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1. Introduction

Let w be the space of real sequences. Any vector subspace of w is called as a sequence space. By ¢, ¢, Co, {1 and
£p (1 < p <o0), we denote the sequence spaces of all bounded, convergent, null sequences, all sequences which form
absolutely and p-absolutely convergent series, respectively.

Let X and Y be two sequence spaces and A = (ay) be an infinite matrix of real numbers a,,, where n,k €
N={0,1,2,...}. We write A = (a) instead of A = (ank)ﬁ:o- Then, we say that A defines a matrix mapping from X into Y
and we denote it by writing A: X — Y, if for every sequence x = (x;) € X the sequence Ax = {A,(x)}72,, the A-transform
of x, is in Y; where

An() =) aux; (neN). (11)
k

By (X,Y), we denote the class of all matrices A such that A: X — Y. Thus, A € (X,Y) if and only if the series on the
right side of (1.1) converges for each n € N and every x € X and we have Ax € Y for all x € X. A sequence x is said to be
A-summable to « if Ax converges to o which is called as the A-limit of x.

The matrix domain X4 of an infinite matrix A in sequence space X is defined by

Xa={x=x)ew: Axe X} (1.2)

which is a sequence space.
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The linear spaces £(p) and £~ (p) were defined by Maddox [1] (see also Simons [2] and Nakano [3]) as follows:

tp) = {x = (xx) € w: Z X [Pk < oo}

k

and

loo(p) = [X= () € w: sup [xi|Pk < oo,
keN

which are complete spaces paranormed by

1/M
gl(x):<2|xk|pk> <oo and gz(x) =sup [x|P/M iff infpy >0,
k

keN

respectively, where (py) is a bounded sequence of strictly positive real numbers with sup p, = H and M = max{1, H}.

Recently, several authors have defined the new sequence spaces which are matrix domains and contained in £(p) or £p.
They introduced the sequence spaces X, = (£p)c, in [4], rt(p) = (€(p))ge in [5], e; = (¢p)er and e"(p) = (£(p))gr in [6-8],
Z(u,v,Lp) = (¢p)Gu,v) and £(u,v; p) = (€(p))Gu,vy In [9,10], af, = (¢p)ar and a'(u, p) = (L(p))a; in [11,12], bvy = (£p)a
and bv(u, p) = (£(p))av in [13-15], £(p) = (¢(p))s in [16], ZIAJ = (lp)4 in [17], fp = ({p)B(r,5) in [18] and etc., where Cq, Rt,
E" and G(u, v) denote the Cesaro, Riesz, Euler and generalized weighted means, respectively, S is the summation matrix,
A and B(r,s) denote the band matrices defining the difference and generalized difference operators, respectively, and A",
A}, A" and A are respectively defined in [11,12,15,17]. On the other hand, by using the generalized weighted mean G(u, v)
or generalized difference matrix B(r,s), some new sequence spaces have been studied by several authors. For instance see
[9,19,10,20,18,21,22]

In the present paper, we introduce the new sequence spaces derived by generalized weighted mean G(u, v) and gener-
alized difference matrix B(r, s). This paper contains six sections as follows:

In Section 2, we give some notations and basic concepts including BK-space, paranormed space, generalized weighted
mean and generalized difference matrix. The sequence spaces ¢(u, v, p; B) and £,(u,v; B) have been defined in Sec-
tion 3 and we prove that the spaces ¢(u, v, p; B) and ¢(p) are linearly isomorphic. Also, we construct the basis of the
space £(u, v, p; B). In Section 4, we determine the «-, 8- and y-duals of the space ¢(u, v, p; B) which are used to find
the necessary and sufficient conditions for matrix transformations. We characterize the matrix classes (£(u, v, p; B), £x),
(¢(u, v, p; B),c) and (¢(u, v, p; B), co) in Section 5. Finally, we devote the last section of the paper to the characterizations
of some classes of compact operators given by infinite matrices from £, (u, v; B) to co, ¢, £s and £1. Further, we give the
necessary and sufficient conditions for A € (¢1(u, v; B), £,) to be compact, where 1 < p < oo.

2. Preliminaries and notation

A sequence space X with a linear topology is called a K-space provided each of the maps p,:X — R defined by
Pn(x) = x, is continuous for all n € N; where R denotes the real field. A K-space X is called an FK-space provided X is a
complete linear metric space. An FK-space whose topology is normable is called a BK-space. The space £, (1< p < o0) is
a BK-space with [|x]|l, = (35, %IP)"/? and co, ¢ and £y are BK-spaces with [|x]|oo = supy [Xk|.

A linear topological space X over the real field R is said to be a paranormed space if there is a subadditive function
g:X — R such that g(6) =0, g(x) = g(—x) and scalar multiplication is continuous, i.e., |o; — | — 0 and g(x, —x) — 0
imply g(anx, — ax) — 0 for all @’s in R and all x’s in X, where 0 is the zero vector in the linear space X. Assume
here and after that (py) is a bounded sequence of strictly positive real numbers with sup p, = H, M = max{1, H} and
pk_1 + (pl’<)*l =1 provided 1 < infpy < H < co. Moreover, by F; (r € N), we denote the subcollection of F consisting of all
nonempty and finite subsets of N with elements that are greater than r, that is

Fr={NeF:n>rforallne N} (reN).

