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1. Introduction

In recent years, the problem of finding exact solutions of partial differential equations (PDE) is very popular for both mathe-
maticians and physicists. Because if we know the exact solutions of PDE’s, they can help us to understand complicated physical
models. So, there are some successful methods to obtain exact solutions such as Hirota’s direct method [1], Lie symmetry method
[2], Backlund transformation method [3] and algebro-geometric method [4].

In the late 1970s Novikov et al. developed the algebro-geometric method to obtain quasi-periodic or algebro-geometric solu-
tions for many soliton equations [5-8]. However this method involves complicated calculation. On the other hand, Hirota’s direct
method is rather useful and direct approach to construct multi-soliton solutions.

In the 1980, Nakamura obtained the periodic wave solutions of the KdV and the Boussinesq equations by means of Hirota’s
bilinear method [9,10]. Indeed this method has some advantages over algebro-geometric methods. We can get explicit periodic
wave solutions directly.

Recently, Fan and his collaborators have extended this method to investigate the discrete Toda lattice [11], Cheng and Hao
studied on periodic solution of (2+1) AKNS equation [12], Tian and Zhang obtained periodic wave solutions by Riemann theta
functions of some nonlinear differential equations and super-symmetric equations [13,14], Lu and Zhang studied on quasi peri-
odic solutions of Jimbo-Miwa equation [15].

Soliton equations possess nice mathematical features, e.g., elastic interactions of solutions. Such equations contain the KdV
equation, the Boussinesq equation, the KP equation and the BKP equation, and they all have multi-soliton solutions. Let us con-
sider (3+1) dimensional generalized BKP equation [16].

Uty — Uxxxy — 3(uxuy)x +3uy, =0 (1.1)
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Now, in this paper we briefly introduce a Hirota bilinear form and the Riemann theta function.Then after we apply the Hirota
bilinear method to construct one, two and three periodic wave solutions to (3+1) generalized BKP equation, respectively. We
further use a limiting procedure to analyze the asymptotic behavior of the periodic wave solutions in the last section. It is
rigorously shown that the periodic solutions tend to the well-known soliton solutions under a certain limit.

2. The bilinear form and the Riemann theta functions
In this section we introduce briefly bilinear form and some main points on the Riemann theta functions. The Hirota bilinear

method is powerful when constructing exact solutions for nonlinear equations. Through the dependent variable transformation
u = 2(In f)x, Eq. (1.1) is written bilinear form

(DyDy — D3Dy 4+ 3D,D,) f.f = 0. (2.1)
Here D is differential bilinear operator defined by

DYDyD; f(X,y,£) g(x,y.t) = (3x — 8x)™ (By — 3y)" (3 — )  F(X. ¥, OOFK, Y/ t') lwmyyt (22)
and the operator has property for exponential functions namely

Dy'DiDfes €5 = (o — )™ (o1 — p2)" (w1 — w3) k152 (2.3)
where & = a;x + p;y + w;t + §;, i = 1, 2. More general we can write following formula

G(Dy, Dy, Dy)eb1e2 = Gl — @iz, p1 — P, 1 — wp)e51+5 (2.4)

where G(Dy, Dy, D¢) is a polynomial about Dy, Dy and D;. According to the Hirota bilinear theory, Eq. (1.1) admits one-soliton
solution

Uy = 20,(In (1 +e")) (2.5)

where phase variable n = ux + vy + kz + @t + y, dispersion relation @ = —3*%( +u3, 1, v, K and y are constants.
Two-soliton solution

U = 20x(In (1 + €™ + e 4 eM*mthn)) (2.6)
with
e — (V1= v) (@1 — @) — (i — 112)° (V1 = V) + (11 — ) (K1 — K2) 2.7)
(1 + ) (@1 + @2) = (1 + 12)? (V1 +v2) +3(1 + p2) (k1 + k2) '
Nj=Wwx+viy+kz+wit+y;, j=1.2
o =385 3 = 32 s (2.8)

L1 P2

where w;, v;, kj and y; are arbitrary constants.
Three-soliton solution

us = 20x(In (f)) (2.9)

fis written as

f=1+e" e b+ eM+mthn 4 em+istAn | el tn3+As | e+t +An+An+Az (2.10)
with
M — (vi —v)) (i — @) — (i — )3 (v — ) + 3(i — ) (K — k) 21)
i+ v) (@i + @) — (i + 1 )> (Vi + v5) + 3(i + 1) (ki + K5)
Nj=WKx+vy+kiz+owit+y;, i,j=1273i<j
K K
W1=—3M1 1+M?’ w2:_3/'L2 2+M3
P1 P2
;= 3138 s (212)

