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1 | INTRODUCTION

There are a lot of studies in differential geometry where time related to curved space and shapes is neglected. Recently,
geometricians have made great progress in understanding the curved spaces that evolve in time. For example, engineering,
computer vision,? computer animation,? and even structural mechanics* have many applications of evolving curves.
Also, we can see many physical applications in previous studies.>”’

A family of curves parameterized by time can be thought as an evolving curve. We refer to curve evolutions as flows
throughout this paper for the time evolution of a curve generated by its corresponding flow. We see many studies about
flow of curves in literature. First of all, inextensible flows of curves and developable surfaces in Euclidean three-space were
studied by Kwon and Park,? and then in many different spaces, inextensible flows of curves are also studied (see previous
studies®!?). Also, inextensible flows of curves studied for quaternionic curves. Some of them have studied inextensibility
of flows of quaternionic curves and semi-real quaternionic curves , for example, Kérpinar et al.!®> and by Yildiz et al.,'#
respectively.

Our aim is to study the evolution of semi-real quaternionic curve in ]Eg. In this paper, we introduce some necessary and
sufficient conditions for inextensible flows of semi-real quaternionic curves in E‘Z‘. Then, the evolution equation of the
Frenet frame is expressed by matrix equation. Also, integrability condition (zero curvature condition) for the considered
model is obtained.

2 | PRELIMINARIES

In this section, we introduce a brief summary of the semi-real quaternion in E‘Z‘.
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A semi-real quaternion q is expressed as follows:
q = d + ae; + be; + ces,
such that

eixeiz—sei, (1Sl$3),
: 3
e X e =EgEe €y, in E;,

: 4
e Xe; = —Eg€ €, IN K3,

where (ijk) is an even permutation of (123) and a, b, ¢,d € R.!> Further, any quaternion can be written as g = Sq + Vy,
where S, = d is the scalar part and V,; = ae; + be, + ce; is the vector part of g. Let p and g be two semi-real quaternions;
multiplication of p and g, with the help of <, > scalar, and A cross products in [E3, is defined as

PXq=SpSqt < Vp, Vg > +S,Vy + SgVp + V, AV, forevery p,q € Ej.
The conjugate of g isyq = S;—Vj;. Foreveryp,q € E‘Z‘, the symmetric, nondegenerate, bilinear form & is defined as follows:

h:Ejx E;->R,

1
h(p,q) = 5 [Epfyq (D X7q) +€q€yp (@ X YP)] .

The norm of q is given by

llgll* = —a® = b? + ¢ + d2.
Also, we say q is a semi-real unit quaternion if ||q||* = 1. If g x yg = 0, then q is called a semi-real spatial quaternion. Let
p.q € E3, then p and q are h orthogonal if and only if h(p,q) = 0 .13

Now, we give the definition of semi-real quaternionic curve and Frenet formulas. ]E‘z‘ is identified with the space of unit
semi-quaternions and is denoted by Q,. Let

4
FiICR-Q, BO)=Yre, e=1,

i=1
be a smooth curve f with nonzero curvatures {x, k, (r — e,erexK)} defined over the interval I = [0, 1] . Let the parameter
4

s be chosen such that the tangent T = f'(s) = 27’1’ (s)e; has unit magnitude and Frenet frame of f is { T, N1, N>, N3} . The
i=1
Frenet formulas are

T'(s) = enkN(s), ®
N{(s) = —genkT(S) + £,kN,(s),
NI(s) = —&kN1(s) + £,(r — €.£76NK)N3(S),

Ni(s) = —ep(r — gi£76nK)N2,

where k = ex ||T'||,N; = er (¢t X T),N; = e (mMXT),N3 = er(bX T),h(T,T) = er,h (N1,N1) = en, h (N2, N;) = g,e7,
and h (N3, N3) = gper. 2

