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Abstract: In this paper, we construct a helicoidal surface with a prescribed weighted mean curvature
and weighted extrinsic curvature in a 3-dimensional complete manifold with a positive density
function. We get a result for the minimal case. Additionally, we give examples of a helicoidal surface
with a weighted mean curvature and weighted extrinsic curvature.
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1. Introduction

It is well known that a helicoidal surface is a generalization of a rotation surface. There are many
studies about these surfaces under some given certain conditions [1-12]. Recently, the popular question
has become whether a helicoidal surface can be constructed when its curvatures are prescribed. Several
researchers have worked on this problem and obtained useful results. Firstly, Baikoussis et al. studied
helicoidal surfaces with a prescribed mean and Gaussian curvature in R3 [13]. Then, Beneki et al. [14]
and Ji et al. [15] studied similar work in Ri’. Furthermore, Dae Won Yoon et al. studied the helicoidal
surfaces with a prescribed weighted mean and Gaussian curvature in R3 with density [16] and
Yildiz et al. have studied the helicoidal surfaces with prescribed weighted curvatures in R} with
density [17]. For more details on manifolds with density and surfaces in manifold with density, see
References [18-25].

This problem is extended to complete manifolds. Lee et al. studied the helicoidal surfaces with a
prescribed extrinsic curvature or mean curvature in a conformally flat 3-space [10]. It is well known
that a metric on a complete manifold is conformal to the Euclidean metric. For a given surface in a
complete manifold with a conformal factor function F, the mean curvature and the extrinsic curvature
are given by:

Hg, = FHg, — (N, grad F), 1)
Ggp = F2Gg, — 2Hg, F (N, VF) + (N, VF)?, @

where N is the unit normal vector of a surface and VF is the gradient of F, Hg, is the mean curvature
of the surface in Euclidean 3-space, and Gy, is the Gaussian curvature of a surface in Euclidean
3-space [26].

In this paper, we study helicoidal surfaces in a 3-dimensional complete manifold with density.
We construct a helicoidal surface with a prescribed weighted mean and weighted extrinsic curvature.
Then, we give examples to illustrate our result.

Mathematics 2019, 7, 27; doi:10.3390 /math7010027 www.mdpi.com/journal/mathematics


http://www.mdpi.com/journal/mathematics
http://www.mdpi.com
https://orcid.org/0000-0002-2760-1223
http://www.mdpi.com/2227-7390/7/1/27?type=check_update&version=1
http://dx.doi.org/10.3390/math7010027
http://www.mdpi.com/journal/mathematics

Mathematics 2019, 7, 27 2 0of 10

2. Preliminaries

Let M be a 3-dimensional complete manifold (R3, (,) g> equipped with a metric (, ), that is
conformal to the Euclidean metric (, ) such that:

(e=g )

where F : R — R™ is a positive differentiable function.

A manifold with a positive density function ¢ is used to weight the volume and the hypersurface
area. In terms of the underlying Riemannian volume dV, and area dAg, the new, weighted volume
and area are given by dV = ¢dV and dA = ¢d Ay, respectively. One of the most important examples
of manifolds with density, with applications to probability and statistics, is a Gauss space with density
o= AP -2) fora e R [22].

In Euclidean 3-space with density e?, the weighted mean curvature is given by:

1
H(Pgo = Hg, — 5 (N, Vo), 3)

where Hg, is the mean curvature of the surface, N is the unit normal vector of the surface, and /¢ is
the gradient vector of ¢ [23]. If Hngo = 0, then the surface is called a weighted minimal surface. In
Euclidean 3-space with density e?, the weighted Gaussian curvature with density is:

Gygy = Ggo — L9, (4)

where Gg, is the Gaussian curvature of the surface and A is the Laplacian operator [27].
Throughout this paper, for x = (x1,x2,x3) € R?, we consider the positive density function and

the conformal factor function as e? = ¢ ™12 and F = 4/ x% + x3, respectively.

Let v be a C?>—curve on x1x3—plane, of type y (1) = (1,0, f (u)), where u € I for an open interval
I C R*. Using helicoidal motion on vy, we can obtain the helicoidal surface M as:

cosv —sinv 0 u 0
X(u,v)= | sinv cosv 0 0 +1 0 |,
0 0 1 f(u) ho

with x3-axis and a pitch 1 € R, so the parametric equation can be given in the form:
X (u,v) = (ucosv,usinv, f (u) + hv).