By U, we denote for the set of all sequences u = (u,) such that u, # 0 for all n € N. For u € U, let 1/u = (1/u,). Let
u,v € U and define the matrix G(u, v) = (gq) by

_ Juave (0<k<n),
&k =1 ¢ (k > )

for all k,n € N, where u, depends only on n and vi only on k. The matrix G(u, v), defined above, is called as generalized
weighted mean or factorable matrix.
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Altay and Basar [23] introduced the generalized difference matrix B(r, s) = (bn) by
r (k=n),
by = [s (k=n-1),
0 O<k<n—1)or(k>n)

forall k,neN, r,s € R—{0}. If we take r =1, s = —1 in this matrix B(r,s) then we obtain the difference matrix A.
We assume throughout this paper that u = (ug), v=(vy) € U and r, s € R — {0}. Also, we shall write for brevity that

R=R(u,v,B)=G(u,v).B(r,s)

and
j—k gi—k=1

A(j,k):(—l)f'—"( ) (j.keN). (2.1)

- + —
r]7k+lvk rJ*kka
3. The paranormed sequence space {(u, v, p; B)

Now, we define the sequence space £(u, v, p; B) by

€, v,p; By ={x=x) ew: y=(y) €t}
where the sequence y = (yi), which will be frequently used, by the R = R(u, v, B)-transform of a sequence x = (xi), i.e.,

k—1
Yo=Trugvg and yp=uy (Z(rvj +svjpxj+ rvkxk) fork>1. (3.1)
j=0
If pp =p (1 <p <oo) for every k € N, then we write £, (u, v; B) instead of £(u, v, p; B). It is natural that the spaces
£(u, v, p; B) and £, (u, v; B) may also be defined with the notation of (1.2) that

€, v,p;B)=(€(p)), and £,(u,v:B)=(£p)k.

This definition includes the following special cases:

i)If r=1and s=—1, then £(u, v, p; B) =£(u, v, p; A).

ii) If A = (&) is a strictly increasing sequence of positive reals tending to infinity, v = (Ay — Ak—1) and u = (1/X), then
£p(u,v; B) = E%,(B) and £, (u,v; B) = E%,(A) with r =1 and s = —1, where E;\, is the sequence space defined by Mursaleen
and Noman in [17] and 1 < p < oo.

iii) If v=(14r%, u=(1/(n+1)), r=1and s=—1 then £,(u, v; B) =a},(A) (cf. [24]).

iv) If v = (gx) positive a sequence, u = (1/Qp) with Q, =Y }_;qx (n € N), then £(u, v, p; B) =r%(p, B) (cf. [21]) and
Lu,v,p; B)y=ri(p, A) withr=1 and s = —1 (cf. [25]).

v)Iif v=e,u=(1/n),r=1and s = —1, then £,(u, v; B) = Xp(A) (cf. [26]).

We shall assume throughout the paper that the sequences x = (x;) and y = (y) are connected by the relation (3.1).

Now, we may begin with the following theorem which is essential in the study.

Theorem 3.1. (a) £(u, v, p; B) is the complete linear metric space paranormed by h, defined by

Piy 1/M
h(x):(z ) )

k
(b) Let 1 < p < oo. Then, £ (u, v; B) is the BK-space with the norm

k-1
Z Up(rvj + SV j11)Xj + T VX
j=0

IXllepu,viBy = 1Y e,

Proof. We prove only part (a) and omit the proof of part (b). The linearity of ¢(u, v, p; B) with respect to the coordinate
wise addition and scalar multiplication follows from the following inequalities which are satisfied for z, x € £(u, v, p; B) (see

[27, p. 30]):
pk)]/M

(=
pk)l/M . (Z

k=1
Z Up(rvj+svjg1)(zj +xj) + rugvi(zi + Xi)
=0

s(z

k

k—1

Z Up(rvj +svjr1)zj +rugvizy
j=0

k—1

Z Up(rvj + SV j11)Xj + T VX

k
k 1j=0

pk\ 1/M
) (3.2)
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and for any o € R (see [28])

lor|Pk < max{1, |oe|M}. (3.3)

It is clear that h(6) =0 and h(x) = h(—x) for all x € £(u, v, p; B). Again the inequalities (3.2) and (3.3) yield the subadditivity
of h and

h(ax) < max{1, [a|}h(x).

Let (x") be any sequence of the points in £(u, v, p; B) such that h(x" —x) — 0 and («;,) also be any sequence of scalars such
that oy — «. Then, since the inequality

h(x") <h(x) +h(x" — x)
holds by subadditivity of h, {h(x")} is bounded and we thus have

h(onX" — ax) = (Z

k

k—1

Z ug(rvij + svj+1)(anx§”) —axj) + rukvk(ocnx,(<”
j=0

) _ Oth)