P3

In order to apply the Hirota bilinear method to constant multi-periodic wave solutions we consider a slightly generalized
form of bilinear Eq. (2.1). We look for our solution in the form

u=1upy+2(Inv(&))x (213)

where ugy is a solution of (1.1) and phase variable & = (&;,...,&v)T, & = ax+ piy + kiz + wit +8;, i=1,2..N.
Substituting (2.13) into (1.1) and integration once respect to x, we obtain

H(Dx.Dy.D,.D;.) = (D,D; + 3DyD, — D3Dy, — 3uoD2 + €)1 (£).9(£) = 0 (2.14)



S. Demiray, F. Tascan/Applied Mathematics and Computation 273 (2016) 131-141 133

where ¢ = c(y, z, t) is integration constant. For finding multi-periodic wave solutions of (2.14), we consider the following multi-
dimensional Riemann theta function

ﬁ(%‘, 'C) — Z er[i<tn,n>+27ri<§,n> (2‘15)
nezN

where the integer value vector n = (n; ...ny)T € ZN and complex phase variables & = (&;...&y)T e CV, for N dimensional two
vectors their inner product is defined by < u, v >=uvy + - -- + uyvy. Period matrix of theta function is -it = —i(7;;) which is
positive definite and real-valued symmetric N x N matrix and can be considered as free parameters of theta function. So the
Fourier series (2.15) converges to a real-valued function and for make the theta function real-valued in this paper we take
imaginary matrix.

Proposition 1. The theta function 3(&, ) has the periodic properties
19(%; +1+ ‘L') — e—m’r—Znifﬁ(g’ ‘L’)

we regard the vectors 1 and t as a periods of the theta function §(&, T) with multipliers 1 and e~""=27& Here T is not a period
of theta function (&, t), but it is the period of the functions 852 InY(§,7), 9 In[P(§ +e 7)/0( +h )] and ¥ (§ +e T)P( -

e, 7)/02(& +h, ).
3. One-periodic waves and asymptotic properties
3.1. Construct one-periodic waves

If we take N = 1, we obtain one-periodic solutions and our Riemann theta function reduces following Fourier series

D(E.T) = Zenin2t+2nin§ (3.1.1)

—00
where the phase variable & = ax + py + kz + wt + § and Im(7) > 0.
Theorem 1. Assuming that (&, T) is a Riemann theta functionas N = 1 with & = axy + px, +---+wt + 8 and «, p, ..., w, § satisfy

the following system

H(0) = > H(4nmia, 4nmip, . Anwie)e? T — 0 (3.1.2)

n=-—o00

H(1) = i HQrin - De, ..., 27i2n - DHw)

n=-—o00

« er?—2n+Dzic _ (3.1.3)
and the following expression
u=1upy + 2(In (§))x (3.14)
is the one-periodic wave solution of Eq. (1.1). For the proof [14].

According to the Theorem 1 «, p, k and w should provide the following system with (2.15)

o0

H(0) = > (—167°n? pw — 4872 n*ak — 2567 *n* par® + 48ugmin’a + c)er it — 0
n=-—o00
H) = Y (-4n%@2n-1)%pw — 127%(2n — 1)%ak — 1674 (2n - 1)*par’
n=-—oc
+ 12772u(2n — 1)20% 4 ¢)e@¥ -2n+mit _ g (3.1.5)

Our aim is solving this system about frequency w and integration constant ¢, namely

an 4\ (w) by (316)
a1 a2 c b))’ h
By introducing the notations as

A=e"Tay= ) —1672n2 pA 2"

n=—o00
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o0

apy = Z )Lan

n=—o0

ay = Z _47.[2(2“ _ 1)2p)\’2n2—2n+1

n=—o0
Uy = i )\2n2—2n+1
n=—o0
by = Y (48m’n*ak+2567*n* pa® — 487 2n20*ug) A2
n=-—o¢
by = Y (1272(2n - 1)%ak + 1674(2n — 1)*pa® — 1270%(2n — 1)%0?ug) A>" 211

n=-—o00

we can easily solve this system and then we obtain a one-periodic wave solution of Eq. (1.1)

u=upy+2(Inv(&))x

where the parameters w and c are given by (3.1.7) but the other parameters «, p, k, §, T, ug are free.