Frenet formulas of § are obtained by using Frenet formulas of the curve y in Ei Also, we have relations, which are only
determined for quaternions, between curvatures of curves § and y. Frenet apparatus of y is {t,n, b, k,r} . That is, torsion
of f is the principal curvature of the curve y and the bitorsion of f is (r — e,£7enk) .1> Moreover, these formulas can be
stated as the following matrix:

Vs=QV, ©)
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where
0 ENK 0 0
_ t _| —€enx 0O enk 0
V=IT.NLNGNal, Q=] TGV 0y . £l — i rEK) 3)
0 0 —ep(r — gie76NK) 0

For further quaternions concepts, see previous studies.!6-18

Unless otherwise stated, we assume that
B [0 x[0,w) > Q,

is a one parameter family of smooth semi-real quaternionic curves in Q,, where [ is the arc length of the initial curve.
u is the curve parameterization variable, 0 < u < [, and ¢ is time parameter. If the metric on the semi-real quaternionic
9 b

0 o ) , then the arc length variation of g (u, t) is given by

0
s(u,t):/"£
0

curve fis given by v(u,t) = h (

du = /\/v(u, tdu.
0

The operator a% is given by

L-—2 (4)

that is, the arc length parameter is ds = \/ﬁdu.

3 | EVOLUTION OF SEMI-REAL QUATERNIONIC CURVES BY FLOW IN QV

Definition 1. Let g be a differentiable semi-real quaternionic curve with the Frenet frame { T, N1, N,, N5 }in Q,. Any
flow of the semi-real quaternionic curve can be obtained as follows:

%=f1T+sz1+f3Nz+f4N3, Q)

where, f;, f,.f;, and f, are scalar speed functions of flow.!*

In Q,, the condition that a semi-real quaternionic curve is not subjected to any elongation or compression can be given
as follows:

9 Lo
—s(u,t) = /Tdu =0,u€e |0, (6)
0

where u € [0, l].

Definition 2. Let § be a semi-real quaternionic curve in QQ,. A semi-real quaternionic curve evolution f(u, t) and its

flow ‘Z—f are said to be inextensible if

o |98
ot || ou

We need the following lemma'# before explaining the necessary and sufficient condition for inelastic semi-real
quaternionic curve flow.

Lemma 1. Let § be the semi-real quaternionic curve with the Frenet frame {T, N1, N,, N3} and % = f1T + foN1 +
f3N2 + f4N3 be a smooth flow of f in Q,. So, the evolution equation of v is as follows:™*

ov 0
i v, = 2VeT <£ - £I£Nf2K> . (7
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Proof. We know that, 0% and % are commutative. By using (4), we have

v _ 0, (98 9
ot ot \ou ou

=2h (3—ﬂ, 2 (fiT + foN1 + f3N, + f4N3)>
u Jou

3
= 2vh (T, AT + ZAiNi> ,

i=1

where
0
A= <£ —EtENf2K> s
ds
0
A1 = ENf1K+ % —£[f3k,
N
lij
Ay =enfok + % — &p fa(r — €i€7ENK), ®)
0
Az =g, f5(r — g,e7eNK) + ﬁ.
ds
Then,
? = 2VA.
t O

Theorem 1. The flow of the semi-real quaternionic curve is inextensible if and only if

o _ e fok. 9
0s

Proof. Assume that the semi-real quaternionic curve flow is inextensible. From Equations (6) and (7), it follows that
u

0 V¢
—s(u,t)=/ du=0,ue|0l.

This clearly forces

0 3}
i —ener ok =0=> i = eneT fokK.
as as

On the contrary, assume that % = eper f2k. By applying % into (7), we get v, = 0, then s, = 0. This means that the
flow is inextensible. 0

Theorem 2. Let the flow of f (u, t) be an inextensible. Then, the following statements hold:
(i) The evolution of the elements of Frenet frame with respect to time parameter t can be given as

V, =MV,
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where
A A, Az
l‘iﬁﬁfl B, 0 C| 1)
—epA;  —eperenB; —e,6,C 0

(enkAy + Az — 4(r — ££76NK)A3) , By = - N (en(r — ei676nK)A + Asy))

N
K
C= ?" (sthKA3 + e, (r — g;e7eNK)By + B3,S) .