Pk>l/M
< lotn — alh(x") + |ah(x" — x)
which tends to zero as n — oo. That is to say that the scalar multiplication is continuous. Hence, h is a paranorm on the
space £(u, v, p; B). .
It remains to prove the completeness of the space £(u, v, p; B). Let (x) be any Cauchy sequence in the space £(u, v, p; B),
where x' = (x{,, X}, x,,...). Then, for a given & > 0 there exists a positive integer ng(g) such that
h(x —x) <e¢ (3.4)

for all i, j > np(¢). We obtain by using definition of h for each fixed k ¢ N

(R~ R < (SR~ (o)) < 39

k

for every i, j > ng(e), which leads us to the fact that {(Rxo)kv (RxY)g, (Rx®)g, ...} is a Cauchy sequence of real numbers for
every fixed k € N. Since R is complete, it converges, say (Rx"); — (Rx); as i — oo. Using these infinitely many limits (Rx)o,
(Rx)1, (Rx)2, ... we define the sequence {(Rx)g, (RX)1, (RX)2,...}. We have from (3.5) for each m € N and i, j > ng(¢) that

3 I(RxY), — (Re), [P < h(x —x0)M < M. (3.6)
k=0

Take any i > ng(e). Let us pass to limit first as j — oo and next as m — oo in (3.6) to obtain h(x\ — x) < &. Finally, taking
& =11n (3.6) and letting i > ng(1) we have by Minkowski’s inequality for each m € N that

m 1/M
<Z|(Rx)k|p"> <h(x' —x) +h(x") <1+h(x') (3.7)
k=0

which implies that x € £(u, v, p; B). Since h(x' — x) < & for all i > ng(e) it follows that x' — x as i — oo. Since (x') was an
arbitrary Cauchy sequence, the space ¢(u, v, p; B) is complete and this concludes the proof. O

Theorem 3.2. The sequence space £(u, v, p; B) is linearly isomorphic to the space ¢(p), where 0 < p, < H < oo.

Proof. To prove the theorem, we should show the existence of a linear bijection between the spaces £(u, v, p; B) and £(p)

for 0 < py < H < oo. For this goal, consider the transformation T defined, with the notation of (3.1), from £¢(u, v, p; B) to

£(p) by x — y = Tx. The linearity of T is trivial. Further, it is obvious that x =6 whenever Tx =6 and hence T is injective.
Let y € ¢(p) and define the sequence x = (x) by

k—1
M= — Ak j)y;+
j=0"1

yr (keN).
TUg Vi

Then,
k—1

Z Up(rvj + SV ji1)Xj + VX
j=0

pk\ 1/M 1/M
h(x) = (Z ) = (Z |yk|"k) = g1(y) < 0o,
k

k
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Thus, we deduce that x € £(u, v, p; B) and consequently T is surjective and is paranorm preserving. Hence, T is linear
bijection and this says us that the spaces £(u, v, p; B) and £(p) are linearly isomorphic. This completes the proof. O

If a sequence space A paranormed by h; contains a sequence (by) with the property that for every x € A, there is a
unique of scalars (o) such that

n
lim hy (x -~ Zakbk> =0,

k=0

then (by) is called a Schauder basis for A. The series > by which has the sum x is then called the expansion of x with
respect to (by) and written as x = ) _ aby.

Now, we may give the sequence of the points of the space ¢(u, v, p; B) which forms Schauder basis for that space.
Because of the isomorphism T between the sequence spaces £(u, v, p; B) and £(p) is onto, the inverse image of the basis
of the space £(p) is the basis of the space ¢(u, v, p; B). Therefore, we have:

Theorem 3.3. Let o, = {Rx} and 0 < py < H < oo for all k € N. Define the sequence ¢ = {cﬁk)}neN for every fixed k € N by

o | fEE @<n<k-n,
= 1 _ 3.8
Cn e (n=k), (3.8)

0 n>k).

Then, the sequence {c®) )iy is a basis for the sequence £(u, v, p; B) and any x in £(u, v, p; B) has a unique representation of the form

X= Z oc®.
k

4. The -, 8- and y -duals of the space £(u, v, p; B)
For arbitrary sequence spaces X and Y, the set S(X,Y) defined by

S(X,Y)={z=(z) e w: xz2= (x¢z) € Y forall x € X} (4.1)
is called the multiplier space of X and Y. With the notation (4.1), the a-, B-, y-duals of a sequence space X, which are
respectively denoted by X%, X# and X? are, defined by

X*=S(X,t1), XP=5S(X,cs) and X" =S(X,bs),

where cs and bs are the sets of all sequences which form convergent and bounded series, respectively.
Now, we give the following lemmas which are needed in proving our theorems.

Lemma 4.1. (See [29, Theorem 5.1.0 with g, = 1].) (i) Let 1 < px < H < oo for every k. Then A € (£(p), £1) if and only if there exists
an integer K > 1 such that

sup Z Z A K1

neN
(ii) Let 0 < py < 1 for every k. Then A € (£(p), £1) if and only if

Pk
< Q. (4.3)

by
< 00. (4.2)

sup sup Z Qnk
NeF keN

neN

Lemma 4.2. (See [30, Theorem 1(i) and (ii)].) (i) Let 1 < py < H < oo for every k. Then A € (£(p), {~) if and only if there exists an
integer K > 1 such that

supX]ankK_1 |p’/< < 0. (4.4)
neN k

(ii) Let O < py < 1 for every k. Then A € (£(p), L) if and only if

sup |an|P* < oo. (4.5)
n,keN
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Lemma 4.3. (See [30, Corollary for Theorem 1].) Let 0 < py, < H < oo for every k. Then A € (£(p), ¢) if and only if there exists an
integer K > 1 such that (4.4) and (4.5) hold,

lim a = (keN) (4.6)
n—oo

also holds.

