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Abstract

In this paper, the mathematical model used in finding the common vectors of classes in pattern recognition problems is
reconsidered to obtain possible alternative solutions for the common vectors. Since the number of unknowns is always one
larger than the number of equations in the mathematical model, the best solution to the problem seems to be the pseudo-
inverse solutions. We obtained two forms of common vectors, called “pseudo-common vectors,” using the proposed idea.
Computational simplifications are accomplished as shown in the paper since we know that taking pseudo-inverses is an
exhaustive procedure especially in the high-dimensional vector spaces. The two forms of pseudo-common vectors obtained
in the paper are used in the classification of the data given in TI-Digit, AR-Face, and MNIST databases separately in order

to see their effectiveness.

Keywords Pseudo-common vector - Pseudo-inverse - Common vector - Pattern recognition

1 Introduction

Image processing and machine vision is a technique of the
electronics field useful for a human action recognition sys-
tem. In order to develop a system with high performance,
the effect of scaling, rotation, occlusion, noise, and other
factors must be handled properly. Different types of noise
are additive or multiplicative. Accordingly, the additive
noise model is not adequate for complicated image acqui-
sition processes such as synthetic aperture radar (SAR)
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imaging. Furthermore, speckle noise severely damages an
image because of its multiplicative property. Speckle noise
is currently the most important issue in image processing,
and many researchers have been working on filter design to
remove it [1, 2].

Machine vision is an interesting application of image pro-
cessing, useful for developing electronic systems, in which
machine intelligence is mainly used. There is a variety of
machine vision branches, and researchers have great inter-
est in many modern pattern recognition algorithms [2—6].
In image analysis, one of the important tasks is image seg-
mentation, where the image is divided into some categories
based on some criteria. There are several image segmenta-
tion techniques that have been proposed in the literature such
as thresholding, region-based, edge detection, clustering,
and weakly supervised learning in CNN. [1, 4, 6, 7].

In recent years, deep learning became one of the most
preferred machine learning methods in many areas. Deep
learning uses a network structure consisting of multiple
layers. As such, convolutional neural network (CNN) is a
deep learning algorithm categorized as supervised learn-
ing. In a recent study, a hybrid CNN-MLP classifier was
proposed as an efficient method in the pattern classifica-
tion problem [8]. Moreover, deep belief network (DBN) is
an unsupervised learning algorithm constructed by stack-
ing multiple restricted Boltzmann machines (RBM) [1].
DBN can be used to map the set of features to another set
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of features representing the classes better than the original
set of features.

There are new image processing techniques and many
machine vision applications such as texture recognition [9,
10], coastline detection [11, 12], and iris tissue recognition
[13]. Raeisi et al. [14] developed a new algorithm to dis-
criminate between oil spills and lookalikes. The testing of
the developed algorithm on the several real SAR images
provided high performance for both dark spot detection and
oil spill classification. In another machine vision application,
robust reservoir rock fracture recognition based on a new
sparse feature learning and data training method was real-
ized [15]. The algorithm proposed that paper identifies the
sine fractures of reservoir rock automatically and is highly
capable of determining the fractures of the imaging logs
successfully.

On the other hand, the motivation for introducing this
work is based on our early works discovered and published
in IEEE Transactions on Speech and Audio Processing [16,
17]. We faced a problem with isolated word recognition on
a database containing 20 Turkish words repeated by about
200 persons of different genders and ages [16]. Our primary
problem in the recognition stage of isolated words was the
intra-speaker differences along with the inter-speaker differ-
ences for words of the same class. At the time, we believed
that we could eliminate all possible differences in each word
repeated by about 200 persons. Therefore, we started with
a mathematical model representing differences in the pro-
nunciations, the common part of the repetitions in the same
class, and the possible errors in the calculations and record-
ings. In other words, for repetitions belonging to one class
or word, we had the following:

a, =a. ., +b +¢

ey

a,=a,,+b,+¢€,

where a,, a,,...,a,, are the vectors, more frequently known
as feature vectors (n X 1) in the pattern recognition area; m
is the number of feature vectors used in the training stage,
b, b,,..., b, are the difference vectors representing the inter-
class and intra-class differences; a_., is called the common
vector, which includes invariant properties of each class used
in the training stage, and €|, &,,..., €, are the error vectors
that may arise in calculations. We assume that a_,,, repre-
sents the common part of one of the classes in the training
set.

Now, the main problem after setting up a mathematical
model for the repetitions was to determine the common
vectors, a..,,’s, of all classes. In fact, when all vectors in
class C = {a,, a,, ... ,a, } (mis also the number of vector
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equations) in the training set were given, we had to calcu-
late m+ 1 vectors, that is, one common vector and m dif-
ference vectors. In other words, we had m vector equations
and m + 1 unknown vectors. This is known as the under-
determined case. Furthermore, the number of unknown
vectors is always one larger than the number of vector
equations in the mathematical model. Unfortunately, there
are infinite solutions of unknown m+ 1 vectors that may
satisfy the mathematical model; in other words, the solu-
tion of the unknown vectors is not ever unique. This prob-
lem was solved previously using subspace methods when
the number of vectors used in the training set was less than
or equal to the vector dimension [16, 17]. This was known
as the insufficient data case. Moreover, each class had its
own difference subspace, that is, the different classes had
different difference subspaces. Later on, a unique differ-
ence subspace was formed by combining all difference
subspaces of all the classes to be recognized. In addition,
it was used in the calculation of the common vectors of all
the classes, which is known as a small sample size problem
in the literature of pattern recognition area. The common
vectors in this final case were called the discriminative
common vectors [18].

