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1. Introduction

In approximation theory, generalized sampling series was constructed by P.
L. Butzer and his school [1-3] in order to reconstruct a function f with its
sample values at some discrete points. It is the approximate analogue of
well-known Whittaker-Kotel'nikov-Shannon (WKS) type sampling theorem
[4,5] and is defined by

(S (x) == Z T(Wx—k)f(k), w>0, xeR (1.1)
keZ w

for functions f : R — R for which the series is convergent for every x € R
and 7: R — R (called the kernel of the operator) denotes a continuous,
discrete approximate identity which satisfies suitable assumptions. The
operators S;, represent a method in order to study in continuous functions
spaces [1, 2, 4, 5], simultaneous approximation and linear prediction [6],
and for more see [24-26, 28, 29].
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The L'-version of the generalized sampling operators, called sampling
Kantorovich operators, was first introduced by Bardaro et al. [7] and has
been intensively studied in, among the others, [8-13]. On the other hand,
while the Kantorovich modification of the operators (1.1) furnishes a
method to approximate functions belonging to L!, the method to approxi-
mate functions belonging to L¥ spaces (or more general Orlicz and modular
spaces) is to construct Durrmeyer modification [27]. Durrmeyer modifica-
tions of the generalized sampling operators (1.1) were first introduced by
Bardaro et al. [14], using a general convolution integral instead of the inte-
gral means, by

+00
(S5°f) (%) = Z T(wx — k)wJ t(wu — k) f(u)du, x€R,
oo R
where 7 is a kernel function which satisfies suitable conditions. In ref. [14],
the authors established an asymptotic formula for functions f with a poly-
nomial growth and as a consequence, a Voronovskaja type formula for the
family of operators (S7;*) was obtained.

In general, the kernels in the construction of Durrmeyer modifications
do not need to be the same, that is, the kernels in convolution and in the
series may be different. Such a consideration allows us to make weaker
assumptions on the kernels than those made for the classical ones. In the
recent article [15], Costarelli et al. have constructed a generalized sampling
Durrmeyer operators in this frame as

+00
(Szv’ﬂf) (x) = Z T(wx — k)wJ dwu — k) f(u)du, x€R
[yt R
for any functions f for which the series is absolutely convergent. Here the
kernel functions 7,7 satisfy some conditions (see [15, p. 4]), for which the
operators form an approximation process.

While studying generalized sampling series (1.1) in continuous function
spaces, the space C°(R) of the uniformly continuous and bounded func-
tions on R is generally considered. To enlarge the class of target functions,
in the recent article [16] the authors considered polynomial weighted
spaces of continuous functions and extended the studies of approximation
behaviors of generalized sampling series to a more general class of continu-
ous functions. Similar considerations for generalized sampling Kantorovich
series and generalized exponential sampling series were studied in refs. [17]
and [18], respectively.

Although the family of generalized sampling Durrmeyer operators (S%")
is defined for functions f € L? (or Orlicz space, modular space), it is mean-
ingful for continuous functions as well.
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In the present article, we investigate convergence of (S%”) for functions
belonging to polynomial weighted space of continuous functions. Our
results consist of pointwise and uniform convergence of (S5”) and a rate
of convergence by means of weighted modulus of continuity. Also, a
quantitative Voronovskaja type theorem is obtained. The final section of
the article is devoted to some numerical examples, describing the conver-
gence results.

2. Preliminaries

We denote by N, Ny, Z and R the sets of positive integers, non-negative
integers, integers and real numbers, respectively.
Let € C°(R) and 9 € L!'(R) be functions such that

Zr(u—k) = 1,for every u € R and J Hu)du = 1. (2.1)
keZ R

For any j € Ny let us define the algebraic moments of t and ¥, respect-
ively, by

m;(t,u) = Z t(u—k)(k—uY,

keZ
w(®) = | Y90y
and the absolute moments for />0 by
My(z) :=sup » |t(u—k)||u— k|’

ueR ez

and
Mi(9) == jR|y|’|z9<y>|dy.

From now on, 7 and ¢ will be called kernels if they satisfy the condition
(2.1) such that there exists o, f > 0 with M, (1) < + co and Mg(J) < + oc.

Remark 1.
1. Let t and ¥ be kernels, then (S%”1)(x) =1, where 1(x) =1 for
every x € R.

2. Let y,n>0 with n <y. Then M, (1) < + oo implies M, (1) < + oo, see,
[11]. In the case of T has compact support, it is immediately obtained
that M, (1) < + oo, for every y > 0.