Theorem 4.4. Let N = N N {n € N: n >k} for N € F and define the sets d1(p) and da(p) as follows:

Pk
<OO}

E Cnk
neN;:

di(p) = {a = (ap) € W: sup sup
NeF keN

and

. by
> ek <oof,

*
neNy

d2(p) = U {a = (ap) € W: sup Z

K>1 Ner ™

where the matrix C = (cpy) is defined by

Ambg, O<k<n-1),
Cnk = ruL:,nvn (k=n),
0 (k > n).
(i) Let 0 < py < 1 forallk € N. Then, {£(u, v, p; B)}¥ =d1(p).
(ii) Let 1 < pr < H < oo for all k € N. Then, {¢(u, v, p; B)}* =da(p).

Proof. Since the case (i) may be proved by analogy, we give the proof only for the case (ii). Let a = (a;) € w. We immedi-
ately derive with (3.1) that

n—-1 =
An.k) 1
WXp =y p Yt ey =Ca(y) (e N). (47)

k=0 nen

Thus, we observe by (4.7) that ax = (apx,) € ¢1 whenever x = (xi) € £(u, v, p; B) if and only if Cy € £ whenever y = (yy) €
£(p). This means that the sequence a = (a,) is in the «-dual of the space ¢(u, v, p; B) if and only if C € (¢(p), £1). We
therefore obtain by Lemma 4.1(i) with C instead of A that {£(u, v, p; B)}* =d»(p). This concludes the proof. O

Theorem 4.5. Define the sets d3(p), d4(p) and ds(p) as follows:

d3(p) = {a = (an) € w: sup |d@x(m)|™* < oo and <a—k> € Zoo(p)},
n.keN TugVi

o0
dsq(p) = {a = (ay) € w: Z A(j,k)aj exists for allk € N}
j=k+1

and
n—1 , a
ds(p) = U [a =(ap) e w: supX]&k(n)K_1 |’k < 00 and <—k1(_1> € Zoo(p’)},

rugv
K>1 neN |~ UV

where G (n) = Wak + ul,( >k AGL kg (k<n).
(i) Let 0 < py < 1 forall k € N. Then, {£(u, v, p; B)}f =d3(p) Nda(p).
(ii) Let 1 < px < H < oo forallk € N. Then, {£(u, v, p; B)}f =d4(p) Nd5(p).

Proof. (i) Consider the equation

n n k—1 1 1
axe =Y a — Ak, y;
> = 3o T Skt o)

k=0 \j=0

n—1 1 1 n a
=y a+— Y AG K | Y+ ——yn
=\ rugvi u Il Vn

K jzk+
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Qn
runVnp

n—1
=Y G myk+ Yn=Dn(y) (€N, (48)
k=0

where the matrix D = (dp) is defined by

ag(n) (k<n),
do = ru‘i"Vn (k=n), (n,keN).

0 (k > n)

Then, we deduce by (4.8) that ax = (axxy) € cs whenever x = (x;) € £(u, v, p; B) if and only if Dy € ¢ whenever y = (yy) €
£(p). This means that a = (ax) € {¢(u, v, p; B)}? if and only if D € (¢(p), ¢). Therefore, by using Lemma 4.3 with (4.8), we
have that {£(u, v, p: B)}f =d3(p) Nda(p).

Since proof of the part (ii) may also be obtained in the similar way for the part (i), we leave the detail to reader. O

Theorem 4.6. (i) Let 0 < py, < 1 forallk € N. Then {£(u, v, p; B)}Y =ds(p).
(ii) Let 1 < pr < H < oo for all k € N. Then, {¢(u, v, p; B)}Y =ds(p).

Proof. We see Lemma 4.2 with (4.8) that ax = (aixy) € bs whenever x = (x;) € £(u, v, p; B) if and only if Dy € £, when-
ever y = (yi) € £(p). Therefore, we respectively obtain from (4.4) and (4.5) that {£(u, v, p; B)}Y =ds3(p) for 0 < p; < 1,
{€(u, v, p; B)}Y =ds(p) for p; > 1 and this completes the proof. O

5. Some matrix mappings on the space ¢{(u, v, p; B)

For an infinite matrix A = (a,,), we shall write for brevity that

3 T — <.

g (M) = G+ — Y AGRan  (k<m) (5.1)
UV Ug .

j=k+1
and

1 1 &

n = Onk + — Z A(j, k)ap; (5.2)

TugVvig Uk ikt

for all n, k,m € N provided the convergence of the series.
Now, we give the characterization of the classes (¢(u, v, p; B), £x), (£(u, v, p; B),c) and (£(u, v, p; B), cp).

Theorem 5.1. (i) Let 1 < py < H < oo for every k € N. Then, A € (£(u, v, p; B), £~) if and only if there exists an integer K > 1 such

that
C(K)=sup Y _|amK " 1Pk < o0, (5.3)
neN Kk
{anklken € d3(p) Nda(p) (M eN). (5.4)

(ii) Let O < px < 1 for every k € N. Then, A € (€(u, v, p; B), £~o) if and only if

sup |ank|pk < 00, (5.5)
n,keN
{ank}ken € da(p) Nds(p) (M eN). (5.6)

Proof. We consider only the case 1 < py < H < oo and leave the case 0 < py < 1 to the reader because it may be proved in
a similar way.