3.2. Asymptotic property of one-periodic waves

Theorem 2. If the vector (w, ¢)" is a solution of the system (3.1.6) and for the one-periodic wave solution (3.1.8) we let

_ - -V k=K g_YtTT
Uop =0, =i PTonr k_2m" 6= 2mi
where i, v and y are given (2.5). Then we have following asymptotic properties
n+mw

c—0 §&— P&, t) > 1+e"whenk — 0

2mwi
It implies that the one-periodic solution tends to the one-soliton solution Eq. (2.5) under a small amplitude limit

(3.1.7)

(3.18)

(3.2.1)

(32.2)

Proof. The one-periodic wave solution (3.1.8) has two fundamental periods 1 and t in the phase variable . Its actually a kind of

one-dimensional cnoidal waves and speed parameter is given by
_ biayp —byap,
ay10z2 — A120z;

(3.23)

It has only one wave pattern for all time, and it can be viewed as a parallel superposition of overlapping one-solitary waves,

placed one period apart

For consider asymptotic properties we have to find solution of system (3.1.6). Using Eq. (3.1.7) coefficient matrix and the

right-side vector of system (3.1.6) are power series about A so its solution (w, )T also should be a series about A
apn = —32m2pA? — 12872 pA8 + ...
A = 14202 +208 + ...
ay; = —8m2ph — 72w pA> + -
Uy = 2A+2A° +---
by = (967 2ak + 51243 p — 96U 2ar?) A2
+ (384m2ak + 8192740 p — 384ugm?a®) A8 + - -
by, = (24m2ak + 32m4a® p — 24ugm?a®)A
+ (2167 %0k + 2592740 p — 216up 20N> + - -

We can solve the system (3.1.6) via small parameter expansion method and we obtain
ak 2,3 o? 2,,3Y9 2 2,,3)3 4 4
w = —3?—47[ o +3u0? + (96’ )A* + (288~ )A* + o(L*)

c = (384 pa®)A? + (230474 pa) A% + o(A%).
From Theorem 2 and (3.2.4), we have

c— 0, w=—3%k—4n2a3whenk—>0

(3.2.4)

(3.2.5)
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and substituting the relation (3.2.1) into (3.2.5) we obtain

gk
Vv

w =2miw = +u’. (3.2.6)

The one-soliton solution of the (3+1) generalized BKP equation can be obtained as a limit of the periodic solution (3.1.8). We
can expand the periodic function 9(¢) in the following form

oo
19(%-’ 'L') _ Z enin2r+2nin5
—00

=1+ eTit+2mi§ + eTit—2mig + ehrit+ami§ NI (3.2.7)

By using the transformation

E—]Tl"[ __ pTiT
§= S gm o M=
D(E,T) =1+e5 +2%( 5 +e¥)+- - (3.2.8)

and when A — 0 we can write
D(E, T)=1+6éF. (3.2.9)

According to one-soliton solution & = 7, so
y — it

oEe (3.2.10)

W =2mie, 2mip=v, 2mwik=«, 2miw=w and §=

Therefore proof is completed. [J

4. Two-periodic waves and asymptotic properties
4.1. Construct two-periodic waves

We consider two-periodic wave solutions of Eq. (1.1) which are two dimensional generalization of one-periodic wave solu-
tions. Let us consider N = 2, and Riemann theta function takes the form

D 1) =0 6 T) =) erisrnramicin (411)

nez?
where n = (ny,ny)T € 72, & = (§1, &) € C2, & = aix + piy + kiz+ w;t + 8;, i = 1,2 and —it is a positive definite and real-valued
symmetric 2 x 2 matrix which can take the form of
T T
T= 1 12 s [l‘l‘l(l’u) >0, Im(fzz) >0, T11T22 — 'L'122 <0 (4.1.2)
Tiz2 22

Theorem 3. Assuming that 9(§1, &5, ) is one Riemann theta function as N = 2 with & = a;x + p;y + kiz + w;t + §; and «;, p;, k;, w;,
8;,1=1, 2 satisfy the following system

Y H@mi<2n-0ja>,...21wi<2n -0}, w>)
nez?