3. Similarly, let y,#>0 with 5 <y. Then M,(¥)< + oo implies
M, (¥) < + oo, see [15].
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Lemma 1 ([16, Lemma 1]). Let x be a function satisfying the conditions:

1. y is continuous on R,
2. there exists >0, such that

Mp(z) =sup )

ueR ez

}((u—k)’|u—k|ﬁ,

is finite.
For every 6 >0 there holds:

lim Z |X(wx—k)| =0,

w—00
|k—wx| > wd
uniformly with respect to x € R.

Let C(R) be the space of all continuous functions on R. A function p €
C(R) is called a weight function if it is positive on the entire real axis R.
In this study, we consider the weight function

1

1 *ER

p(x)

B,(R) will denote the space of real functions whose product with the
weight function p on R is bounded, that is,

By(R) = {f :R—R: ilelﬂgp(xﬂf(x)l € R}-

Also, we shall consider the following natural subspaces of B,(R) :
Co(R) :=C(R) N B,(R),
CR):={f € C,(R):3 lim p(x)f(x) € R},
Uy(R) :={f € C,(R) : pf is uniformly continuous}.

The linear space of functions B,(IR), and its above subspaces are normed
spaces with the norm

A, = Slelﬂgp(x)lf(x)l,

see [19-22].

The norm of operator acting from B,(R) to B,(R) will be denoted
by || - ||BP(R)HB/J(R)‘

The weighted modulus of continuity for functions f € C,(R) is denoted
by Q(f;-) and given for 6 >0 by
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Q(f, 5) — sup |f(x + h) _f(x)l

: 2.2
h <o, xer (1+h2)(1+x2) (2.2)

In the following lemma we recall some properties of the weighted modu-
lus of continuity. For more details about (2.2) and the proof of given prop-
erties we refer the readers to [23].

Lemma 2. ([23]) Let 6 >0,x € R. Then,

1. Q(f;d) is a monotonically increasing function of J,
2. Q(f;6) — 0 as 6 — 0 for functions f € C,(R),
3. for each 2>0 and f € C,(R), the inequality

Q(f; 20) < 2(1 + )1 + 6)Q(f; 5) (2.3)
holds.

Remark 2 ([16, p. 156]). Let x,y € R,0 > 0. By considering the definition
of the weighted modulus of continuity we have

2 . |y—x|3
Lf(y)—f(x)l§16(1+X)Q(f,5)<1+ 53 ) (2.4)

with the choice of 6 < 1.

3. Main results

Let us first prove the well definiteness of the operators S%” on weighted
spaces of functions. To do this, we first need to the following proposition.

Proposition 1. Let 1,9 be kernels with oo = f§ = 2. Further we denote by
v(x) :==1/p(x) =1+ x*,x € R. Then,

\ (syy) (x)‘ < My(1) (Mow) + %Mz(ﬁ))

+ 4M, () (%Mz(r) + szo(‘c)> .

Proof. By using definition of sampling Durrmeyer operators, Remark 1 (1)
and v we have
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‘(S;”9U> (x)‘ < Z“E(wx — k)‘wJ ’ﬁ(wu — k)|(1 + u?)du
keZ R
= Z’r(wx - k)’wJR’ﬁ(wu - k)|du

keZ

+Z| wx — k |WJ }ﬁ(wu—k)‘uzdu

By the hypothesis of Proposmon since 7,1 are the kernels with o« = f§ =
2, and using Remark 1 (2), we immediately have

(S;ﬁy> (x)’ < My ()Mo (9) + Z|r(wx — k)|lj |9 (wu — k)| (wu — k + k)>du

< My(z Z’ t(wx — k J’ﬁ wu—k)’[(wu—k)2+k2}du

keZ
= My(1) (Mo(ﬁ) + W/%(z?))

425 Mo0) X o = 0]k = wx +

keZ
2 1
< M) (M) + S M9) ) + 4M0) (5 M(0) + ()
which completes the proof. O

Theorem 1. Let t,79 be kernels with o = f = 2. For any fixed w>0, the
operator S5 is a linear operator from B,(R) to B,(R) and the inequality

, 2
155l -, < Mo®) Mo(9) + 5 M09 )

+4Mo(9) (%Mz(r) + Mo(r)>
holds.
Proof. By using definition of S%” and Proposition 1 we have
(5246) 0] < et | 190w B o)
<AL, S el — k J 19( wu—k)‘ﬁdu

keZ )

< Ifll, |:M0(T) (Mo(ﬂ) +WM2(79)> +4M, (V) (%Mz(r) +x2M0(r)>}
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Now, if we multiply both sides with p(x) we get inequality