In this study, we propose a pseudo-inverse-based
approach to calculate the common vectors, which will be
unique for each class and referred to as “pseudo-common
vectors” hereon. With this new idea, we will demonstrate
the possibility of other solutions for the common vectors.
For calculating pseudo-common vectors for each class, we
must introduce a couple of constraints before trying to solve
the relations in the mathematical model given in Eq. (1).
One constraint will be that the common vector, a_,,, should
never be a zero vector and must be unique. The error vectors
in the model may be combined with the difference vectors in
the relations. However, in any case, they should not be too
large in magnitude or any larger than their training vectors.
This leads us to the use of pseudo-inverses to assign reason-
able values to the common and the difference vectors. In
the experimental studies, the performance of the classifier
is tested in three different databases: one for isolated speech
recognition, one for face recognition, and the other for hand-
written character recognition. It must be pointed out that the
proposed approach is simpler and faster when compared to
the calculation of pseudo-inverses, which will be explained
in the rest of the paper.

In the next section, we will introduce some basic knowl-
edge about pseudo-inverses. Section 3 includes the com-
putation of the first form of a pseudo-common vector. The
simplification of the calculations is described in Sect. 4.
Furthermore, the computation of the second form of pseudo-
common vector is presented in Sect. 5. Experimental work
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on three databases for classification is given in Sect. 6,
while Sects. 7 and 8 include the discussion and conclusion,
respectively.

2 Background for the Pseudo-Inverse

In many machine learning algorithms, it is necessary to
find a solution to linear equations of the type Ax =y with
m equations and n unknowns for the underdetermined case
(m < n). Since there are more unknowns than equations,
infinitely many solutions are available. In this case, least
squares can be used to choose a solution x’ among the
many solutions that minimize Ax" — y. If the matrix A has
full rank, i.e., rank(A) = m, then the pseudo-inverse of A is
obtained from A" = AT(AAT)_1 (especially when m > n)
[19]. However, if A is rank-deficient, the Moore—Penrose
inverse of A cannot be determined from A" = (ATA)_IAT.
In this case, singular value decomposition (SVD) can be
used to calculate A*. The solution for least square prob-
lems can be obtained by solving the normal equations
or using QR decomposition or SVD [20, 21]. The SVD
approach generally is slower than QR, but both of them
are stable [20]. Many algorithms have been proposed
for speeding up the computation of the pseudo-inverse
[22—-24]. Furthermore, the pseudo-inverse has been used
in many applications such as regression, data analysis, and
classification [25-29].

Pseudo-inverses are one of the subtle subjects for engi-
neering students, mainly used to solve x € R™! in the
linear system of equations as mentioned in the previous
paragraph:

Ax =y 2

where A is an m X n matrix and y must be an m X 1 vector
and both are well defined numerically. The vector, x, has a
size of n X 1 whose components are to be determined. This
relation is mainly used for linear regression (or curve fitting)
problems. Let us start with a simple example to clarify our
point.

Example Let us try to find the best line equation that passes
as close as possible to the three data points with coordinates
(x] Vi ) (xz, y2) s (x3, y3) in a two-dimensional space. The line
equation in this case may be expressed with

y=ax+f 3)

where a is the slope and f is the y-intercept of the line. The
parameters « and f are to be determined. A vector—-matrix
relation can easily be established using the idea that each

of the three data points must approximately satisfy the line
equation above. That is,

Vi x 1 o €]
Y2 |=]x1 ) +] & @
Y3 x; 1 &
or else
x 1 "
y=Ax+e, A=|x, 1| xz[ﬂ] 5)
x; 1

where the components of the 3 X 1 vector y are the y-coor-
dinates of the points, « and § are the components of the
2 X 1 vector x; € is the 3 X 1 vector of errors, and A is the
only matrix in the relation which has the size of 3 X 2. The
components of the vector x can be calculated by minimiz-
ing the sum of error squares, that is, we will start with the
error vector:

eE=y—Ax
then, the sum of the error squares is "¢ = £ + £ + &3

= (yT —xTA")(y — Ax).

In order to minimize the sum of error squares with respect
to the vector x, the critical point must be calculated by taking
its derivative and equating the result to the zero vector:

d(ee)
dx

=0=24TAx - 247y

If the inverse of ATA exists, then
x=(ATA) ATy (6)

This is the overdetermined case, and the solution is usually
possible when the number of data points is equal to or larger
than the number of components in the vector x. When the
number of data points is equal to the number of components
in x, a direct solution is possible as

x=A"ly @)

whenever A~ exists. However, when the number of data
points is less than the number of components in x, then there
are infinitely many possible solutions for x in Ax = y. This is
called the underdetermined case, where if one is still looking
for a unique solution, some constraints must be imposed on
the vector x.

It could also be noted that the parameters in the linear set of
equations may be linearly dependent. However, our problem
is that we should not introduce these sorts of complications.
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Therefore, we will instead try to find a unique solution to
Ax =y, e.g., under the constraint, “x'x must have a mini-
mum value while solving x in Ax = y.” This will lead us to a
unique solution with the pseudo-inverse concept. One of the
best descriptions of pseudo-inverses is given in [30].