Assume that conditions (5.3) and (5.4) are satisfied and take any x = (xx) € £(u, v, p; B). Then, we have by Theorem 4.5(ii)
that {an}ken € {£(u, v, p; B)}P for every fixed n € N and this implies the existence of the A-transform of x, i.e., Ax exists.
Let us now consider the following equality derived by using the relation (3.1) from the mth partial sum of the series

2k GnkXi:

m m—1
- 1

Zankxk = Z (M) Yk + ————apmym (M, meN). (5.7)

k=0 k=0 MUmVm

Taking into account the hypothesis we derive from (5.7) as m — oo that
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Zankxk = Z Yk (M eN). (5.8)
k k

Now, by combining (5.8) and the inequality which holds for any K > 0 and complex numbers a, b

jab] < K{|ak """ + 1b|7}, (5.9)

where p>1and p~!'+ p/~1 =1 (see [30]), one can easily see that

Z AnkXk
k

Conversely suppose that A € (€(u,v,p; B),€s) and 1 < pr < H < oo for every k € N. Then Ax exists for every x €
£(u, v, p; B) and this implies that {an}ren € {£(u, v, p; B)}# for each n € N. Now, the necessity of (5.4) is immediately

obtained from Theorem 4.5(ii). Besides, we have from (5.8) that the matrix A = (dy) is in the class (£(p), £oo). Then A
satisfies the condition (4.4) which is equivalent to (5.3). This completes the proof. O

sup
neN

< Sugz |kl vkl < K[C(K) + gf (1)] < oo
ne k

Theorem 5.2. Let 0 < py < H < oo forevery k € N. Then, A € ({(u, v, p; B), ¢) if and only if (5.3)—(5.6) hold, and there is a sequence
(¢t of the scalars such that

lim ap, =¢, (keN). (5.10)
n—oo

Proof. Let A € ({(u, v, p; B),c) and 0 < py < H < oo for every k € N. Then, since the inclusion ¢ C ¢+, the necessities of
(5.3)-(5.6) are trivial by Theorem 5.1(i) and (ii).

To prove the necessity of (5.10), consider the sequence ¢®' defined by (3.8), which is in the space £(u, v, p; B) for every
fixed k € N. Because the A-transform of every x € £(u, v, p; B) exists and is in ¢ by the hypothesis, Ac® = {@n}nen is also
in ¢ for every fixed k € N, which shows the necessity of (5.10).

Conversely, suppose that the conditions (5.3)-(5.6) and (5.10) hold and take any x € ¢(u, v, p; B). Then, we have by
Theorem 4.5 that {ay}ken € {¢(u, v, p; B)}? for every fixed n € N and this implies the existence of the A-transform of x,
i.e., Ax exists. Also, it is clear that the associated sequence is in the space ¢(p). Further, it follows by combining Lemma 4.3
with the conditions (5.3) and (5.10) that the matrix A is in the class (£(p),c). Thus, we see that y € £(p) and Ay € c.
Consequently, we obtain from (5.10) that Ax € ¢ whenever x € £(u, v, p; B) and this is what we wished to prove. O

If the sequence space c is replaced by the space ¢y then Theorem 5.2 is reduced to

Corollary 5.3. Let 0 < p, < H < oo for every k € N. Then, A € ({(u, v, p; B), co) if and only if (5.3)—(5.6) hold and (5.10) also holds
with &, = 0 for all k € N.

6. The Hausdorff measure of noncompactness and compact operators on the space £, (u, v; B) (1< p < o)

In this section, we characterize classes of compact operators given by infinite matrices from £, (u, v; B) to co, ¢, £x
and £1. Also we give the necessary and sufficient conditions for A € (¢1(u, v; B), £p) to be compact, where 1 < p < oo.

The Hausdorff measure of noncompactness was defined by GoldenStein, Gohberg and Markus in 1957, later studied by
Goldenstein and Markus in 1968. It is quite natural to find conditions for a matrix map between BK-spaces to define a
compact operator since a matrix transformation between BK-spaces are continuous. This can be achieved by applying the
Hausdorff measure of noncompactness. In past, several authors characterized classes of compact operators given by infinite
matrices on the some sequence spaces by using this method. For example see [31-40]. Recently, Malkowsky and Rakocevic
[41], Djolovi¢ and Malkowsky [42] and Mursaleen and Noman [43] established some identities or estimates for the operator
norms and Hausdorff measures of noncompactness of linear operators given by infinite matrices that map an arbitrary
BK-space or the matrix domains of triangles in arbitrary BK-spaces.

Let X be a normed space. Then, we write Sx for the unit sphere in X, that is, Sx ={x € X: x| =1}. If X and Y be
Banach spaces then B(X,Y) is the set of all continuous linear operators L: X — Y; B(X,Y) is a Banach space with the
operator norm defined by ||L|| =sup{||[L(x)||: ||x]| < 1} for all L € B(X,Y).

