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Abstract—In this study, we present some approximation results in modular spaces for positive
linear operators with the use of P-statistical convergence which is recently added to literature by
combining statistical convergence and power series. As an application, we provide an example
which shows that our theorems are efficient to use since P-statistical convergence assigns a limit
to a divergent sequence. It is noteworthy to express that a sequence can be statistically convergent
without being P-statistically convergent and vice versa.

DOI: 10.1134/S1995080223110379

Keywords and phrases: Korovkin type approximation, power series method, statistical conver-
gence, modular spaces.

l. PRELIMINARIES

Korovkin theory enables a very simple and useful criterion in order to approximate a function by
nicer and simpler functions and its motivation depends on the proof of Bernstein which is a smart
alternative proof of Weierstrass Theorem. Explicitly, Weierstrass Theorem expresses that algebraic
polynomials are dense in the space of continuous functions and Korovkin has extended Weierstrass’s
ideas by formulating a generalization known as Korovkin Theorem. Korovkin’s work further depends
our understanding of approximation theory on the uniform convergence of positive linear operators in
Cla, b], the space of continuous real valued functions defined on [a, b], by testing the convergence only
for {1, 2,22} [18]. This theorem is a fundamental result in the theory of approximation which aims
to find simpler functions that can closely approximate more complicated ones. Until 2002, various
analogs of Korovkin theorem have been studied in [1, 4, 13, 16, 20]. In the approximation theory it
is effective to use weaker convergence methods than ordinary convergence in order to get more general
and strong results. Actually such attempts have been initiated by Gadjiev and Orhan in [15] with the
use of statistical convergence. Later this process has been improved and many generalizations have
been stated in this direction [2, 12, 17, 21, 23, 24]. One of these directions is using the P-statistical
convergence [3, 10, 11]since it overcomes the lack of convergence.

In this paper, we extend some earlier results in modular spaces via P-statistical convergence [24].
We also give an example to show that our Theorems 1 and 2 are stronger than Theorems 3.2 and 3.3
in [4] respectively. The effect of P-statistical convergence is already shown by providing such examples
which may converge in P-statistical sense but may not be statistically converge and vice versa [24].

First of all, let us recall P-statistical convergence which is the main tool of this study.
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Let (p;) be a sequence of reals with pg > 0 and p1, pa, ... > 0 with p(t) := Z‘;‘;O p;t/ and radius of
convergence R € (0, oo]. If the limit

1 o0
Ii T
iR plt) ; 5iPj

exists, then it is called that s = (s;) converges to [ in power series sense [19, 22]. The regularity of power
series is checked with this limit

lim =0, foreach j €& Ng.

P-statistical convergence is a novel extension of ordinary convergence [9], i.e., a sequence can be
P-statistically convergent but not ordinary convergent. The idea behind it is combining statistical
convergence and power series in order to obtain a powerful, incompatible concept of convergence. Let
us recall its definition.

Definition 1[24]. Let P be regular and K C Ny. If

1 .
op(K):= 1li 7
P( ) t—1>I]1~;Ll* p(t) g}:{pj

exists, then §p(K) is called the P-density of K. The sequence s = (s;) is P-statistically convergent to
lifforeverye > 0, dp(K.) = 0, that is

1 .
lim pit! =0,
t—Rr- p(t) jgf;s J
where K, = {j e N : [s; — 1] > ¢}.

Now we define the concepts of P-statistical limit superior and inferior similarly as in [14] which is
another important tool in summability theory. There are also many studies on statistical limit points,
cluster points and their relationships. These concepts have already been extended by A-statistical
convergence, uniform statistical convergence and ideals.

Definition 2. Let s = (s;) be a sequence in R and Ky ={beR: op{j: s; >b} #0}. P-
statistical limit superior is defined by
sup K5, K # 0,

stp — limsup s =
{—oo, K, = 0.

