if a monad metric d can be

defined on X such that the AS topology induced by d is 7. Otherwise, the AS space X is called as a monad
non-metrizable.

Theorem 6. Any Py space is also a monad metrizable space.

Proof 1. Let ()?,?, E) be a P4 AS topological space and A,B,C,D,Z C E. Since (}?,?, E) is an AS
topological space, (X, 7.) are topologies over same universe X from the Proposition 3. Then from the
Remark 1. one of metric, pseudo metric, discrete metric, etc., may be defined on these topologies.
Then we want to learn if (>~<,?, E) have got passing points for all e € E from the Definition 28.
Since (55,?, E) is a P4 space, it is both an Orhan space and a P; space from the Definition 25.
Let H +C be an AS closed set and F* A be an AS open set such that H* CCF + A. Because F * A
is an AS open set, )?\VF + A is an AS closed set from the Definition 16. Also, because of H = CCF = A,
H+ Cﬁ(ﬁl—“ *A);é. Since (}?,?, E) is an Orhan space, there exist K+ D and W = Z AS open sets such
that H + CCK * D and ()A{TF *A)EW +Z and K * DNW * Z=Z from the Definition 24. Now we show if
K+DNW+Z=@,a € E,x € X. Let x,6K * DNW » Z. Then x,€K » D and x,€W x Z. Then K+ DA\W » Z#@.
This contradicts K + DNW + Z#& So K * DNW * Z=2. Also ()?,'f, E) is a P; space, there exist a4,b € E
such that a # b and there exist x € X and AS open sets K+ D and W * Z such that x,€K = D and
xp2K * D; and x,€W » Z and x,€W * Z. Because K+ DWW * Z=& and from similar way we can say that
K+DNW = Z=2. Then, there exist x,€K * D and xp¢K+ D; and x,€W » Z and x,¢W = Z. So x is a passing
point between a and b parameter points. This is true for all 2, b € E and then (;(,7?, E) P4 AS topological
space is also a monad metrizable. O

Example 9. Let us consider the indiscrete PAS topology on the Example 3. Let us see if it is a monad metrizable
space. We know that it is a P4 space from the Example 6. We know that any P4 AS topological space is a monad
metrizable space from the Theorem 6. So, it is monad metrizable space. Let us see it:

Let e1, ey € E such that ey # ep. There exist x € X and AS open sets {X{el}} and {X{EZ}} such that xelg{X{el}}

and erQ{X{el}} (: {X{el}}); and erE{X{EZ]} and xelé{x{@,} (: {X{ezl}) S0 x is a passing point between eq and
ey parameter points for all x € X. Also we know that (X, t1) and (X, t2) indiscrete topological spaces and
pseudo metrics can be defined on them like d, : X X X — R is a mapping given by

if thereexist A € Tsuchthatx € A,y ¢ A

1
d(x,y) = { 0 othermise forx,y € X. (54)

For example: let x,y,z € X and e1,e; € E. We know that ¥x € X is a passing point between ey and e;
from the above explanation. Let us define monad metric d privately for passing points from the Definition 28.
Let d : X x X — R be a mapping given by

— { 1 if e; # ey, x is a passing point between e and ep;e1,e2 € E, x € X, (55)

A(Xey, Xey) = . . . .
(xer, %er) 0 if ey = ey, xisapassing point between ey and ey;e1,ex € E, x € X.

Let us calculate d(xe,, Ye, )
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d(Xey, Ye,) = d(Xe,, Xe,) +d(Xey, Ye, ), X is a passing point between ey and ey; and Definition 28.
= 1+d,,(x,y), Definition 28. (56)

= 1+0, from pseodo metricd, = 1. (57)

Remark 2. Let d: XXX — R be a metric and (X,d) be a metric space with d, r be a non-negative real
number, x,y € X. We know that B(x,r) = {x € X : d(x,y) < r} is an open ball with centre x and radius r.
Namely, for a € E, d; : Xx X — R be a metric and (X, d,) a be metric space with d,, r be a non-negative real
number, x, y € X. So By(x,r) = {x € X : da(x, y) < r}is an open ball with centre x and radius r. Similarly,
Bu[x, 7] = {x € X : dy(x,y) < r}is a closed ball with centre x and radius r.

Definition 30 Let (X, d,) be metric spaces over same universe X, n € N, N is a natural numbers and (X, t,)
be their topologies such that they are created by open balls from these metrics. Let ()?,?, E) be their PAS topology.
It is called as a PAS metric space.

1t is noted here that a PAS metric space is not any metric space also any monad metric space, it is an AS
topological space.

Theorem 7. Any PAS metric space is also a monad metrizable space.

Proof 2. Let (55,75, E) be a PAS metric space. Then there exist (X, d,;) metric spaces over same universe
X, a € E from the Definition 30.