If (X, [I.I) is a normed sequence space then we write |la||} = Supxes, | > ko akxk| for a € w provided the expression on
the right-hand side exists and is finite which is the case whenever X is a BK-space and a € X# [44, Theorem 7.2.9, p. 107].

Throughout, let 1 < p < co and q denote the conjugate of p, thatis, q=p/(p —1) for 1 <p <oco or =00 for p=1.
Also, we write ¢ for the set of all finite sequences that terminate in zeros.

The following results are fundamental for our investigation.

Lemma 6.1. (See [44, Theorem 4.2.8].) Let X and Y be BK-spaces. Then we have (X,Y) C B(X,Y), thatis, every A € (X, Y) defines a
linear operator L4 € B(X,Y), where L4 (x) = Ax forall x € X.
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Lemma 6.2. (See [32, Lemma 5.2].) Let X D ¢ be BK-space and Y be any of the spaces co, ¢ or £xo. If A € (X, Y), then

ILAll = 1Al (x,t00) = SUP | An I < 0.
n

Lemma 6.3. (See [45, Theorem 1.29(b)].) Let 1 < p < oc. Then, we have - £q and ||a||2‘p = |lall¢, for all a = (ay) € £q.

Lemma 6.4. Ifa = (ay) € (£p(u, v; B))#, thend = (dy) € £q and the equality

o o0
D axe=>_ @y (6.1)
k=0 k=0

holds for every x = (x¢) € £ (u, v; B), where

a 1 &
iy=—— + — AG.ka; (keN).
TugVvyg Uy
j=k+1

Proof. This is immediate by [41, Theorem 3.2]. O

On the other hand, let 1< p < oco. Then, it can easily be shown that the inclusion £, (u, v; B) D ¢ holds if and only if
u = (ug) € £p. So, we shall assume that u = (uy) € £, whenever we study the space £, (u, v; B).

Lemma 6.5. Let 1 < p < oo and a = (a) be defined as in Lemma 6.4. Then, we have

CiZola D (1< p < o0),

”a”@p(u viB) — ||Cl||eq [ supy |C~1k| (p = 1)

foralla= (a) € (£, (u, v; B)P.
Proof. Let a = (ax) € (€p(u, v; B))?. Then, we have from Lemma 6.4 that a = () € £y and the equality (6.1) holds for

all sequences x = (x) € £p(u, v; B) and y = (yi) € £, which are connected by the relation (3.1). Also, we can write by
Theorem 3.1(ii) that x € S¢,u,v;p) if and only if y € S¢,. Thus, we have from (6.1) that

Z Xk | = Z akYr| =

k= k=

*
”anﬁp(u,v;B) sup
XES¢pu,v;B)

= sup
Y€Sep

= llallg, - (6.2)

Further, since a € ¢4, we get by Lemma 6.3 and (6.2) that
lally, uv:py = 817, = llalle, < oo
which concludes the proof. O

Lemma 6.6. Let X be a sequence space, A = (ank) an infinite matrix and 1 < p < o0.If A € (£, (u, v; B), X), then Ac (ép, X) such

that Ax= Ay forall x € £y(u,v; B) and y € £y, where the sequences x and y are connected by the relation (3.1) and A= @Gy is
defined as (5.2).

Proof. Let x € £,(u, v; B) and A € (£, (u, v; B), X). Then, A, € (£p(u, v; B))# for all n € N, where A, is the sequence in the
nth row of A. Thus, it follows by Lemma 6.4 that A, € E'g = {4 for all n € N and the equality Ax = Ay holds. Hence, Ay € X.
Since every y € £, is the associated sequence of x € £,(u, v; B), we obtain that Ae (£p, X). This completes the proof. O

Lemma 6.7. (See [36, Lemma 3.1].) Let 1 < p < oo and q be the conjugate of p. IfA € (€p, ¢), then the followings hold:
= lim ay, exists foreveryk € N,
n—oo
o= (o) € 4y,

sup | An — g, < o0,
n

o0
nango An(x) = Zakxk forallx = (x¢) € £p.
k=0
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We recall that if X and Y are Banach spaces and L is a linear operator from X to Y, then L is said to be compact if its
domain is all of X and for every bounded sequence (x,) in X, the sequence (L(x,)) has a convergent subsequence in Y. We
denote the class of such operators by K(X,Y).

If (X,d) is a metric space, we write Mx for the class of all bounded subsets of X. By B(x,r) ={y € X: d(x,y) <r}, we
denote the open ball of radius r > 0 with centre in x. Then the Hausdorff measure of noncompactness of the set Q € My,
denoted by x (Q), is given by

n
X(Q):inf{s>0: Q CUB(xi,ri), xieX, ri<e(i=0,1,...,n), neN}.
i=0

The function x : Mx — [0, oo) is called the Hausdorff measure of noncompactness.
The basic properties of the Hausdorff measure of noncompactness can be found in [45],for example if Q, Q1 and Q; are
bounded subsets of a metric space (X, d), then

x(Q)=0 ifandonlyif Q is totally bounded,
Q1 C Q2 implies x(Q1) < x(Q2).