In summary, if A~"does not exist in relation to Ax = y, then
the pseudo-inverse of A, which is shown with A", can be used
for calculating the vector x as

x =A%y, @®)

3 Computation of the First Form
of the Pseudo-Common Vector

The application of pseudo-inverses will be shown for a one-
class problem only to avoid any ambiguity. The reader can
easily extend the idea to any multi-class problem. Suppose
that we have a class of feature vectors (by definition, feature
vectors are vectors whose components are numerical values
assigned to the features of the objects under classification),

C={a1,a2,...,am} 9)

with the mathematical model given in Eq. (1), which will be

repeated in here by replacing a.,,,, with @, for convenience

al = apcom +b1 + 61
a2 = apcom + bz + 62 (10)

a, = apcom + bm +é,

where a;, Qpcoms b,g € R™lfori =1,2,...,m. We preferred
to use the newly introduced pseudo-common vector as @,
in order not to confuse it with the previously calculated com-
mon vector a,,,. The above set of equations can be com-
bined and represented with one vector—matrix equation:

a
pcom
a Inxn In><n Oan 0n><n b1 €
aZ _ nxXn UnxXn tnxn *°c Vnxn 62
J= . . PO b, |+]| . (1
a, Inxn 0n><n 0nxn Inxn b Em

m

where the first row of Eq. (11) corresponds to the first vector
equation in Eq. (10), the second row of Eq. (11) corresponds
to the second vector equation in Eq. (10), and so on. Or,

more simply, define the vector yas y* = [a] a] ... a] |€
R the parameter vector to be identified

T_|[,T T T T (]
X =180, by b, ...b, ]ER (m+Dnand the error vec-
tore" = [e] &1 ... €' |€R™™ The only matrix A in the

above relation is mn X (m + 1)n dimensional. Finally, the
vector—matrix equation can be written as:

@ Springer

y=Ax+e¢

The vector x can be solved using the aforementioned
pseudo-inverse concept as x = A%y which minimizes the
sum of error squares. A direct use of the vector—matrix rela-
tions may cause problems in using the MATLAB type of
programs due to the extremely high dimensionality of the
matrix A in most of the classification problems.

Similarly, when a feature vector, a,, whose class is
unknown in the test set is taken to determine its class, a
similar procedure must be followed. The math model with
the inclusion of a, will be as follows:

— ! / !
a =a,,.+ b, +¢
B (12)
a, = apcom + bm + Em
— ’ ’
a, =a,,., +b +e.
Or with the vector—matrix relation
-, A
a apcom e
_ ¢ '
a In><n Inxn 0n><rz cee 0n><n bl P
2 0 0 b! 2
: — nxXn Vnxn fnxn cct Vnxn 2 + : (] 3)
: : O : ’
a I3
m !
a Inxn Ol'le’l Onxn M In><n . bm 6’/”
X b/ X

where y’ is the vector on the left-hand side of equality
with (m + 1)n X 1 dimensions, x’ is the parameter vec-
tor to be calculated using pseudo-inverse solution with
(m 4 2)n x 1dimensions, A’ is the matrix in front of x’ with
(m + D)n X (m + 2)n dimensions, and €’ is the error vector
with (m + 1)n X 1 dimensions. The vector—-matrix relation
in this case will be

y =A% +¢ (14)
The pseudo-inverse solution of x’ will be
X' =(a")"y (15)

This minimizes the sum of error squares.
The distance of the test vector a, to the pseudo-common
vector of that class can be measured from

2 _ ! _
d. = ’apcom @pcom

2
x |

16)

This will help us in the classification process of @, and will
be used in the decision criterion. If j = 1,2, ..., ¢ indicates
the class numbers in C = {C,,C,, ..., C,}, then the decision
criterion will be

ad -

pcom pcom

2
C, = argmin ’ for j=1,2,...,c. (17)

x=j
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If the distance is minimum for cth class, a, is assigned to
that class.

Let us remember that the operations with the vector—matrix
relations will be troublesome. Therefore, they need simpli-
fications at least in their own dimensionality for the sake of
calculability.

4 Simplification of the Calculations

4.1 Conversion of the Vector-Matrix Relations Back
to Scalar Relations

Extreme dimensionality in A and A’ matrices is not
important at all because the vector equations of the type
in Eq. (1) can be converted into their scalar components
with ease. Let us explain this with a simple example.

Example Suppose that the class C has two feature vectors in
its training set, then C = {a] s az} with its math model

al = apcom +bl +£1

(18)

a2:a +b2+£2

pcom

Also, suppose that a,, ay, @y, by, by, £, and 2
are all two-dimensional vectors where a; = [all 012]
and a, = [a21 ay ]T. The vector relations above can be
repeated in their scalar components

1 _ pcom, 1 11
ap | _ @ + b, £
ajp Apcom, by, €12
Ay | _ | %com, by, €91
= +
an Apcom, by €2

or the first rows and the second rows may be combined sepa-
rately as shown below:

| all \ | apcoml \ | bll | | 611 |
[ | ] [ 2] [ | ] [ | ]
‘]22 “pcomz l22 622

Or with the first and second rows, our standard form of
y = Ax + € can be easily written

ap ] _ [t ro][Sem ], [en
ay, 101 1 €5
S b3

a,] 110 “Pg"mz L [en
ay| [101 b; £y

+

19)
+

(20)

In conclusion, the first components in the math model
can be combined to find the first component in @, Simi-
larly, the second components can be combined to find the
second component in d,,. Another fortunate event is
that the matrix A is the same in both relations. The above
example can be extended to any n-dimensional vectors
with ease by writing similar equations with the first, sec-
ond, etc., and finally nth components of all the vectors in
the training set.