M@Kﬁ%xwkﬂmuP%@(A%wwﬁgwuwﬂ

+ 4 Mo () (%Mz(f) + MO(T))]

for every x € R. By assumptions we conclude [[S%f|| , < oo, that is

SuUf € B,(R). Now, taking supremum over x € R and the supremum with
respect to f € B,(R) with ||| <1 it turns out

T, 1 2
155l 1,50 < Mo(6) (M) +2 M:(0) )

1
+ 4M(¥) <WM2(T) + M0<T>>
which completes the proof. O

Theorem 2. Let f € C,(R) be fixed and 1,9 be kernels with o= ff = 2.
Then,

lim (857f)(x) =f(x), x€R. (3.1)
Moreover, if f € U,(R), then
lim 5°f ~ £l = . 6.2)

Proof. For all x,u € R, we can write
1 1 1

By using above inequality, the linearity of the operators and Remark 1
(1) we have

lp(u)f (u) = p(x)f (x)]-
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[(s5°0) ) = 0] = S fetoex = 0| |9 00 ) — )t

keZ

< Jrlwx - k)|WJR\'t9(Wu — k)| [p(”) £ (u)] pl

keZ

= Z|‘c(wx - k)‘wJR‘ﬂ(wu — )| p(w)| f(w)||u* — x*|du

keZ

+ Z‘r(wx - k)‘wJ |19(wu - k)‘ L lo(u)f (1) — p(x)f (x)|du

kez R p(x)
= Il + Iz.

Let us first estimate I;. Since
|u2 fx2| = |u— x||u + x|
1
= — |wu — wx||wu + wx|
w
1
< ﬁ(|wu — k| + |k — wx|)(|wu — k| + |k + wx]|)

1
:ﬁ(|wu—k|2+ lwu — ||k + wx| + |k — wx||wu — k| + |k — wx| |k + wx|),

we obtain
_ i, :
<— Z|r(wx—k)|w ‘ﬁ(wu—k)‘|wu—k| du
w keZ R
+Z| wx —k |k+wx| J ’ﬁ(wu—k)“wu—kwu
keZ

+ Z|r(wx —k)|[k — wx|wJ |9 (wu — k) ||wu — k|du
kez R

+Z| wx — k) ||k — wx||k+wx]wJ |9 (wu — k ]du}
keZ

Hf”p {Mo(t) My(9) + M; (1) M (9) + 2|wx|Mo(t) M;(9)

+M1( )M (9) + M (1) Mo () + 2[wx|M; (1) Mo ()}

Let &>0 ©be fixed. Then there exists 0>0 such that
lp(u)f (u) — p(x)f(x)| < & when |u — x| < J. Hence, we can write
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L = b [ Z |r(wx — k)‘wjl _k‘<w_6|19(wu - k)“p(u)f(u) — p(x)f (x)|du

p(X) |wx7k\§%‘5

+ |[t(wx — k)‘wJ [9(wu — B)||p(u)f (1) — p(x)f (x)|du
|wx—k| <% Iwu—k| >3

+ |t(wx — k)’wJ |0(wu — k) ||p()f (u) — p(x)f(x)]du]
[wx—k| > w2 R

— L 1 + L2 + I 3]

= o et et sl

For u € R with the property [wu — k| <2 if we also have |wx — k| <%
then we have

k k
|M—X|§ M———|—__x<5‘
w w
Since pf € C,(R) we get
L <¢ Z |T(wx—k){w _‘ﬁ(wu—k)]duggMO(T)MO(Qg).
|wx—k| <22 Jiwu—k| <2

Taking supremum for u € R we can write
L, <2|fl, Z }‘c(wx—k)}wj “ﬁ(wu—k)’du
|Wx—k|§w75 [wu—k| > 22
and
WJ ‘ﬁ(wu—k)|duzj [9(t)|dt — 0 as w — +o0
|wu—k| > 12 |t] >
for sufficiently large w. Hence, we get
b> < 2|, Mo(x)e.