Further if X is a normed space, then the function x has some additional properties connected with the linear structure, e.g.

x(Q1+ Q2) < x(Q1) + x(Q2),
x(@Q)=la|x(Q) foralla eC,

where C is the complex field.

Lemma 6.8. (See [36, Theorem 1.6].) Let X be a Banach space with a Schauder basis (bi)2, Q € Mx and Pp =X — X (n € N) be
the projector onto the linear span of {bg, b1, ..., by}. Then, we have

1
—.limsup(sup” (I = Pp) (%) |}) <x(Q)< limsup<sup|| (I = Pp®)|
a n—oo “xeQ n—oo ‘xeQ

where a = limsup,_ o |II — Pl

In particular, the following result shows how to compute the Hausdorff measure of noncompactness in the spaces £,
(1< p<o0)and cop.

Lemma 6.9. (See [32, Lemma 5.5].) Let Q be a bounded subsets of the normed space X, where X is £, for 1 < p < oo or co. If
Pp: X — X is the operator defined by Pn(x) = X"l = (xg, X1, X2, ...,%n,0,0,...) for all x= (x¢) € X, then we have

x(Q) = Jim (sup|[d = Po))]).
n—00\ycQ

The next lemma is related to the Hausdorff measure of noncompactness of a bounded linear operator.
Lemma 6.10. (See [45, Theorem 2.25, Corollary 2.26].) Let X and Y be Banach spaces and L € B(X, Y). Then we have

LI = x (L(Sx)) (63)

and
LeK(X,Y) ifandonlyif |L|, =0. (6.4)

Lemma 6.11. (See [43, Theorem 3.7 and 3.11].) Let X D ¢ be a BK-space. Then, we have
(a)If A € (X, cp), then

ILally =limsup||Anll%
n—oo
and

La is compact if and only if lim ||An|l% = 0.
n—oo
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(b)IfA € (X, £oo), then
0< |[Lally <limsup |Anllk
n—oo
and
La is compact if lim [|Aqlly =0
n—oo

) IfA e (X, 1), then

>

neN

)

lim < sup

r—>00\ N,

>

neN

*
)=o
X

) ILally < 411m<sup

NeF;

and

>

neN

L4 is compact if and only if lim ( sup
=0 \NeF;
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This lemma gives necessary and sufficient conditions for a matrix transformation from a BK-space Xto cp, {1 and { to

be compact (only sufficient condition for ¢, ). Thus, we have;

Theorem 6.12. Let 1 < p < oo and q = p/(p — 1). Then we have
(a)If A e (€p(u, v; B), co), then

1/q
L —llmSUp a q
I A||X . (E | nk| >

k=0

and

00 1/q
L4 is compact if and only if nlim (Z |&nk|q> =0.
— 00
k=0

(b)IfA € (£p(u, v; B), £s), then

00 1/q
0<|L < limsu Qi
ILallx Mop(D k| )

k=0

and

0 1/q
Ly is compact if nlim <Z |&nk|q> =0.
—00

k=0

Proof. (a) Let A € (£, (u, v; B), co). Since A € (£p(u, v; B))? for all n € N, we have from Lemma 6.5 that

00 1/q
AR, u,v:m) = 1 Anlleg = <Z |ank|Q>

k=0
for all n € N. Hence, we get (6.5) and (6.6) from (6.9) and Lemma 6.11(a).
Part (b) can be proved similarly by using Lemma 6.11(b) instead of Lemma 6.11(a). O

Theorem 6.13. Let 1 < p < 00.If A € (£p(u, v; B), ©), then

1

r—

Jim (sup 130 = &1, ) < ILaly < Jlim (sup I4s &l ).
nzr

where & = (&) is defined as (5.10).

(6.5)

(6.6)

(6.7)

(6.9)

(6.10)
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Proof. Let A € (¢{,(u, v; B), ). Then we have by Lemma 6.6 that Ac (£p, c). Thus, the sequence (supp, An — allg,)r2y of
non-negative reals is nonincreasing and bounded by Lemma 6.7. Hence, the limit in (6.10) exists.
Now, we write S = S¢,(u,v;), for short. Then, we obtain by (6.3) and Lemma 6.1 that
ILally = X (AS) (6.11)

and AS € M., where M. is the class of all bounded subsets of c. Further, we know that every z = (z;) € ¢ has a unique
representation z = ze + Zﬁio(zn —7)e™, where Z = limy_, o0 z. Thus, we define the projectors Pr:c— ¢ (r e N) by Po(z) =
ze and P,(z) =ze + Z;;}) (zn — 2)e™ for r > 1. Then, we have for every r € N that (I — P)(2) = 300 (zn — 2)e™ and hence

|1 = PH@],_ =suplz. -2 (6.12)
o0 >
n>r

for all z € ¢ and every r € N. Further, it can easily be shown that ||I — P;|| =2 for all r € N. Therefore, from (6.11) we obtain
by applying Lemma 6.8 that

1
E-M(A) <Lally < (A, (6.13)

where
i) =timsup(splt = Poaol,. )