Similarly let Ly = {a € R: dp{j : s; < a} # 0}. P-statistical limit inferior is defined by

inf Ly, L # 0,

stp — liminfs =
00, Lg=10.

Note that we understand from dp(K') # 0 that either 0p(K) > 0 or dp(K) does not exist. We also
assume the regularity of the power series method P along the paper.

2. KOROVKIN-TYPE RESULTS IN MODULAR SPACES

The notions about the modular have been deeply discussed in [4—8]. However we believe that it would
be convenient to recall these concepts here. Consider the bounded interval I = [a,b] C R donated by
Lebesgue measure and let X (1) be the space of all real valued measurable functions on I with equality
almost everywhere, and C'*°(I) be the space of all infinitely differentiable functions on I.

A functional p : X (I) — [0, 00] is a modular on X (1) if

(i)p[f] =0iff f =0a.e.on I,

(ii) p[=f] = p[f] for any f € X(I),

(iii) p[mf 4+ ng] < p[f] + plg] for any f, g € X (I) and for each m,n > 0 such that m +n = 1.
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[t is said that p is Q-quasi convex provided that there exists a constant ¢ > 1 such that the inequality
plmf +ng] < QmplQf] + Qnp[Qg]

holds for any f,g € X(I), m,n >0 such that m+mn =1, in case of Q =1, then p is convex, if
there exists a constant @ > 1 such that p[mf] < Qmp[Qf] holds for any f € X(I), f >0 and m €
(0,1], then p is Q-quasi semiconvex. Easily, one can see that Q-quasi convexity implies @-quasi
semiconvexity. Also p is monotone if p[f] < p[g] for every f, g € X(G) with |f] < |g|.

Here are the most significant subspaces of X (I) in terms of p:
LIy = {f € X(I): lim plaf] =0},
a—0t
EP(I):={f e L°(I): plaf] < coforalla > 0}.
[t is said that L(I) is the space generated by p and E”([I) is the space of the finite elements of L(I). If
p is Q-quasi semiconvex, then
{f € X(): plaf] < ooforsomea >0} = LP(I).

If there exists a constant H > 0 such that p[2¢] < Hpl[t] holds for every ¢ > 0, then we say that p
satisfies the Ay-condition. Also for a modular p, we say

o finite if the characteristic function related to I is in LP(I), i.e., x; € LP(I),

e absolutely finite if p is finite and for every e > 0, a > 0 there exists § > 0 such that p[axx]| <
for every measurable subset K C I with |K| < 9,

e strongly finite if x; € EP (1),

e absolutely continuous if there is a positive constant m satisfying the following: for every f €
X (I) with p[f] < oo, the following condition holds: for every € > 0 there is a § > 0 such that
plmfxgs] < € for every measurable B C I with |B| < 4.

C(I) C L2(I) holds in the case of p is monotone and finite [4]. Similarly, C'(I) C E*(I) in the case of
p is monotone and strongly finite.

Now we consider a set D with C°°(I) ¢ D C L¢(I) and also T := (7)) be a sequence of positive
linear operators from D into X(I) such that C*°(I) € Xp C D and for any h € Xp, A >0 and a
constant H > 0

stp — limsup p[A(T;h)] < Hp[Ah]. (1)
Theorem 1. [f stp — lim p[\(T;F, — F,,)] = 0, for every X\ >0, holds for the positive linear
operators T; from D into X(I) satisfying condition (1), where F,(x)=2z" (v=20,1,2), p is

monotone, strongly finite, absolutely continuous, QQ-quasi semiconvex, then for any f € LP(I)
such that for any g € C*(I), f — g € X, we get stp — lim p[A\o(T;f — f)] = 0, for some A\g > 0.