It is straightforward to see that the mean curvature Hg,, the Gaussian curvature Gg,, and the unit
normal vector of helicoidal surface are:

o (12 + B2) uf” (u) + u2f" (u) + (42 + 212) ' (u)
o ™ 3/2 ’
2 (uzf’2 (u) +u?+ h2>
S A0V B
(uzf’2 (u) +u?+ h2>2
(hsinv — uf’ (u) cosv, —uf’ (u) sinv — hcosv,u)

(uzf’2 (u) +u? + hz)l/2

N:
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Using Equations (3) and (4), the weighted mean curvature Hy, ~and the weighted Gaussian
curvature Gy, are obtained as:

0o (12 + 1) uf” (u) + (u? — 2ut) 7 (u) + (u? +2h% — 2u* — 2h%u?) f' (u)
Pso ’

3/2
2 (u2f’2 (u) +u?+ hz)

WF () f () — I
(uzf’2 (u) +u?+ hz)

2+4.

Ps0

We assume that M is a surface in a 3-dimensional complete manifold with density. By considering
Equations (1)-(4), we can define the weighted mean curvature Hgp,. and the weighted extrinsic
curvature G‘Pg}r as:

1
Hg, = FHg, — EF (N, v¢) — (N,F)
Gy, = F*Gg, — 2FHy, (N, VF) — F2 A g + (N, @) (N, VF) F+ (N, VF)*.

8

We obtain Hngp and Gq)gp for M as:

u [(3u2 — 20t — 22 (u2 = 2)) £ (u) + (302 = 2u*) £ () +u (2 + %) " (u)]
H%,F = N 3/2 ! ®)
2 (uf" (u) + u? + h?)
2 [4h4 +dut + 12 (8u® — 1) + (2 (612 +3) +2 (2 +3u®)) £ (u)
12 (u® 4 ut) £ () + u (2u2 +B2) ' (u) f" (”)}
G‘/’SF = ©

(u2f" (u)+u2+h2)2

3. Helicoidal Surfaces with Prescribed Weighted Mean or Weighted Extrinsic Curvature

In this section, we construct helicoidal surfaces with a prescribed weighted mean curvature and weighted
extrinsic curvature in a 3-dimensional complete manifold with density e? = e‘x%_x%, where conformal factor

F= 1/x%+x% and x = (xq,xp,x3) € R3.

Theorem 1. Let y(u) = (u,0,f (1)) be a profile curve of the helicoidal surface given by X (u,v) =
(ucosv,usinv, f (u) + hv) in the 3-dimensional complete manifold with density and He, (u) be the weighted mean
curvature at the point (u,0, f (u)). Then, there exists a two-parameter family of the helicoidal surface given by the curves:

¥ (u, Hg, (u)h, cl,cz) = (1,0, f (u)),

where:

m( 1 (f (e,uzu4> Hy, du +c1)>

2
e~ Uyt

\/1 —u? (67“12114 <f (e—u2u4) H%qu + C1>>2

Conversely, for a given smooth function Hg, (u), one can obtain the two-parameter family of curves

du + cp.

f==

0% <u, Hg,, (1), h,cq, cz) being the two-parameter family of helicoidal surfaces, accepting Hy, (u) as the weighted mean
curvature h as a pitch.

Proof. Let us solve Equation (5), which is a second-order nonlinear ordinary differential equation. If we apply:

v £ (u)

, )
\/quIZ (u) + u2 + h2
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into the equation, then we obtain the first-order linear ordinary differential equation:

Hy, = <2u - u3> ¥4 M;‘F’. ®)

Then, the general solution of Equation (8) is:

1 _
Y — m (/ (e u2u4> Hq,Xqu +C1) , )

where ¢; € R. Using Equations (7) and (9), we obtain:

(i ([l ) )
= () (ﬁ (/ (e?) prgpd”“l)) : (10)

From the above equation, we obtain:

!
f== V1—u2¥2’ (1)
By integrating Equation (11), we obtain:
Vu? +h*¥

where c; € R.
By contrast, for a given constant i € R — {0}, a real-valued smooth function Hy, () defined on an open
interval I C R™ and an arbitrary ug € I, there exists an open subinterval uy € I’ C I and an open interval ] C R

which contains:
. . 2
& =- (/ <e " u4) H%qu) (ug),

1 2
S (M,cl) —1—142 (W (/ (37u2u4) H%,qu—kcl)) >0,

for arbitrary (u,c1). Since S(ug,¢;) = 1 > 0 and S is continuous, S is positive on I’ x | C R2. Thus,
the two-parameter family of the curves can be given as:

such that:

7 (1, Hyy, (), 01,e2) = (1,0, f (),

where:
f=zx W (s (J () Hyg dut 1) Zdu—l-Cz.
. \/1 —y? (e*“]2u4 <f (e*u2u4) Hq,ngu + Cl>>
O

The following corollary is an immediate consequence of Theorem 1 and the definition of a minimal surface.