(ii) The evolutions of the curvatures are

ki = —AK + enA1s — £16NKA2,
ki = —Ak + erenenk Ay + €,Bos — €46p(F — €:67ENK)B3, (11)
(r — grerenk); = —A(r — gie7enk) + £:£,kB3 + £,Cs.

Proof. Let the semi-real quaternionic curve flow be inextensible. By taking the derivative of (5) with respect to u, we
get

3
Bu = VvBis = v (AT + ZAiNl) : (12)

i=1

Because f, = \/;ﬂs = \/1_)T, by taking the derivative of g, with respect to ¢, we have

Bt = \/E(;—;T+Tt). (13)

By using (3), (12), (13), and g,, = f,, , we have
3
T, = ) AN;. (14)
i=2

By taking the derivative of (14) with respect to u, we get

T = VPV ((—eenkA) T + (A1 — €kAz) Ny + (exkA1 + Az — €(r — ererenk)As) Ny 15)
(en(r — eieTenK)As + Ass) N3)

and we have from the derivative of T, with respect to t the following equations:
v
Tut = \/;((SNZ—;K-FENK})N] +5NK'N1’[> . (16)

By using (3), (16), and Ty, = Ty, we get

ki = —AK + enA1s — €16NKA2,
Nl,t = —E[A1T+BzN2 +B3N3, (17)
B, = E?N (snkA1 + Ay —ep(r — StETENK')A3) ,

E
By = X (e,(r — ererenc)As + Asy)) .
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By the way, differentiating Equation (3) with respect to u, we get
Niw =\ ((—&iALs) T + (—e1enkAr — ,kBy) Ny + (Bos — en(r — £:676nK)B3) N,
+ (en(r — ei67eNK)By + B3 ) N3, (18)
and differentiating of Ny, with respect to t, we get
Niue = Vv ((—eiencd — eenke) T+ (—enkA) Ny
+ (epkd + e,k — €,enKAZ) N, (19)
+£nkN2’t - 6t6NK'A3N3) .
By using (3), (3), and Ny 5, = N1y, we have
ki = —Ak + €enenk Az + €4Bos — €n€p(F — €167ENK)B3,
N2,t = —£,A;T — €,6,B,N; + CN; (20)
C= % (£t6nKA3 + en(r - ElgTeNK)BZ +B3’S) .
Now, differentiating N, with respect to u, we get
Now = \/1_) ((—enAz,S + £n£NKBz) T+ (—eneNKAz - e,ent,S) N, (21)
+ (—&,kB; — ep(r — g,e7enK)C) Ny + CN3,
and differentiating N, , with respect to t, we get
Nawe = Vv ((kAD T + (—€12k — k) Ny + (—£kBy) N, (22)
+ (e A(r — ge7ENK) — €:kB3 + €,(r — €:676NK);) N3 + €,(F — E[STENK')Ng,[> .
Because N, 4, = N, and from (3) and (3), we have
(r — gierenk); = —A(r — gie7enk) + €16, kB3 + €,C5,
N3’t = —SbAgT - EtEbB3N1 - SnEbCNz. (23)
By using the mathematical induction, we obtain
V, = MV,
where
0 Ay Ay As
M = —£T£NA1 0 B2 B3
| —€,Ar —e18,B; 0 C
—epAs  —eperenB; —€,6,C 0
From the first equation of (3), (3), and (3), we get
Kt = —Ak + enA1s — £16NKA,,
ki = —Ak + €ieneNKA2 + €4Bas — €46p(r — £1676NK)Bs, 24)
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(r — greTenk); = —A(r — gie7eNK) + £:6,kB3 + £,Cs. (25)