Proof. Initially we show that
stp — lim o[u(Tj9 — g)] =0 (2)

forany g € C(I) and u > 0. In order to proveit let g € C(I) and u > 0. Since g is uniformly continuous
and T} are positive linear operators, one can write for every ¢ > 0 there exists 4 > 0 such that

2c
I T5(g;2) — g(@)] < eT;(Fos @) + el T (Fo; 2) — Fo()] + o Ti((y — ORED
forany xz €Il and j € Ng,

where ¢ = sup,;|g(x)|. By using the above inequality, we have

c 2
T(gi) — )l <+ (e %) ) Ty(Fse) = R
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4cf 2c
+ S I (R 0) = Fi(@)| + 1T (i) - Ba(a),

where 8 = max{]al, |b|}. Indeed for every p > 0, we obtain

wTi(g: ) — g(x)| < pe + Kp{|T;(Fos x) — Fo(z)| + |Tj(Fr;2) — Fi(z)] 4 |T;(F2; x) — Fa(x)|}
where K = max{e + c+ 2§§2, 4§f, (?5}. Since p is monotone, from the last inequality we get

plulTj(9) — gl < plue + Kp|TiFo — Fo| + Kp|TjF1 — Fi| + Kp|TiFy — Fo]
and hence we obtain
plulTj(9) — gll < plpe] + p[4K p|T; Fy — Fol] + p[AK p|T; Fy — Fy[] + p[AK p| T F — Fo|).

By @-quasi semiconvexity and strong finiteness of p and supposing 0 < ¢ < 1, we can write

plulTj(g) — 91l < QepldnQ] + p[4K u|T; Fy — Fol] + p[AK u|Tj Fy — Fi[] + p[AK p| T F — Fol).
On the other hand, for » > 0 we can choose ¢ € (0, 1] with Qep[4u@Q] < r. Also consider the sets

Ly :=Aj: plplTig —gll = 7},
Iy = {j : PANK|TyFy — Fol) > |~ QE;HNQ]}

9

1,2 := {j D pApKI|T; Fy — Fi|] > r— Q53P[4MQ] }’
L= {j L pluK | TR — Bof) > Q53P[4MQ] }

We can easily show that I, C I,1 UI,2UI,3. Hence we obtain dp(f,) < dp(Iy1)+dp(1u2) +
dp(1,3). According to the hypothesis, for every € > 0, every A > 0 and v = 0,1, 2, we get 0p(E; ) =
0, where E., = {j € Ng: p[MTjF, — F,|] > e}. Thatis dp(I,1) =0p(I,2) = dp(Iu3) =0 which
implies 0p(1,,) = 0. This proves (2).

Since C*°(I) C C(I), (2) holds for any g € C*°(I). Let us take an arbitrary f € L”(I) such that for
any g € C*(I), f — g € Xp. Since |I| < oo, p is strongly finite and absolutely continuous, it is easy to
see that p is absolutely finite. By using these properties and since C°°(I) is modularly dense in L?(I), we
get {g;} € C*°(I) and lim; p[3Ao(g; — f)] = 0 (some Ao > 0) which implies that for every € > 0 there
exists jo(e) € Ng such that for each j > jo

pBAalg; — f)] <e. (3)
Since Tj is positive and linear, we sketch for every z € I and j € Ny
Mol T (fs ) = f(@)] < Aol T5(f = gjo: 2)| + Aol Tj(gj03 %) — gjo ()] + Aolgjo (@) — f(2)]-

We get

po(Tsf = ) < pBINT;(f = g50)] + pBA(Tsg50 — 940)] + PBAo(gjo — )] (4)
with the use of monotonicity of p. Also by using (3) and (4), we may write for every e > 0 and 5 > jo

pM(Tif = P < e+ pBAT;(f = gio)l + p[B3Ao(T5950 — 950 )]

and then using the facts g;, € Coo(I), f — gj, € X7, applying stp — limsup,

stp — limsup p[Ao(T;f — f)] < e+ Hp[3Ao(f — gj5)] + stp — limsup p[3Xo(Tjgj, — gjo)]
<e(H + 1)+ stp —limsup p[3Xo(T}95, — 95o)] < e(H + 1)
can be obtained. Because of the fact that € is an arbitrary positive real number, we get
stp — limsup p[Ao(T; f — f)] = 0.
Since p[Ao(T; f — f)] is nonnegative for each j € Ny, we have
stp —limp[Ao(Tjf — f)] =0
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as desired. O
Under Ag-condition, we may present the following immediately