4.2 Derivation of the First Form
of the Pseudo-Common Vector

In this section, we will try to derive a general equation for
calculating the pseudo-common vectors using an induction
method. This method will start with one of the simplest
cases given in the example of the previous section where
the (feature) vectors were all two dimensional. The matrix
A was calculated as

110
A= [ 101 ] ’
If the feature vector a, is one of the test vectors whose
class is to be identified, then keeping in mind the example

of the previous section, a component-wise simplified form
of Eq. (13) can be written as

— - — __a’ ] — -

ap 1 100 l;:,"ml €}

ay [=| 10 10 I+ e
[ ay | [1 0 01 | b;: | £, |

5 - (22)

[ a, | [1 100 | oy _5:12_

ap |=(1 0 10 b’12 +| &5,
[ ap | |1 O O | b%i | £, |

If the training set has only two-dimensional two vectors
for a class as above, then the matrix A’ can be written as:

1 100
A'=[1 0 10
1 0 01

Another simplification is related to the pseudo-inverses
of the matrices A and A’. For example, if

1o 1/3 1/3
A= [101], then A*=|2/3 -1/3 23)
~1/3 2/3

orif
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1/4 1/4 1/4
1100
3/4 —1/4 —1/4
—_— +_
A= 18(1)?’ then A=\ _1/4 3/4 _1/a
-1/4 —-1/4 3/4

(24)

The matrices A and their pseudo-inverses have standard

forms for any dimensionality. If m is the number of vectors

in the training set from which we want to calculate @y,

then each component of the pseudo-common vector can
be calculated from the following relation:

a

o

i .

by, |=A*| | for i=12 .. .n (25)
: a

bml mi

Therefore, a,..y, is just a scalar multiplication of the first

row of AT with the vector composed from the ith components
of the feature vectors. That is, when m=2,

11 ay; .
a —[——][ fori=1,2,...,n.
pcomy; L] ’
i 33 ay;

1
Or when m=3, apcomlz[é—1

N
N

| IS
Q
»
—
o
]

i=1,2,...,n
Or, in general, by induction for any value of m, where m is
the number of vectors in the training set,

ay;
_ |1 1 1 Ao
pcom, el mtl el : for i=12...n
a

(26)
This final relation saves us from the calculation burden of
the pseudo-inverses of A. Thus, it greatly reduces the number
of operations.
One must be careful in the calculation of al’3 com Whenever a,
is added. That is,

ay;
an;:
R R E S S U | R O
pcom; m+2  m+2 m+2  m+2 . — o
Qi
[
(27)

4 —

((m+ Da, + (m+ Day + -+ (m+ Da,, + (a, +a, + - +a,,))

This result is due to the change of A to A. Notice that the
relations given in Eqgs. (26) and (27) are close to the average
value relations given in the first part of “Appendix.” The gen-
eral form of the pseudo-inverse of the matrix A is derived in
the second part of “Appendix.”

4.3 Distance in the Decision Criterion

The component-wise relations given in the previous subsection
can be written in vector form. If there are m feature vectors in
aclass C, thatis, C = {al, a,,..., am}, then

a a+a,+ - +a,) (28)

ron = g

or when we want to calculate a; -om With the addition of a,

1
a;wm = m+ 2(“1 ta,+--+a, +ax)' (29)

After being able to calculate a and a’ __ from their
pcom

pcom
simplified formulas given in Egs. (28) and (29), one may
start to wonder when the distance of any test vector a, to
the class C is equal to zero. A zero distance to a class C
will assure us that a, belongs to that class. Then, the fol-
lowing theorem will be useful and can be proved with
ease.

thena. =a

Theorem [fa, =a,, pcom

pcom*

Proof Starting with Eq. (29)

1
@ o = m—+2(a‘ +a,+ - +a, +a,) (30)

a, =d,,, means that

1
a, = a+a,+ - +a
Y oom+1 (a1 +a, n)
as it is given in Eq. (28).
By substituting this final relation in the previous one,

1 1
T = m_+2(a‘ +a,+ - +a,+ m—H(a, +a,+ - +am)>.
(31)

Multiply and divide the first m terms in the above sum-
mation with (m+ 1) to get

(32)

a =
peom (m+ D)(m +2)

@ Springer

(m+2) factors will be canceled in the numerator and the
denominator to get
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peom — L4 (al ta+ - +am) = Apcom = Ay (33)

O

This theorem tells us that the distance of a, to the class

C will be zero whenever a, = a,,,, due to the distance
2
/!

apcom ~ @pcom |

formula given in Eq. (16), di =

5 Computation of the Second Form
of the Pseudo-Common Vector

In the previous sections, we demonstrated what we called
the first form of the pseudo-common vector. However, a
second form of the pseudo-common vector can also be
calculated using pseudo-inverses and by playing with
the mathematical model that was given in Eq. (10). Our
first attempt is to imbed the error vectors into the differ-
ence vectors in Eq. (10) as in [16]; then, we will get the
following:

_ new
a; = ayeon + b}

a, =a,., +b"
peom =72 (34)
— new
a, =ayom + b
where b7 = b, + €, fori = 1,2, ...,m. The relation above
can also be written in the vector—matrix form as:
new
a, In><n b]
a2 I bneW
a |~ b [“pcom] +| 2 (35)
m : :
new
am Inxn bm

As previously stated, the vector—matrix relation is not use-
ful in our computations due to its high dimensionality. The
component-wise relations will be very useful for our calcula-
tions as demonstrated in the example of Sect. 4.1 in Eq. (20).
For the training set with two features, we will get
[all ] — [aPCOml ] + |:b111?W:| (36)

ayy apcoml bg?w
for the first components. For the second components, we will
have the following:
[alz] _ [apmmz] N [bf;gw] -
an apcomz bggw

A more general relation for this case when the number of
feature vectors is equal to m will be

10627
a e
a2 n?W .
"= Mol tpeom, +| 7% | for =120 38
Ay by

where the index i indicates the number of each component.
Then, the minimization of the sum of the norm squares of
the difference vectors with respect to the pseudo-common
vector can be achieved using pseudo-inverses, that is,

ay;

apcom,- = <[1mx1]+> a?i for i= 1, 2, A (N (39)

Ay

From here, we can deduce that each component of the @, ,,,
can be calculated as the average value of the related compo-
nents of the feature vectors in the training set due to the fol-
lowing reason:

ay;
1 1 ay

[lmX1]+ - m [lfxm] and Dpcom, = m [lTxm 2 40)
Ui

for i=1,2,...,n.