x eril=tn=0).n-b><tnn=] _ (413)
where 6; = (9].1, 9].2)T, 01 =0,07,0,=(1,07,0;=(0,1)T,0, =(1,1)7, j=1,2, 3,4 and the following expression
u = upy +2(In (&1, 6. 7))«
is the two-periodic wave solution of Eq. (1.1). For the proof [14].
According to the Theorem 3 «;, p;, k; and w; should provide the following system with (2.14)

Z[—4T[2 <2n— 9j, p><2n— 9]', w>-127%2<2n - 9]-, a><2n — 0]-, k>
nez?
—167% <2n—60j,a >3><2n—0;, p > +127%uy < 2n— 0}, & >2 +c]
« eni[<r(n—OJ),n—9j>+<rn.n>] -0 (4.1_4)
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where j =1, 2, 3, 4. Our aim is solving this system namely

w1 b]
w b
X 2 _ 2
Uo bs
Cc b4

where X = (a;j) 4,4 matrix.
By introducing the notation as

n?+(my —0} )2, m3+(n, —01.2)2

8]‘2)»1 )\.2 A

nny+(m *9} )(nzfejz)
3

Mo=etim A, =" A3 =e*"™ and j=1,2,3,4

ny npeZ?
aj3 = 1272 Z < 211—9]',(1 >2 Ej
nez?
ajp = —41* Y <2n—6;,p > (2ny; — 07)e;
nez?
aj; = —4m* Y " <2n-0;,p > 2n; - 0))g;
nez?
b; = Z 12772 <2n-0j,a><2n-0j,k>
nez?

+167% <2n -0, a >3<2n—0;, p > ¢;

we can solve this system and we obtain two-periodic wave solution as

u=upy+2(Ind (&, &, 7))x

(4.15)

(4.1.6)

(41.7)

(418)

(4.1.9)

where 9(£ 1, &5, T) and parameters w1, w,, Uy, ¢ are given by (4.1.1) and (4.1.5). The other a1, «t», p1, P2, k1, k2, T11, T12 and 75, are

arbitrary parameters.

We notice that the total number of unknown parameters i integration constant ¢, nonlinear frequency «;, p;, ki, w; and the

term Ty, = 7yj, 1 <j, k <Nis
%N(N+ 1) + 4N + 2.

4.2. Asymptotic property of two-periodic waves

Theorem 4. If (w1, wy, U, ¢)T is a solution of the system (4.1.5) and for the two-periodic wave solution we take

Hj Vi Kj Vi~ T

j
G=al = k=l 8=
I= g PiT o J

n;—mwit;; .
U0~>0, C‘)O, SJ%#, ]:1,2

V(E1.6.T) = 14+eM e 4ehthtin a5 3y Ay — 0

That means the two-periodic solution tends to the two-soliton solution under a small amplitude limit.

Proof. The Riemann theta function is
ﬁ(sl’ $Zv ‘L’) — Z eni<rn,n>+27ri<é,n>
nez?
Let’s expand this function
Z eZJri(Eln1+Sznz)+7ri[n1(rnm+r12n2)+n2(r12n1+r22n2)]
ny,nyez?

= 1 4 e¥ibitmity  p2miEitwity 4.

2mi’ 27 0?7 2mi
where w;, vj, kj, § and Ay, are given in Eq. (2.7) and (2.8) . Then we have the following asymptotic relations

(4.2.1)

(4.2.2)

(4.23)

(4.2.4)
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and if we take &; — 5T iy Eq. (4.2.4) we have

2mi

D (€1, &5, T) =1+ €51 452 4 @1 +8427iT 4 326-61 | Y206 | ..

where A; = e7iT1 A, = e7i%2 and A1, Ay — 0

9(Er.EpT) = 14+ €5 4 ef2 4 gfriEat2ning,
According to the two soliton solution (2.6) we can write

Aqz

T2 =50

For solving system (4.1.5) we can expand each function into a series with A; and A,

X =Xo+ XA + X5 +X]1)\.% +X22)\,% + XA Ay + O()\,k, )\,é), k+1>2.

and

0 1 2 3 4 5

w1 (o8 ] w3 ] w] 3

0 1 2 3 4 5

wy o) w, w3 w3 ., > 1., w3

=1 .11 .4 A+ N A2+ 3 AT+ . A5+
Up up ug ug ug ug ug
c 0 c! c? c3 ct e

Substituting these equations into the (4.1.5), we obtain
¢ = (3844 p1)A? + (3847 4a3 o) A3 + 0(A1, Ay)