Corollary 1. Let M be a minimal helicoidal surface in a complete manifold with density e?- Then, M is an open part of
either a helicoid or a surface parametrized by:

1 Vu? + h?

WJemuPy8 — uzc%

X (u,v) = (ucosv,usinv,i/ du+cz+hv>,

where c¢1,cr € R.
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Example 1. Consider a helicoidal surface with the weighted mean curvature:

5o~y — 21 y6

H‘Pxp = e Uy 4

7

and the pitch h = 1 in a complete manifold with density. Using Equation (12), we get vy (u). Thus, we obtain the
parametrization of the surface as follows:

X (u,v) = (ucosv,usinv,—\/l—u2+v> ,

and the figure of the domain:

is given in Figure 1.

Figure 1. The helicoidal surface with the weighted mean curvature.

The difference between Hy, and Hey,  of the helicoidal surface with density can be seen in Figure 2.

Figure 2. Hy (Green) and Hy,, (Blue).
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Example 2. Consider a helicoidal surface with the weighted mean curvature:

1—2u2
H(PgF = M4 4

and the pitch h = 1 in a complete manifold with density. Using Equation (12), we get vy (u). Thus, we obtain the
parametrization of the surface as follows:

v-1+u*

v —1+ u*arctan (7”%)
X (u,v) = | ucosv,usinv, — +v|,

and the figure of the domain:

—5<v<5’

{ 2<u<10

is given in Figure 3.

Figure 3. The helicoidal surface with the weighted mean curvature.

Theorem 2. Let y(u) = (u,0,f(u)) be a profile curve of the helicoidal surface given by X (u,v) =
(ucosv,usinv, f (u) + hv) in a 3-dimensional complete manifold with density and G, (u) be the weighted extrinsic
curvature at the point (u,0, f (u)). Then, there exists a two-parameter family of the helicoidal surface, which is given by
the curves:

2
(e*l‘2u5 (h?+ Zuz)flf%) u+ (u?+h*)B

'y(u,Gq)gF,h,cl,cz>: u,O,:I:/ du+oc, |,

h2
(e*“2u5 (h? +2u2)717,7) u—u?B

. 12 2 2
T S - 482 —12u 2
Bf/ <€ uy (h +2u > > ((W +EG(P3F dH+C1/

and ¢y and cy are constants. Conversely, for a given smooth function G, , one can obtain the two-parameter family of

where:

curves vy (u, Goy, (1), h,cq, C2> , being the two-parameter family of the helicoidal surfaces, accepting G, as the weighted
extrinsic curvature h as a pitch.

Proof. Let’s solve the second-order nonlinear ordinary differantial Equation (6). We can rewrite Equation (6)
as follows:

(5K +6ut —4n?u? — 4wt (—4—8h% — 1207 2
> ( 2u3 4 uh? ®= 2u? + h? 2 Coser (13)
where: R
! —
o= W W—u (14)

u2f/2 (u)—l—uz—i—hz'



Mathematics 2019, 7, 27 7 of 10

The general solution of Equation (13) is:

n2
(f <6—u2u5 (2 + 2u2)*1*7> ((%) + U%G%) du + c1>

n2 (15)
e us (2 +-2u2) 7"

’

Pd =

where ¢; € R. Combining Equations (14) and (15),we get:

2
(it
—u? -1-4 —4 — 8h%2 —12u2 2 )
—u? </ <e w5 <h2+2u2> 2 ) ((W) + ﬁGng;) du+¢; f/ (u)
2 -2
=u <e” u® <h2 +2u2> )
. _ _ﬁ 5 2
2442 —u? 5 (12 2\ 172 —4 —8h* — 12u 2
+(u +h></ (6’ Wy (h +2u> )((W +EG¢8F du+cp ).

If we set: ,
2 -1-1 —4— 8% — 12u? 2
B:./ (e u® <h2+2u2) > ((W)Jrﬁc‘“”)d”“”
then: i
1R
(e*”ZMS (h? + 2u?) -3 ) u+ (u>+h?)B
2
fr= o : (16)
(e*”2u5 (h% +2u2)” 77) u—u?B
It follows that:
1 2
<e*”2u5 (h? +2u?) =% ) u+ (u?+h*)B
Fu) = :t/ . du+ o 17)
(e*“2u5 (h? + 2u2)_1_7) u—u?B
where c; € R.