Or, in general, the second form of the pseudo-common vec-
tor will be the following:
apcom = E(al +(12+ '"+am) = Ay (41)
One can notice the similarity and the dissimilarity between
the two forms of the pseudo-common vectors in Egs. (28) and
(41) with ease. This is mentioned in the first part of “Appen-
dix.” The distance of a, to a class with an average value of a,,
is calculated from the following relation:
di = ”ax - aave” 42)
The distance in Eq. (42) is calculated for each class, and
the test vector a, is classified according to the criterion below:

2
a, —a

C, = argmin e

1<gj<C

(43)

where j denotes the class number. That is, the vector a, will
be assigned to the class where it has a minimum distance.

6 Experimental Work on Three Databases
for Classification

Three databases, TI-Digit, AR-Face, and MNIST, were used
in order to evaluate the performance of the proposed method.
Explanations about three databases and the experimental
results are given in the following subsections.
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6.1 Experimental Work with the TI-Digit Database

The TI-Digit database includes 11 isolated digits. Our TI-train-
ing and TI-test sets have 112 and 111 speakers, respectively.
Each speaker in these sets repeats each digit twice [31]. The
training set used in this study contains 224 repetitions from
the TI-training set and 202 from the TI-test set for each digit.
The test set contains the remaining 20 repetitions in the TI-test
set for each digit. Therefore, the repetitions or the feature vec-
tors in the test and training sets are completely separate in the
experiments. An identical number of male and female speakers
are used in the training set (213 male and 213 female) and the
test set (10 male and 10 female).

After end-point detection, the isolated speech is divided
into a frame of 256 samples with one-fourth overlap and the
frames are pre-emphasized. Furthermore, eleven root-melcep
parameters are extracted from each frame [32]. The mel-
frequency cepstrum (MFC) parameters are the coefficients
of a speech signal’s short-term power spectrum, relying on
the transformation of a log power spectrum on a nonlinear
frequency called the mel scale. Finally, roots of the resulting
parameters are taken. The feature vector for each repetition
is obtained from the stack of the frame parameters. Since the
dimension of the feature vectors differs for every digit, the
length normalization is obtained by padding random values
to the end of the feature vectors if the dimension of the feature
vector is less than 407 X 1. The short-duration utterances such
as the digits “four,” “three,” and “ow” need more padding. The
average number of padded samples for these digits is 242.15,
239.74, and 229.28, respectively. The overall percentage of
padding in the database is 50.7%. Since 20 feature vectors in
the test set are too limited to evaluate the recognition perfor-
mance, the leave-twenty-out strategy is used. Thus, the testing

Table 1 The recognition rates (%) attained for the TI-Digit database

“Leave-Twenty- Average vector The first form of the
Out” pseudo-common

Fold number vector
Training Test Training Test

1 90.33 84.09 90.33 84.09
2 89.97 91.82 89.97 91.82
3 90.12 90.45 90.10 90.45
4 89.99 92.27 89.97 92.27
5 90.20 85.91 90.18 85.91
6 89.99 92.27 90.03 92.27
7 90.14 88.18 90.14 88.19
8 90.14 91.82 90.14 91.82
9 89.93 94.55 89.95 95.00
10 89.88 92.73 89.88 92.73
11 90.06 89.55 90.06 89.55
Average 90.07 90.33 90.07 90.37
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stage is repeated 11 times to consider all the repetitions in the
TI-test set. The average recognition rates of all digits are given
in Table 1 for each fold.

6.2 Experimental Work with the AR-Face Database

The AR-Face database was constructed by two scientists,
Martinez and Benavente [33]. This collection comprises of
the RGB (red—green—blue) formatted face images of 126
distinct persons. The face poses include distinct expressions
of faces, lighting situations, or irregular occlusions. There
are 26 different facial poses, thirteen of which are shot in
the first session and the remaining in the second session
for each person. The image poses are saved in the matri-
ces with the size of 576 X 768 pixels. In the experimental
work, first, the RGB-formatted poses were transformed into
black-white poses with 8-bit representation. Their sizes are
reduced into 143 x 191 pixels as illustrated in Fig. 1. All the
faces are aligned by localizing the eyes and noses of per-
sons. Then, a cropping operation is performed on all resized
poses. They are cropped to the dimension of 100 x 85. Fig-
ure 2 includes only face portions of arbitrarily selected five
persons. Accordingly, 30 male and 20 female persons are
arbitrarily selected and their 14 poses containing distinc-
tive facial expressions and lighting situations are used in
the experiments. In total, 700 face poses are used. A cross-
validation procedure is applied for the classification where
13 out of 14 facial images of every person are separated for
the training, and the other one facial image is separated for
the testing in each step of the cross-validation. Consequently,
the cross-validation procedure comprises 14 different steps.
The average classification rates of all persons in each cross-
validation step are presented in Table 2.