Finally, by Lemma 1, since

lim Z ‘r(wx—k)} =0

W—+00
[wx—k| >y

uniformly w.r.t. x € R, we have

L3 <2|/f[|,Mo(V)e
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for sufficiently large w. Combining the above estimates, we have

|(S5°) (0) = f()]
L+5Lyi+5L,+1h3

_ Hf“p { Mo (1) M5 (9) + My (1) M1 (9) + 2|wx|My(t) M, () (3.3)

Ml( ML (YD) + My (1) Mo (D) + 2|wx| My (1) Mo (V) }

p%) [Mo(t) Mo (9) + 2][f[| ,Mo(7) + 2]If[| , Mo (9)]-

By taking limit as w — +o00 we get (3.1).
Let f € U,(R). Following the same steps of first part of the proof and
multiplying both sides of (3.3) with p(x) we have

p(0)|(53°F) ) — £ )
”f”p {MO( )Mz(,ﬁ) +M1(1)M1(19) + ZWMO(‘L')MI('ﬁ>

+M1( JML(F) + My (T) Mo () + 2wM,y (1) Mo ()}
+e[Mo(t)Mo(9) + 2[|f[| ,Mo(1) + 2[[f| ,Mo(I)]

and taking supremum over x € R we obtain (3.2) for w — +o0. O

IN

+
+

Theorem 3. Let f € C,(R) and 1,9 be kernels with o = § = 3. Then,

[(55°F) ) = )] < 1601+ 2)Q(F5 W) {Mo ) Mo(9)
+ 4[Mo (1) M3 () + M3 (1) Mo ()]}

Proof. By using definition of S%”, Remark 1 (1) and the inequality (2.4) we have

(52) 00 = )] < S el = 0] [0 R 00— 0 s

kEeZ

<16(1+22)Q(f;0) Y _[tlwx — k)|

keZ

3 WJRMW 5 < '”;‘P)du

16(1 + x*)Q(f; 6) lZ‘ (wx — k |WJ [9(wu — k) |du

keZ

+53Z| wx —k J}ﬂwu— ||u—x|31

keZ
16(1 + xH)Q(f;0)(I + L).
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It can be easily seen that
Il < Mo(T>M0(19)

Now, we need to estimate I,. By straightforward computation, we can
write

L <3 Z| wx — k {WJ |9(wu — k) ||[wu — k + k — wx|du
0w keZ
< 53W3 [g;r(wx— J }ﬁ(wu —k)“wu—k\ du

+ Z’r(wx - k)“k - wx]3wJR}ﬁ(wu — k)‘du}

keZ

4
= 5 [Mo(1) M3(0) + M3 (t) Mo(J)].
o’w3
Substituting I, and I, and choosing § = w™! we immediately obtain the
thesis. O

Remark 3 ([16]). Let us consider the Taylor expansion of a function f €
C")(R) at the point x € R, that is,

r ) (5
="

k=0

— )"+ R(f; 1,%), (3.4)

where

(t—x)

r!

R.(f;t,x) =

and ¢ lying between t and x.
Hence using the inequality |&

O(e) _ f0) X
Ri(on ) =IO I00

16 ) (1,) |t—X|3
gﬁ(1+x)9(f ,5)(1+ =)

Hence we have the estimate

R(ftx)<l—( —|—x2)Q( )(|t—x|r+w>. (3.5)

(70 )

, We can write

In order to present Voronovskaja theorem in quantitative form, we need
further assumption on kernel function 7, that is, there exists r € N such
that for every j € Ny, j <, there holds:
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m;(t,u) =: mj(t) € R, is independent of u. (3.6)
Now we can state the Voronovskaja theorem.

Theorem 4. Let 1,9 be kernels with o = =r+3,r > 1, where r is the
parameter of assumption (3.6). Then for f € CU)(R) such that f) € C(R),
we have

w| (857F) () — )] ~ Zf ("fo) Ly ( ; ) M (2)my ()

=0

r+3

< 01 1) (Mo M) + M, () Mo(9)
+8(Mo(®) M 1(9) + My1a())Mo(0))}.

Proof. Considering the Taylor expansion of f we have
zf R ),

where R,(f;t,x) is the Lagrange remainder (see (3.5)). Using definition of
the va’ﬁ and (3.4) we get

(S;;ﬂf) (x) = Z t(wx — k)wu I (wu — k)f (u)du

_ Wi — ) (x) Yy
— keZZ wx Rz?( k>,;) - ( )"d (3.7)
+ Z (wx — k)w Rﬂ(wu — k)Rr(f; u,x)du
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By straightforward computation, we get

I, = Z (wx — k)wzr:f(m>('x) J P wu — k) (u — x)"du

keZ

:Zr( Zf - w’i 1J]Rq?(wu—k)(wu—lc—%k—«vwc)mdu
keZ m=0

= rf(m)(x) ! twx — k)| 9(wu —k m<m> wiu — k) (k — wx)" 7 du
=D R (om0

= y f(’”)('x) 1lzm:<n.1>21(wx—k)(k wx) ]J Y wu — k) (wu — kY du
m=o M w j=0 J keZ R
r (m) x m m