(X, d,) are metric spaces from the Remark 2. We want to learn if ()?,?, E) have got passing points
for all e € E from the Definition 28. For a,b € E such that a # b,r is a non-negative real number
and there exist x € X, {B,(x,7)} and {By(x,7)} AS open sets such that x,&{B,(x,7)} and x,&{By(x,7)};
and x,€{By (x, 7)} and x,€{By[x, 7]}. (it is noted here that {B,[x, 7]} is an AS closed set because X/ {Balx, 7]}
is an AS open set on 7 and similarly {By[x, 7]} is an AS closed set too). So x is a passing point between a
and b parameter points. This is similar for all a, b € E such thata # b and there exist x € X. Then ()?,75, E)

is a monad metrizable space. O

Example 10. Let R be real numbers and (R, dq), (R,dy) and (R, d3) be metric spaces over same universe R and

di :RxR - R, di(x,y) =[x -y (58)
B RXR >R, do(x,y) = | = —T (59)
T+l 14y
and
1 ifx+vy,
d;:RxR = R, dg,(x,y):{ . l.]{x:i; (60)

be their metrics respectively. Let (ﬁ,?, E) be their PAS metric space over R, E = {a, b, c} with elements of
it respectively with a mapping f :{1,2,3} — {a,b,c}. Then (IE,?, E) is a monad metrizable space from the
Theorem 7. Let 3 € R be a passing point between a and b parameter points, a,b € E; 5 € R be a passing point
between b and c parameter points, b, c € E. Therefore, we can define monad metric d.

Let d : RXR — R be a mapping given by

07(3 3,) = 5 if a#b,3€Risapassing point between a and b; a,b € E, 61)
)0 if a ="0,3 € Ris a passing point between a and b; a,b € E.
= 3 if b#c,5¢€Risapassing point between a and b; b,c € E,
d(5p,5:) = . . . . (62)
0 if b=c5 € Risapassing point between a and b; b,c € E.
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So (ﬁ,? E) is a monad metrizable space from the Theorem 7. Then we can calculate the followings.
(@) d(30,5)
(b)  d(64,9)
(©)  d(8y,5¢)
(d) d(25,5)
(€ d(24,7)
A tﬂiv(3ﬂ,5l,) = 6}'(3{1,3” + ‘;(3br5b) 3 € R is a passing point between a and b; a,b € E,
3 5 1 61

= 5+4d,(3,5) = 5+‘1+3 1+5’ 5+E—E. (63)

B. [iy(6a,9,1) = d,(6,9) from the Definition 28.
=16-9 = 3. (64)

C. 57(8;3, 5:) = 0T(8b,5b) + ( 5¢), 5 € Ris a passing point between b and c; b,c € E, = dy(8,5) + 3
from the Definition 28. = ‘1+8 1+5| +3= £ +3=2

D. E(Zb, 5,) = dy(2,5) from the Definition 28.

1
1+2 1+5 T 6 (65)

E. E(Zﬂ,7c) = E(Za,3a) + cﬂBa,3b) + cﬁ3b,5b) + ﬂ5h,55) + E(SC, 7¢), 3,5 € R are passing points
between a and b; b and c respectively ;a,b,c € E,

= d,(2,3) +5+dy(3,5) +34dc(5,7) (66)

= 2- 3|+5+‘1+3 1+5'+3+1 (67)
1 121

=0+ =4 (68)

4. Discussions

Do the topologies of each dimension have to be same and metrizable for metricization of space?
I have shown that this is not necessary with monad metrizable spaces. For example, a monad metrizable
space may have got any indiscrete topologies, discrete topologies, different metric spaces, or any
topological spaces in each different dimension. I compute the distance in real space between such
topologies. First of all, the passing points between different topologies are defined. Then monad
metric is defined. Then a monad metrizable space and a PAS metric space are presented. I show
that any PAS metric space is also a monad metrizable space, and present some properties and some
examples about it. A similar situation first attracted the attention of Papadapoulos and Scardigly
in their study “Spacetimes as topological spaces and the need to take methods of general topology
more seriously.” They sought answers to “Why is the manifold topology in a spacetime taken for
granted? “Why do we prefer to use Riemann open balls as basic-open sets, while there also exists
a Lorentz metric [41]” shaped questions. In short, we should consider new topologies for the space-time
dimension. Perhaps “the 11th dimension, which appears when physicists working on string or M
theory, explains that the Heterotic-E matching constant is greater than 1 but not less than 1 [1],” it is
a different topology. Which reminds me of discrete topology.
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5. Conclusions

In my next study, I will study the concept of monad metric spaces, toward which I took the
preliminary step in this study. A space concept in monad metric spaces will gain a new perspective.
With the monad openings, the concept of openness will emerge from two dimensions and will become
a gateway between the dimensions. I think that this and my future work will provide researchers with
concepts and new pursuits in this context.

Funding: This research received no external funding.
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