Subsequently, the poses affected by the maximum illumi-
nation (two-side illumination) are removed so that one pose
per session is not involved in the new classification scheme.
Therefore, a cross-validation procedure is applied for the
classification where 11 out of 12 facial images of every per-
son are separated for the training, and the remaining one
facial image is separated for the testing steps. The average
classification results of all persons in each cross-validation
step are given in Table 3.

6.3 Experimental Work with the MNIST Database

MNIST is a handwritten digit database with 70,000 samples,
of which 60,000 are training and 10,000 are test samples. It
is a subset of a larger handwritten character database called
NIST [34]. The digit classes of NIST are used to generate
MNIST [35]. These images are normalized and centered in
an image with 28 X 28 pixels. The center of the gravity of
intensity is fixed to the center of the image. Moreover, sam-
ple images from the MNIST database are given in Fig. 3. We
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Fig. 1 The original images of five persons selected arbitrarily from the AR face database. (Each image has a size of 143x191)

executed experiments to investigate the speckle noise effect.
In Fig. 4, sample images from the MNIST database and their
speckle noise added versions for variances ¢ = 0.01 and
o = (.1 are given. The experimental results for the MNIST
database are given in Table 4. The average vector and the
pseudo-common vector give the same results as expected
since the number of the training vectors increases causing
a convergence of the pseudo-common vector to the average
vector.

7 Discussion

If the recognition accuracies given in Table 1 are analyzed,
the results for the test vectors are slightly higher than that
of training vectors for the TI-Digit database; this outcome
is pleasing. These results show us that the first form of the
pseudo-common vector approach is as good as the approach
using the second form, that is, the average vectors, but it
does not increase the recognition accuracies to the level of
the other state-of-the-art recognition methods.

On the other hand, the training recognition rates are higher
than those of test vectors for the AR-Face database (Table 2) as
expected, because the number of training vectors is quite low.
If one increases the size of the training vector, the accuracy of
the test vectors may be close to that of training vectors and may

reach to more satisfactory rates. Since the approach proposed
in this paper is based on the least square estimation, more
training vectors implicitly mean an influential minimization of
error; therefore, we may conclude that the approach inherently
needs a larger number (greater than the number of training
vectors) of vectors in a training set because of its natural math-
ematical model. In addition, if the two poses, which include
two-sided illumination effects—that is, the hardest illumina-
tion condition (an illumination source gives light to both sides
of faces that can be seen on the seventh pose of each individual
in either Fig. 1 or 2)—are removed from the database, the
total number of face poses decreases to 12 for each person.
Subsequently, the average recognition rates are increased to
78.42 and 72.83 for the training and test sets, respectively, if
all of the pseudo-common vector experiments are repeated for
the AR face database where two poses including two-sided
illumination effects are removed (Table 3). One can easily
infer from these results that illuminated poses contain a large
value of variance from the ensemble mean. Therefore, they
are not compatible with the inherent nature of poses for each
individual. It can also be concluded that the pseudo-common
vector is more robust than the average vector under illumina-
tion conditions since the test set results of the pseudo-common
vector are higher than those of the average vector for 14 poses.

The recognition rates in the MNIST database given in
Table 4 are also lower compared with the state-of-the-art

@ Springer
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Table 3 The recognition rates (%) attained for the AR face database

for 12 poses

“Leave-One-Out” Average vector The first form of the

Fold number pseudo-common

vector
Training Test Training Test

1 81.10 94 76.55 96

2 81.10 94 77.09 94

3 81.45 92 77.09 98

4 82.90 70 77.45 84

5 83.81 52 81.45 30

6 85.63 38 81.27 24

7 80.73 98 77.09 100

8 81.45 90 77.09 98

9 82.55 88 7745 96

10 83.27 66 77.27 88
Fig.2 The face portions cropped from the original images given in i 81.99 Iy 80.36 38
Fig. 1. (Each image has a size of 100x 85) 2 86.00 42 80.91 28

Average 82.67 74.83 78.42 72.83

Table 2 The recognition rates (%) attained for the AR face database

Lo ow Mo i (S g 2 g 5w Z
vector

Training Test Training Test 7 S' 7 } g_ &- J’ { ? a..
1 7031 90 70.15 94 f_l 2 q f?ﬂﬂn 6
2 71.38 84 69.85 94
3 7231 76 70.15 94 2 -7 ﬂ.) 255 q ‘3 —)
4 72.92 58 71.54 74 -3 / 7
5 71.54 84 72.62 52 & 3 O s s / 2
6 74.15 s 7431 4 sy /2 6 X O 7 /] 3
7 78.00 8 75.54 6
8 7154 76 69.69 98 3 Y &) R 7 i [ €O
9 71.38 66 70.31 90
10 71.85 70 70.92 88 / 0‘( ; £ 7 / s V&
11 74.00 ) 72.46 66
12 71.23 90 71.23 72 kOa -% f .b S' ( 9 3 Q
13 72.31 68 73.54 46 o 6 7 0
14 77.08 16 75.54 10 S 7 " / [ Z\
Average 72.86 63 71.99 66.14

Fig.3 Sample images of the MNIST database

values, but they are not as bad. In fact, one may deduce

that adding a little noise (6 = 0.01) to the numerical charac- (¢ = 0.1) starts to degrade recognition rates. Some of the
ters helps us distinguish the numbers better compared with ~ reported classification performances of the state-of-the-art
the clean numerals, whereas adding a higher level of noise ~ methods in the three databases are given in Table 5. These
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first row for clean images, the second row for noisy images with
o = 0.01, and the third row for noisy images with ¢ = 0.1

Table 4 The recognition rates (%) attained for the MNIST database

Average vector Pseudo-
common
vector

Training 80.8 80.8

Clean test 82.04 82.04
Noisy test (6 = 0.01) 82.41 82.41
Noisy test (c = 0.1) 80.52 80.52

results show that the pseudo-common vector approach does
not increase the recognition accuracies to the level of the
other state-of-the-art recognition methods. The results can
only be compared with methods that use the average values
of the classes. However, the main reason why the method-
ology in the paper is introduced is to show the possibility
of using a completely innovative approach in the pattern
recognition problems.