Theorem 2. Let p and T = (Tj) satisfy the assumptions of Theorem 1. If p satisfies Ag-
condition, then the followings imply each other

o stp —limp\(T;F, — F,)| =0 forany A > 0,v=0,1,2

o stp —limpA(T;f — f)] =0 for any A >0 and f e LP(I) such that for any g e C*(I),
f—g€Xr.

3. APPLICATIONS

Now we present an example which illustrates that our Theorem 1 is stronger than Theorem 3.2 in [4].
Example. Define (p;) and (s;) as follows

1, j=2k, 0, Jj =2k,
pj = . and s; = .
0, j=2k+1, 1, j=2k+1.

One can observe that P is regular.
Let I =10,1] and ¢ : [0,00) — [0, 00) be continuous, convex function such that ¢(0) = 0, foru > 0
#(u) > 0 and lim, o0 ¢(u) = oo. Then, define a modular by p® : X (I) — R, p®[f] = fol o(|f(z)|)dx.

The modular space generated by p? is denoted by L?. Observe that for every e > 0, dp(E.) = 0, that is
(sj) is P-statistically convergent to 0.

Let us take into consideration the following sequence of positive linear operators U = (U;) on Lff[l]

k41
Jj+1

U;i(f;x) = ~ (7 2*(1—z) kG +1) fdt, = e][0,1]. (5)
e =3 (g0 e |

By using the above sequence of operators (5), we can define V; as V;(f;x) = (1 + s;)U;(f;x). It has
been shown that

PPIAViA] < (14 5,)p°[2AU;h] < (1 + ;) Hp[27h]
in [25]. Therefore, we get
stp — limsup p?[A\V;h] < Hp?[2)\h]

forany h € Xy := Lfg, every A > 0 and for an absolute positive constant P. Since
1
PP NVi(Fo) — Fol] = p”[As;) = /cb(ASj)dﬂc = ¢(Asj) = 5;6(A)
0

we can easily obtain
stp — lim p?[\|V;(Fp) — Fo|] = stp — lim p?[\s;] = stp — lim s;¢(\) = 0.

For the test function Fj, we have that

: . 1 S
O \Vi(F) — F :¢[AF<'7 '75]—1> ! }
pPRAVGE) = Fill =" M\ F{ g+ S0 =)t oy

2j +1 3 2j +1 3\ 3\
< 0? I M s < s5:.0% |\ o < 5. 0°I\M 4 )
=7 [ <8]2(j+1)+2(j+1)>}‘5]p [ j+1}+p [j+1]‘8”)[ R
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j?jf‘l) — 0 (j — oo) and the fact that P is regular,

we have stp — lim p?[A\|V;(F1) — Fi|] = 0. For the test function F, we also have that
£ (j(j -1) 2jFy 1
G+1? G+1)? 3G +1)?

jGi—1) 2jFy 1 > ¢[ <15j+4 3j2+3j+1>}
+ 55, Fy + 55, + 85, —F )| <p”|Al,,. +s; 7,
TG+ T G2 T G2 T ) TP PG T 3G+ 1)2

155 + 4 3524+ 35 +1 305 + 8
< p? |2\ ¢ 12)s, <p? A ?[21s, K].
‘p{ 3(j+1)2]+p[ KT I ]

Using the same arguments above, we have stp — lim p?[\|V;(Fy) — Fy|] = 0. This shows that (V})
satisfies hypothesis of our Theorem 1. In the meanwhile (V) does not satisfy Theorem 3.2 and Theorem
3.3 in [4] since (s;) is not ordinary convergent.

By using the last inequality and since ¢ is continuous ¢(
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