2 2 2
o = (=390 _ap262 13900 ) 1 (3%000 ) oy + (3%02 )2,
P P Iy P

+0(A1, A7)

a2 kz 2,3 C!% 0 C{% 1 C!% 2
wy, =|-3 —4ma; +3 u +{3 uy A1+ (3 us |1
2 ( 0, 2 0y 0 0y 0 1 05 0 2

+ O()\.], )\2)
If we choose ug =0,and (Aq, Ay) — (0, 0), we can find

Ug = O()\.l,)\.z) —-0c—0

k

w; = 338 —4n?a3
P
k

wy = 322 — 47203,
02

According to the Theorem 4, we obtain

3 C3u2kz 3

= tuiwy=——"=+ 3 €0
2

3k
Vi
when uy = o(A1, Ay) — 0.
and when solving the system we obtain

s = Wva) (@ — @) — (1 = 12)° (V1 = V2) +3( — 1) (K1 = K3)
’ (ipv2) (@1 + @2) — (U1 + 12)3 (V1 +v2) + 3(w1 + w2) (k1 + k2)

That means just by solving system we can obtain e#12, this is alternative proof for 713 = %.

From (4.2.12), we conclude that the two-periodic solution tends to the two soliton solutionas A1, Ay — 0. [

5. Three-periodic waves and asymptotic properties

MAz +o(AkAL), k+1>2

137

(4.2.5)

(4.2.6)

(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)

(42.12)

(4.2.13)

We consider three-periodic wave solutions of Eq. (1.1). Let us consider N = 3, and Riemann theta function takes the form

19(%-’ ‘L’) — 19@1_&2,53_7-') _ Z eni<rn,n>+27ri<é,n>

nez3?

(5.1.1)
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where n = (n;ny,m3)" €23, & = (§1,&.&) € C3, § =ax+ py + kiz+wit +68;, i=1,2,3 and —it is a positive definite and
real-valued symmetric 3 x 3 matrix which can take the form of

Tn Tiz T3
T=|T2 T2 T3|. Im(ty)>0 j=k=123 (5.1.2)
T13 T2z 133
Theorem 5. Assuming that (§1&, &5, T) is one Riemann theta function as N = 3 with & = a;x + p;y + kiz + w;t + 8; and o, py, k;,
wj, 8;, 1= 1,2, 3 satisfy the following system
Y HQmi<2n-6ja>,.. .2ni<2n—60,0>)
nez3
eil<t(n-0j) n-0;>+<tnn>] _ (5.1.3)
where 0 = (0].1,01.2,0]3)T, 01 =(0,0,0)T, 6, =(0,0,1)T, 03 =(0,1.0)T, 6, =(0.1,1)7T, 65 =(1,0,0)7, 65 = (1.0, DT, 6; =
(1,1,0)T, 6 = (1,1, DT, j=1,..,8 and the following expression
u=upy+2(Ind (&1, &2, &, 7))« (5.1.4)

is the three-periodic wave solution.

Proof. Substituting (5.1.1) into bilinear equation H(Dy, Dy, D;, D) and using the property (2.4), we have following result

H(Dy,Dy,D;, D)V (§1.62.63. 7). (51,62, 63, 7)
= > HQmi<n-ma> . 27i<n-mw>)
m,nez3?
leri<§,m+n>+ni(<rm,m>+<m.n>)
= Z {ZH(Zni <2n-ma>,.2xi<2n-m,w>)
m'eZ3 nez3

em’(<r(n—m’),n—m’>+<‘L’n,n>) }EZﬂi<S,m/>

— Z I:I(m/] , m/zy m/3)62ni<é.m’>

mez3
= Y Hm)e™ 5" m' =m+n (5.1.5)
mez3
Shifting index nas n’ = n—§;;, j = 1,2, 3 we can compute that
A(m') = A(m}, m,, m}) (5.1.6)
=Y HQRmi<2n-m'.a> . 27i<2n-m o>)
nez3

em‘(<r(n—m’).n—m’>+<rn.n>)

3 3
=Y H|2mi) [2n] — (m] - 28;)]e;, ..., 2wi Yy _[2n] — (m] — 28;) |
nez? i=1 i=1