Now, for every given x € £,(u, v; B), let y € £, be associated sequence defined by (3.1). Since A € (¢,(u, v; B),c), we
have by Lemma 6.6 that A € (£p,c) and Ax = Ay. Further it follows from Lemma 6.7 that the limits o = limp_, o0 any eXist
for all k, & = () € £¢q and

o
Jim An(y) =) din.
k=0
Thus, we derive from (6.12) that

[a =P, =[d-Pr@Ay]|,. =sup An(y) — Zak}’k

k=0

= sup
n>r

Z(ank — Ok) Yk
k=0

for all r € N. Moreover, since x € S = S¢,,v;p) if and only if y € S;,, we obtain by the definition of the norm ||} and
Lemma 6.3 that

o0
supH(I— PH(AN) ], _i”‘?(yi”p Z(ank—dwyk>=§lup||An—d||}fp=sug 1An —&lle,
= Zp k=0 = =

for all r € N. Hence, we get (6.10) from (6.13), since the limit in (6.10) exists. The concludes the proof. O

Now, let us recall that the upper limit (limit superior) of a bounded real sequence x = (x;) can be defined by

limsupx, = 11m (supxn> (6.14)

n—oo n>r

Further, if x, > 0 for all n, then

limsupx, =0 ifandonlyif lim x,=0.
n— 00 n—oo

By using the above notation,we have the following result:
Corollary 6.14. et 1 < p <ocoandq=p/(p — 1).If A € (£, (u, v; B), ), then
1/q k=0 1/q
= hmsup(Z |k — akw) <lLally < limsup<Z [ &qu>
2 oo n—o00
k=0 oo
and

0 1/q
L4 is compact if and only if nll)ngo (Z |Gnk — 64,<|q) =0,
k=0

where & = (&) is defined as (5.10).
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Proof. This result follows from Theorem 6.13 by using (6.14) and (6.4). O
Theorem 6.15. Let 1 < p < 00. If A € (€1(u, v; B), £p), then
1/p
ILally = lim (sup (Z |ank|"> ) (6.15)
n=r

Proof. Let S =S¢, v;p). Then, we have by Lemma 6.1 that L4(S) = AS € £;,. Thus, from (6.3) and Lemma 6.9 we can write
that

ILall = x(AS) = lim (sup|( = Pp(Ax)]|, ). (616)
r—oo xeS p
where P,: £, — £, (r € N) is the operator defined by P(x) = (X0, X1,...,%:,0,0,...) for all x=(x¢) € £,.

Now, let x = (x¢) € £1(u, v; B). Since A € (¢1(u, v; B), £;), we obtain from Lemma 6.6 that Ac (£1,£p) and Ax = Ay,
where y = (yx) € £1 is the associated sequence defined by (3.1). Therefore, we have that
P)UP

00 1/p oo | oo
| —Pcav], =[d-PH@An],, = ( > |An<y)|"> = ( ST amyk
00 00 1/p 00 1/p 00 1/p
<Z< > |ankyk|"> < 1ylley (su;p( > |ank|l’) >= ||X||rf11(3m)<511113< > |ank|P> )

n=r+1 n=r+1k=0
k=0 \n=r+1 n=r+1 n=r+1

for every n € N. This yields that

1/p
supH(l— P(AD],, sup( > |ank|P>

n=r+1

for every n € N. Hence, from (6.16) we have that

1/p
ILally < lim (sup( > |ank|P> ) (617)

n=r+1

Conversely, let ¢® e ¢1(u, v; B) such that R(c®) = e® (k € N), where c® = (¢}, is defined by (3.8) for each k € N.
Then, we have by Lemma 6.6 that Ac®) = Ae® = (@)%, for every k € N. Now, let E = {c®¥: k € N}. Then, E C S and
hence AE C AS which implies that

X(AE) < x(AS) = ILallx- (6.18)

Moreover, we can write from Lemma 6.8 and (6.18) that

00 1/p 00 1/p
_1; P/ _ 5P
X(AE)—rlggo<51;p< Dl ) )—rgngo<s1;p< > land ) ) <IlLally.
n=r+1 n=r+1

Thus, we get (6.15) from (6.17) and (6.18). O
Corollary 6.16. Let 1 < p < oo.If A € (¢1(u, v; B), £p), then
00 1/p
L4 is compact if and only if lim (sup( Z |&nk|p> ) =0.
r—o0 k
n=r+1
Proof. This is an immediate consequence of Theorem 6.15 and (6.4). O
Theorem 6.17. Let 1 < p <ocoandq=p/(p —1).If A € ({p(u, v; B), £1), then

1/q
lim | sup Qnk <|ILally <4. lim | sup Qi
r%"O(NeFr <Z Z " ) ) x =0\ NeF; kZO Z "

k=0"'neN neN

1/4
) ) (6.19)
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and
00 q\ 14
L4 is compact if and only if rlglgo sup Z Za"k =0. (6.20)
NeFy k=0'neN

Proof. Let A e ({p(u, v; B), £1). Since Ap € {£p(u, v; B)}# for all n € N, we derive from Lemma 6.5 that

*

An

neN

Ap (6.21)

neN 5 (B) £q

Thus, we get (6.19) and (6.20) from Lemma 6.11(c) and (6.21). O

Remark 6.18. The conclusions of Theorem 6.12, Corollary 6.14 and Theorem 6.17 still hold for ¢1(u, v; B) instead of
£p(u, v; B) with ¢ =1 and on replacing the summation over k by the supremum over k.
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