8 Conclusion

In this paper, we proposed the pseudo-common vector
approach in the context of the pattern recognition area. The
pseudo-common vector is defined as a nonzero and unique
vector for a class. The previous implementation of common
vectors comprised the same properties. However, in the pre-
vious work, the calculation of common vectors was based
on long-continued eigenvalue—eigenvector decompositions.
Therefore, the process was realized in a complex manner
although the modeling of feature vectors is quite simple.
This paper introduces a pseudo-inverse-based approach
to find common vectors which represent a class appropri-
ately. In mathematics, and particularly in linear algebra,
a pseudo-inverse is a generalization of the inverse of a
matrix. A popular use of pseudo-inverse is to compute a
best fit (least squares) solution to a system of linear equa-
tions that lacks a unique solution, or, in other words to find
a minimum norm solution to a system of linear equations
with multiple solutions. This paper introduces substan-
tially simple ways to compute a pseudo-common vector of
a class using the pseudo-inverse concept. The application
of this concept led us to Egs. (28) and (29). The first form
of the pseudo-common vectors is obtained by dividing the
sum of all training vectors in a class into their total number
plus one (m+ 1). Thus, it is very close to the class aver-
ages, which are the second form of the pseudo-common
vectors, especially when the number of feature vectors in
the training set is large. In other words, only an ordinary
division operation is required in order to calculate the
first and the second forms of the pseudo-common vectors

Table 5 State-of-the-art

> ol TI-Digit
classification results (%) on
the TI-Digit, AR, and MNIST HTK [36] 99.11
databases HMM [38] 98.24
CMN [39] 98.56
HTK [40] 99.53
CD-HMM [42] 99.80

AR MNIST

Eigenface [18] 79.14 LeNet-4 [37] 98.90
Fisherface [18] 98.85 LeNet-5 [37] 99.05
Direct-LDA [18] 98.64 Virtual SV [37] 99.00
DCVA [18] 99.35 Pair-wise SVC [41] 98.48
2DPCA [43] 89.80 Dong et al. [44] 99.01
SRC [45] 94.70 Belongie et al. [46] 99.37
SVM [47] 97.60 Teow et al. [48] 9941
CRC_LRS [49] 93.70 Liu et al. [50] 99.18
LC-KSVD2 [51] 97.80 Mayraz et al. [52] 98.30
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of a class. Hence, a practical and computationally easy
approach is proposed.

In future work, we will try to show how improvements
can be made in pseudo-common vector approaches in order
to increase the recognition rates at least to the high values
obtained in our previous work [4].

Appendix A

Average Values

The relations given in Eq. (20) will be repeated below for
convenience

[an] _ [apcoml ] + [bn] + [511]
ay) Apcom, by €21
[aIZ] — I:apcom2:|+[b12:|+|:512:|.
an Apcom, by, €2

The above relations may be written as:
ap | |1 10]|by €1
[%1] N [1] [apmm]] i [0 L] [y " €21
ap | |1 10(] by, Ep
[azz] - [1] o] + [0 1] [bzz Tlen

The differences above can be combined with the errors:
ay| |1 10||b,+€,
[aZI] B [1][apcom]]+[0 L[ by +&y

apn _ 1 10 b12 + [3P)

[azz] - [ 1 ] [com. | + [0 L] [ by +ep
Assuming that all the errors are imbedded in the dif-
ference components of the feature vectors, then the mini-
mization of the sum of the norm squares of the difference

vectors with respect to the pseudo-common vectors can be
achieved by using pseudo-inverses, that is,

1 * a 1 * a
_ 11 _ 12
o =[] 2] om0 =[] 2]

or else

Apcom, = [1/2 1/2] [all] and Apeom, = [1/2 1/2] [CllZ].
a2 2 ay

In the above example, we may conclude as the first
component of the common vector is equal to the average
value of the first components of the feature vectors in the

@ Springer

training set. And the same thing is true for the second
components. We should just remember that multiplying

both sides with the pseudo-inverse of the matrix of [ } }

minimizes the norm squares of the common vectors. Or in
general,

m

1 1
apcom - Z(al +a2 o +am) = %;a/ zaave

minimizes the norm squares of the pseudo-common vectors.
This was given with the Criterion 1 in our earliest paper [1].
In our new approach, the first form of the pseudo-common
vector is a bit different than the average vector. The divisor
in the new approach is equal to m+ 1 instead of m. If mis a
small number, then the pseudo-common vector will be far
different than the average vector. But if m is a large number,
then the pseudo-common vector and the average vector will
get close to each other.