Conversely, for a given h € R and a smooth function Gy, (1), defined on an open interval I C RT and an
arbitrary 1 € I, there exists an open subinterval I’ C I containing 1 and an open interval ] C R containing:

2
G = —u?,5 (1,2 % —4 — 8h? — 1202 2
cl——</ (e Wy (h +2u> )((W +ﬁG%F du | (up),

such that: ,
Pl
S(u,c1) = <e“2u5 (hz +2u2> : ) —uB >0,

which is defined on I’ x J. Thus, a two-parameter family of the curves can be given as:

1
2 2

(e*“2u5 (h? +2u2)717]7> u+ (u*+h*)B
du+c |,

Y (u, Gq)gl,/h/cl/52> = u,O,i/ "
(e‘“zu5 (h? +2u2)7177) u—u?B

where (u,c1) € I’ x J;¢c,h € Rand G%F is a smooth function. [

Example 3. Consider a helicoidal surface with the weighted extrinsic curvature:

4+ 1102 + 14u* + 4ub
G(PgF (Ll) = 2
(2 +u?)

7
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in a complete manifold with density. Using Equation (17), we obtain f (u) = Inu for h = 1,¢1 = 0,c; = 0 and the
parametrization of the surface as follows:

X (u,v) = (ucosv,usinv,Inu +v).

The figure of the surface of the domain:

O<u<3
—4d<v<4’

is given in Figure 4.

Figure 4. The helicoidal surface with the weighted Gaussian curvature.

The difference between Gg, and G, of the helicoidal surface with density can be seen in Figure 5.

Figure 5. G‘Pgo (Green) and G%F (Blue).

4. Conclusions and Future Work

In this paper, using the conformal factor function F = /x% + x3, we constructed a helicoidal surface
with a prescribed weighted mean curvature and Gaussian curvature in a complete manifold with a positive
density function. Different helicoidal surfaces can be obtained in a complete manifold with density using
different conformal factor functions. In addition, if conformal factor function F is bounded, a manifold is called a
conformally flat space. Thus, by considering a bounded function, one can study helicoidal surface in a conformally
flat space with density.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.



Mathematics 2019, 7, 27 90f 10

References

1. Araujo, K.O.; Cui, N.; Pina, R.D.S. Helicoidal minimal surfaces in a conformally flat 3-space. Bull. Korean
Math. Soc. 2016, 53, 531-540. [CrossRef]

2.  Baba-Hamed, C.; Bekkar, M. Helicoidal surfaces in the three-dimensional Lorentz-Minkowski space
satisfying Alr; = Ajr;. J. Geom. 2011, 100, 1. [CrossRef]

3. Choi, MK; Kim, Y.H,; Liu, H.; Yoon, D.W. Helicoidal surfaces and their Gauss map in Minkowski 3-space.
Bull. Korean Math. Soc. 2010, 47, 859-881. [CrossRef]

4. Delaunay, C.H. Sur la surface de révolution dont la courbure moyenne est constante. J. Math. Appl. 1841, 6,
309-314.

5. Do Carmo, M.P,; Dajczer, M. Helicoidal surfaces with constant mean curvature. Tohoku Math. ]. 1982, 34,
425-435.

6. Giiler, E.; Turgut Vanli, A. On the mean, gauss, the second gaussian and the second mean curvature of the
Helicoidal surfaces with light-like axis in]R"f. Tsukuba J. Math. 2008, 32, 49-65. [CrossRef]

7. Giiler, E. A new kind helicoidal surface of value m. Int. Electron. J. Geom. 2014, 7, 154-162.

8.  Giiler, E. Isometric deformation of (m,n)-type helicoidal surface in the three dimensional Euclidean Space.
Mathematics 2018, 6, 226. [CrossRef]

9.  Ji, F; Hou, Z.H. Helicoidal surfaces under the cubic screw motion in Minkowski 3-space. J. Math. Anal. Appl.
2006, 318, 634—647. [CrossRef]

10. Lee, C.W,; Lee, ].W.; Yoon, D.W. On Helicoidal Surfaces in a Conformally Flat 3-Space. Mediterr. ]. Math.
2017, 14, 164. [CrossRef]

11. Rafael, L.; Demir, E. Helicoidal surfaces in Minkowski space with constant mean curvature and constant
Gauss curvature. Open Math. 2014, 12, 1349-1361.