3
i 30 [(ni4837) (i +8y)+(mi—ni—Gi) (M — 1 =8 | i

ik=1
e I:I(m/] 2. m/zy mg)ezm(m’l—1)r11+27ri(m’2r12+m’3r13)’ J =1
= L A(m,. m) — 2, my)e2ritms-Dea2mitm motmirs) - j 2 (516)
A@m/, ml,, m} — 2)e2mi(my—Drs2milm i +myTi2) - =
which implies that if
A(m,, my, my) =0 (5.1.7)

hold for all combinations of mj = 0,1, m}, = 0.1, m} =0, 1, thenall I:I(m’l, mjy,ms) =0, m; e 73 (i=1,2,3)and d;; represent-
ing Kronecker’s delta. If we require
Am') = Y HQmi<2n-60;.a>... 2ni<2n—6;0>)
nez3
eTi(<T(n—)).n—6;>+<Tn.n>) (5.1.8)
where 9_, = (9]-1, 9]2, 0]3)T and 91 = (O, O, O)T, 02 = (0, 0, 1)T, 93 = (0, 1, O)T, 94 = (0, 1, l)T, 95 = (1, O, O)T, 96 =
(1,0, DT, 0, =(1,1,00T, 5= (1,1,1)T, j=1,..,8, we can obtain three-periodic wave solutions.
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According to the Theorem 5 «;, p;, k; and w; should provide the following system with (2.14)
> [-4n?<2n—-0j.p><2n—6;. 0>
(ny,ny,n3)e73

— 1272 <2n-0j,a><2n-0; k> —167* <2n-0«a S3< 2n—0;,p >

+ 127.[2”0 < 2n— 0]" o <2 +C] x em’[<r(n—9j),n—9j>+<rn,n>] -0 (5.1.9)
where j =1, ..., 8. Our aim is solving this system namely
X(w1, w2, w3, k1, ko, k3, ug, )T = b (5.1.10)

where X = (aij)gxg matrix and b = (b] s bz, b3, b4, b5, b67 b7, bg)
By introducing the notation as

g = Z eTil<t(n=6;),n-0;>+<tn,n>]
(n1,ny,n3)€Z3
nd+(n—61)2 | n+(ny—62)2 | n+(n3—6?)>2
— )\11 J AZZ J )\’33 j
)\rrznﬁ(m701»‘)(nzf0f))\rl1;n3+(n1 *9})013*91'3))";;”3+(”2*0j2)(”3*9j3) (5111)
where
)"l — enirn ; )\2 — eﬂil'zz’ )\(3 — e]l’i'[gg
)‘12 — eZnirlz’ )\’13 — ezﬂi'ﬁg’ )"23 — eZni1:23
j=1,..8 (51.12)
and
Qg = ) &j
nez3
aj; = Y 127% <2n—0j,a >* ¢;
nez?
ajg =y —127% <2n—0;,a > 2n3 — 6})s;
nez3
ajs =y —127% <2n— 6, a > 2ny — 67)e;
nez?
Ajs = Z 7127‘[2 < 21’179]‘,()( > (21’1] *9})8}'
nez3
aj3 = Z —47? < 2n— 0j, p > (2n3 — 9]-3)81-
nez3
ap =Yy —4m? <2n—-0;,p > (2ny - 07)e;
nez3
aj =y —4w? <2n—6;,p > (2n; - 0))e;
nez?
b; = 2167[4<2n—9j,0t >3<2n-0;,p > ¢; (5.113)
nez3

we can solve this system and we obtain three-periodic wave solution as

u=upy+2(Ind (&, &, &, 1))«

where 8(£1, &5, &3, T) and parameters wq, w;, ws, k1, ky, k3, Ug, care given by (5.1.1) and (5.1.10). The other a1, a3, @3, P1, P2, L3,
T11, T22, T33, T12, T13 and Ty3 are arbitrary parameters. [

5.1. Asymptotic property of three-periodic waves

Theorem 6. If (w1, wy, w3, kq, ky, k3, Ug, ¢)T is a solution of the system (5.1.10) and for the three-periodic wave solution we take

D N B BPO /buk 1111
T2 YT 2wt T 2w YT 2mi
A
Tj= o, Lj=1,23i<] (5.2.1)

2mi
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where w;, vj, kj, §; and A are given in Eq. (2.11) and (2.12). Then we have the following asymptotic relations

— itj;

2m

V(€. 6. 63.T) > 1 +eM e e 4 eh+mn+An
4 eh+n3+An 4 ez 13+ + eM+m2++An+An+As

as )\,1,)\,2,)\,3 — 0.