Appendix B

A General Solution of the Pseudo-Inverse
of the Matrix A

The matrix A was given as A = [ I (1) (l) ] in Eq. (23) and
1 100

A=|1 0 10 |inEq. (24) when the number of data
1 0 01

was equal to m = 2 and m = 3, respectively. Whenever we
want to write the matrix A for any value of m, then we will
obtain the general form of A as follows:

A =1, I, ] € R™™D where 1, is a vector
whose components are all ones with the dimensions given
in its own subscript and I, is an identity matrix whose
dimensions are also given in its own subscript. We may
decompose the matrix A into two matrices

B= [1,,,Xl 0, | € R0 and € = [0, 1
sothat A =B+ C.

We may also write their transposes with ease

] I= Rm><(1n+ 1)

mxm

17 17
AT — [ 1xm c R(m+1)><m’ BT — [ 1xm c R(m+1)><m ,
mxXm mxXm
T 0 T T T
C'=| xm| g RmtDxmgqthat A = B + C".
mxXm

The multiplication of A with its transpose will give us a
square matrix of m X m

AAT = BB + CC".

Since BC" and CB™ both will give zero matrices, the above
relation may be rewritten as:
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T T T T T
AA" =BB +CC =141, +1,..1,, . V%
T T . L A=lu u - u,] L Oy O "
AlsoB'B=1 1, =misthe total number of data used 00— 11 Tim—tyxm=1) Opm—1yx1 K
in the matrix A. The only nonzero eigenvalue of BB" is equal Vit
to m, and all its other eigenvalues are zeros since BB has =vVm+1lu 1V1T + ”2"5 4ot um";
rank 1. (B.2)
The singular value decomposition of the matrix A is
A =U,S,V). Then, /NVm+100,
+ — T
AAT =U.S VTV STUT 2. A" = VA 0(m—1)><1 Im—1)><(m—l) UA
424V 4 Va0, Uy 011 0 n1 (B.3)

where VZVA =T 1)x(mt1) @0d SASX = A, are diagonal
matrices. The eigenvalues of AAT will be the diagonal ele-
ments in A,,r. Then, AA™ can be written as:

AAT = UAAAATU} = BBT +Im><m (Bl)

Premultiplying all sides of Eq. (B.1) with U; and postmul-
tiplying with U, will give us the following:
Ay =UBB'U, +U,U, =U,BB"U, +1,,,,,

Therefore, UfT‘BBT U, is a diagonal matrix with the diagonal
elements of m and all zeros, that is,

T
m 01 m—1) ] .

Aggr =U,BB'U, = [
0(m—1)><1 O(m—l)x(m—l)

Then,

T
m+1 01><(m—1) ]

Aypr = Aggr + 1, = [0 I
(m=1)x1 *(m-1)x(m-1)

After determining all the eigenvalues of AA”, we may write
S 4 in terms of singular values as follows:

T
g, - l\/m+1 00y Ona ]

00— 1yx1 Lin-1yxm-1) Om-1yx1
Then, the pseudo-inverse of S, can be written as:

1/v/m+1 01Tx<m_1>

+ _
SA_ 0(m—l)><1 Iglgn—l)x(m—l) .
01><1 0

1x(m—1)

Now we have two relations to calculate the pseudo-
inverse of A by using SVD,

1. A=U,S,V}
2. At =V,SU;

If we represent U, and V4 with their singular value vec-
tors, A and A" can be written as follows:

T

—;v ul +voul 4+ +v,u
- 1% 289 m%m

m+1

From Eq. (B.2), the transpose of A can be found as:

AT =Vm+ lvluT +v2ug + - +vmurTn.

The last (m — 1) outer product terms are the same in Egs.
(B.2) and (B.3). Let us define them with the matrix E and
the matrix D as:

E = vzug + -+ vmu;

.
D=vu,.

Then, Egs. (B.2) and (B.3) can be written in terms of D
and E as follows:

1. AT=vVm+1D+E. (B.4)
1
+ _
2. At = D+E. (B.5)

Vvm+1

The following relation is reached by subtracting Egs.
(B.4) and (B.5) side by side:

m m T

—AT _
D=A viu, (B.6)

At =A" -

m+1 m+1

This final relation tells us that two singular value vec-
tors u, and v, must be calculated to obtain all the elements
of A™.

Calculation of u;and v,

We will start with

AAT = U A, 0 Uy = [uy uy -

@ Springer
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T m m m
where Ayyr = |05 S I g
(m=1)x1 L (m-1)x(m-1) At = 11><m N o7 o
In terms of outer products, AA™ = (n + Du,uT +u,ul + - +u,ul. ) . : : :
Postmultiplying both sides by u, we will get the following: 11 1
m+1 m+1 T om4+1
AATu, = (m+ Du, LU SR
mr-rll—l m_-{il m_+l]
which is an eigenvector problem. Using the constraint of mel m+l k1
. ==L = =L | & Rim+Dxm
[|ee, || = 1, we will get iR
ul = [L - ...+ Lo m
[ ﬁ \/E \/E ’ | m+1 m+l m+1 |
In order to calculate v;, one needs to calculate ATA
T TysT T . T
as AA=V,SUUS,V,. Since U, Uy=1 and
STSy = Ayry, ATA will be
References

ATA=V, A, V!

T

m+1 01T><(m—1) ;

=[vi vy Yy | 06— 1yx1 Lon—1)xm—1) v:z
01><1 OTXm vT

m+1

ATA can be written as the outer products of its eigen-
vectors as follow:

T T T T
A A=(m+ Dy, +vpy, ++v,p .
By postmultiplying with v;, we will get the eigen-
value—eigenvector relation

ATAv, = (m+ y,.

ATA has the form of
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1 1 1
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From the last two relations, v, will be calculated as:
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Finally, A* can be calculated by substituting D in the
left-hand side of Eq. (B.6) as follows:
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