Lemma 2. Let the flow of f (u, t) be inextensible, so partial differential equations (2) are

Ky = eEnArs — £:6nKA;,

ki = eienenk Ay + €4Bas — €nep(r — €167ENK)Bs, (26)

(r — ereTenk); = £:€,kBs + £,Cs. 27

Proof. Let the flow of § (u, t) be inextensible, so v; = 0, moreover 4 = 0. The proof of the lemma follows from using
this result in Equation (2). O

Theorem 3. The flow of f (u, t) is inextensible if and only if the following equation (zero curvature condition) satisfies
Qi —M;+[Q,M] =0, (28)
where [Q,M] = QM — MQ is the lie bracket.

Proof. In order to prove the theorem, there is a need for some calculations. Considering Equations (3) and (2), by
taking the derivative of V;, = ﬁQV with respect to t, we obtain

Vi = Vo (5Q+Q+QM) V., 29)

and taking the derivative of V; with respect to u, we have

Vi = V(M + MQ) V. (30)

By using Equation (29) together with Equation (30), we obtain
Vi = Vi = Vo (35Q+ Qi =M+ [Q.M] ) V.

First, if the flow is inextensible, then v, = 0 and d/du and 0/0t are commutative, hence

Qi —M;+[Q,M] =0.
On the other hand, suppose the integrability equation is satisfied, that is,

Q; —M;+[Q,M] =0.

From (3) and (2), we get

]? (;‘tkAz Az,s A3,s

| —kA; 0 —e1ENKA, + ep(r — gieTeENK)Bs Bsg

[Q.M] = —€nAas EnENKAy — EEnep(r — ££TENK)Bs 0 —ekBs |’ G
—€pAss —&1€pB3 s €1€n€pkBs3 0

By taking the derivative of Q with respect to ¢ and the derivative of M with respect to s with Equations (2) and (31),
we obtain

0 —ENAK 0 0 0
geyic 0 —g, Ak 0 0
0 e Ak 0 —en  Mr — g£7ENK) 0
0 0 epA(r — g,eTENK) 0 0
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Last equation forces A = 0, that is, v = constant. It says that the flow is inextensible. O
Theorem 4. Let the curve flow be inextensible. If Q and M are abelian, then

A2 = B3 =0.
Proof. Let Q and M be abelian, so [Q, M] = 0, then (28) is as follows:
M;—-Q;=0. (32)
Because the flow is inextensible, then
0 —&1kA; _AZ,S _A3,s
Q- M, = kA, 0 eienkAy — ep(r — €ieTENK)B; —Bag (33)
t ST —enAos —EnenKAy + £16nEp(r — €167ENK)Bs 0 £:kB;
—€pAsg €€pBsg —&£n6pkBs 0
By using (32) and (33), we have
Ay, =B3;=0 .

FIGURE 2 The evolution of k(s, t) [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 4 The evolution of
(s, t) [Colour figure can be viewed
at wileyonlinelibrary.com]

Example 1. Let quaternionic curve f (s) be

B(s) = (cosh s, sin \/Es, sinh s, sin \/5) ,
for all s € I. Curvatures of g are as follows:

k=-1,k= \/5, (r — gierenk) = 0.
Iff, = 5%, f, = 8%, f3 = ssinscoss, and f, = s? cos s, then graphs of evolution of the curvatures are in the domain

[ -10<s<10
D { 0<t<5 °

and for different values of ¢, the curvatures are plotted in Figures 1-3.
If f1 = scosh’s, f>» = s?tanhs, f3 = stanhs,andfy = s* + 5%, then graphs of evolution of the curvatures are in the
domain

. ) 0<s<3
D'{0<t§T

and for different values of ¢, the curvatures are plotted in Figures 4-6.
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FIGURE 6 The evolution of (r — €,e7exk)(s, ) [Colour figure can be viewed at wileyonlinelibrary.com]
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