_ mof mg >ﬁ; ( J_ )mm_J(r)mjw)

Now we estimate the term I,. Using the inequality (3.5) we get

|L| < Z|r(wx— J |19(wu— ||R,(f; u,x)|du

keZ

< et 0] oI [ 2502070 (o + 13

keZ
16

= 7(1 —|—x2)Q(f(r); 5> {Zh(wx - k)|wJ |9(wu — k)||u — x|"du
’ kezZ R
+Z| wx—k)‘ J (wu — k ||u _5§| du}

keZ
r—1

(1+x )Q(f(’); 5) [Mo(r)/\/t,(ﬂ) + M, (t) M, ()

~ rwr
8 1

+— w5

(Mo) M, 1a(9) + MM(T)MO(@))} .

1

By choosing 6 = w™" we have

( +x2)Q ( ){MO( )M, (9) + M, (1) Mo (9)
+ 8<Mo(r)Mr+3(19) + M;13(t) Mo(9)) .

r—1

2
IB| <~
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Hence by combining I; and I, in (3.7) we conclude that

w[(5227) 00 -] - S Wié(?)mm_j(r)mj(m

r—1

< r,zw—l (1+x)Q <f(’); %) {Mo(7) M, () + M, (t) Mo (9)
+ 8(Mo (1) My3(9) + Mry3(1) Mo(¥)) }

which is desired result. 0

Corollary 1. Under the assumptions of Theorem 4, it follows:

i. In view of Lemma 2 (ii) we have qualitative form of Voronovskaja the-
orem for StV as

tim w| (S57F) (0) = £3)] = £/ (0)mi (2) + my(9)).

wW—00
ii. Moreover, if we also assume mj(r, u)=0 for j=12,..,r—1, reN,
then we have

w[(s) 0 - 1] - )

r—1

< 27 (14 x2>w<f<f>; %) [Mo(T) M,(9) + M, (7)Mo ()
+ 8(Mo (1) M 43(0) + M,y 3(7) Mo (19))]

and

lim wr[(83§f> (x) —f(x)] = m, (7).

w—00

4. Numerical evaluations

In this section, we give specific examples of kernels 7 and ¥ which satisfies
the assumptions employed in the previous sections. We consider a B-spline
as kernel 7 and a characteristic function as kernel ). They satisfy the kernel
assumptions given in Section 2 (see [15]).

The central B-spline of order n € N is defined by:

n—1
on(t) == n—l'z ( )( +t—]>+ , t e R,

where (t), := max{t,0},t € R. The support of g, is contained in the com-
pact interval [—n/2,1/2], and the Fourier transform is given by (see [15])
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Table 1. |(Sg,%f)(x)—f(x)| at some random values.

w (55 F)(=1.2) —f(-1.2)] |(S5F)(1.4) —F(1.4)] |(5*F)(2:6) —f(2.6)]
5 0,120209 1,081473 0,680930
20 0,048204 0,183083 0,247636
50 0,021161 0,067269 0,105667
100 0,010916 0,032692 0,053943

Table 2. |(S}%g)(x)—g(x)| at some random values.

w |(5379)(=1.2) —g(1.2)| |(539)(1-4) —g(1.4)| 1(5479)(2:6) —g(2.6)|
5 0,633541 0,815972 2,406237
20 0,106743 0,318299 1,004848
50 0,033731 0,124794 0,355468
100 0015174 0,061529 0,165480

~

M, (v) = sinc"(v/2m), veR.

Let us take, to greater detail, the kernel t as the central B-spline of order
3, that is,

3 2
a3(1) ::%ZG)GH—]'), t € R. (4.1)

+

Rewriting explicitly the expression in (4.1), we have

3 1
Z_tz’ |t|§5
1/3 2 1 3
as(t) = —<——t), —<ltl< =,
=13 g
0, [t| > =
2

where t € R.
Also, by choosing ¥(t) = y(,1(t), t € R, the operators S-Y reduces to

(Sff’x[o’l]f) = Z 0—3(wx—k)wJRX[o) 1 (wu—k)f (u)du.

keZ

Now, we show that the convergence of the sampling Durrmeyer opera-

tors with the specific kernels, that is, SZ,S’X[O’”, to the target function. We

choose two functions defined by f(t) = t2e<*(™) and g(t) = tsin (nt?),
teR.

We present the numerical evaluations of difference of sampling
Durrmeyer operators and functions f and g in the Tables 1 and 2,
respectively.
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