12. Roussos, M. The helicoidal surfaces as Bonnet surfaces. Tohoku Math. ]. Second Ser. 1988, 40, 485-490.
[CrossRef]

13. Baikoussis, C.; Koufogiorgos, T. Helicoidal surfaces with prescribed mean or Gaussian curvature. J. Geom.
1998, 63, 25-29. [CrossRef]

14. Beneki C.C.; Kaimakamis, G.; Papantoniou, B.]. Helicoidal surfaces in three-dimensional Minkowski space.
J. Math. Anal. Appl. 2002, 275, 586-614. [CrossRef]

15. Ji, F; Hou, Z.H. A kind of helicoidal surfaces in 3-dimensional Minkowski space. J. Math. Anal. Appl. 2005,
304, 632-643. [CrossRef]

16. Yoon, D.W,; Kim, D.S.; Kim, Y.H.; Lee, ].W. Constructions of Helicoidal Surfaces in Euclidean Space with
Density. Symmetry 2017, 9, 173. [CrossRef]

17.  Yildiz, O.G.; Hizal, S.; Akyigit, M. Type I * Helicoidal Surfaces with Prescribed Weighted Mean or Gaussian
Curvature in Minkowski Space with Density. Anal. Univ. “Ovidius” Constanta-Ser. Mat. 2018, 26, 1-11.

18. Hieu, D.T.; Hoang, N.M. Ruled minimal surfaces in R3 with density ¢*. Pac. ]. Math. 2009, 243, 277-285.

19. Morgan, F. Geometric Measure Theory: A Beginner’s Guide; Academic Press: New York, NY, USA, 2016.

20. Morgan, F. Manifolds with density. Not. AMS 2005, 52, 853-858.

21. Morgan, F. Myers’ theorem with density. Kodai Math. ]. 2006, 29, 455—-461. [CrossRef]

22.  Morgan, F. Manifolds with Density and Perelman’s Proof of the Poincaré Conjecture. Am. Math. Mon. 2009,
116, 134-142. [CrossRef]

23. Ray6n, P; Gromov, M. Isoperimetry of waists and concentration of maps. Geom. Funct. Anal. 2003, 13, 178-215.
[CrossRef]

24. Rosales, C.; Canete, A.; Bayle, V.; Morgan, M. On the isoperimetric problem in Euclidean space with density.
Calcul. Var. Partial Differ. Equ. 2008, 31, 27-46. [CrossRef]

25.  Yoon, D.W. Weighted minimal translation surfaces in Minkowski 3-space with density. Int. J. Geom. Methods

Mod. Phys. 2017, 14, 1750178. [CrossRef]


http://dx.doi.org/10.4134/BKMS.2016.53.2.531
http://dx.doi.org/10.1007/s00022-011-0074-2
http://dx.doi.org/10.4134/BKMS.2010.47.4.859
http://dx.doi.org/10.21099/tkbjm/1496165192
http://dx.doi.org/10.3390/math6110226
http://dx.doi.org/10.1016/j.jmaa.2005.06.032
http://dx.doi.org/10.1007/s00009-017-0967-x
http://dx.doi.org/10.2748/tmj/1178227989
http://dx.doi.org/10.1007/BF01221235
http://dx.doi.org/10.1016/S0022-247X(02)00269-X
http://dx.doi.org/10.1016/j.jmaa.2004.09.065
http://dx.doi.org/10.3390/sym9090173
http://dx.doi.org/10.2996/kmj/1162478772
http://dx.doi.org/10.1080/00029890.2009.11920920
http://dx.doi.org/10.1007/s000390300004
http://dx.doi.org/10.1007/s00526-007-0104-y
http://dx.doi.org/10.1142/S021988781750178X

Mathematics 2019, 7, 27 10 of 10

26. Pina A.V.R,; Souza, M. Surfaces of rotation with constant extrinsic curvature in a conformally flat 3-space.
Results Math. 2011, 60, 225.

27. Corwin, L; Hoffman, N.; Hurder, S.; Sesum, V.; Xu, Y. Differential geometry of manifolds with density.
Rose-Hulman Undergrad. Math. . 2006, 7, 1-15.

@ (© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).



http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	 Helicoidal Surfaces with Prescribed Weighted Mean or Weighted Extrinsic Curvature
	 Conclusions and Future Work
	References