That means the three-periodic solution tends to the three-soliton solution under small amplitude limit.

u—>0, ¢c—0 & — , j=1,2,3

Proof. The Riemann theta function is
19(%'1, ";'_2, %—3, .[) _ Z eni<rn.n>+2ni<$,n>
nez3?
Let us expand this function
_ Z eZm‘(Eln1+§2n2+53n3)+7ti[t11nf+tzzn§+t33n§+2n]nz'[12+2n1n31:13+2n2n31'23)]

ny,ny,n3ez’

1 +627ri§1+7tirn +e—2ni51+m’rn +eZﬂi§2+nirzz +e—2ni.§z+7tit22

+ 62711§3+mf33 + e—27r1§3+mt33 + emrn+7rlt22+2112+2mél+2m$2 +..

and if we take §; — i zmr” in Eq. (5.2.4) we have

0L 6. T)=1+ e§1 + eSz + e§3 + e§1+§z+2niru + eé+é+2nirn

+ e§2+§3+2m'723 + 651+§z+§3+27rir12+2nir13+271ir23 + )\%efgl + )\.56752

+ )L%e*& + )L%)L%e*&*fﬁzmﬂz 4.

where Aq = e™iTn A, = €72 )3 =e"i™3 and Ay, Ay, A3 — 0

(€, 6, 83,1) =1+ efl + 952 + efz + ef1+52+27ﬂflz + e§1+§3+27ﬂf13

+ 652+53+27TIT23 + e& +§z+§3+2mru+2mr13+2mrz;

According to the three-soliton solution (2.9) we can write

Ti2 = /2%21 T3 = %{3’ T3 = /2%31
For solving system (5.1.10) we can expand each function into a series with A, A, and A3
X = Xo +XiA +Xohy + X3A3 + XgA2 + XsA3 + XA 2
+ X7A 1Az + XghiAs + XoAodg + - -+
and we obtain
c = (384m%ad p1)A? + (384n4a§ P2)A3 + (384n4a§p3)/\§ +o(AL AL AK), i+ j+ k>3

k(O) kD k(z)
P (L L S ST S Y AL L U PUY (A L L SR P
P1 ,0 £1 P1 £1 ,01

k(3) 2
(35 35O g
1 1

o k(o) 2 o k(1 a2 ok 2
Wy = (—32 4n2ag+3%2ug°> Y i +3p2u“> o 3;72 +3%242 ),
2

P2 P2

k3 2
+ (—3“2; +3%ué3) Azt
2 2

o k(o) 2 kD 2 a-k® 2
w3=< 3% 4n2a§+3%3u(()°) +(-32 +3%u81) o (372 +3542 )2,
3 3

P3 P3

+ 3Ol3k3 +38u ) as 4
P3 ,0

(5.2.2)

(5.2.3)

(5.2.4)

(5.2.5)

(5.2.6)

(5.2.7)

(5.2.8)

(5.2.9)
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where we expand the notations as follows
ki = ki + kYA + kP2 + kP s + kAT + kP22
F RV kD0 h + kP AR + kP DAy - i=1,2,3 (5.2.10)

and parameters w;, cand ug are similar to (5.2.10).
If we choose u? = 0, and (A1, Ay, A3) — (0, 0, 0), we can find

up—-0, c—=0

W = é}o“—k1 —4ntad
£1
k
w, = —3%2%2 —4n?a3
P2
w0y = -390 4203 (5:211)
3
According to the Theorem 6, we obtain
31k 32K
w—1:_£+u?’ w2=—£+,u3
V1 V;
3
w3 = —M-Higs c—>0
V3
when Ug = O()\.l, )\.2, )\.3) — 0. (5212)

From (5.2.12), we conclude that the three-periodic solution tends to the three-soliton solution as A, Ay, A3 — 0. O
5.2. Conclusion

In this paper, we have obtained the one, two and three periodic wave solutions of the (3+1) generalized BKP equation, by
using Hirota’s bilinear method and the Riemann theta functions. Moreover, we have shown that they can be reduced to classical
solitons, under a small amplitude limit.

The results can be extended to the case N > 4 but when solving the system we need more unknown parameters so there is
certain difficulties in the calculation and it is still open problem for us.
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