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OZET

Bu calismada, optik fiberlerde 1s1k darbelerinin yayilimini modelleyen ve dordiincii
mertebeden dogrusal olmayan bir kismi diferansiyel denklem ele alinmistir. S6z konusu
denklem, dogrusal olmayan terimler ve yiiksek mertebeden dispersiyon etkilerini icermesi
nedeniyle olduk¢a karmasik bir yapiya sahiptir. Optik fiber sistemlerinde veri iletimi, soliton
olusumu ve solitonlarin dinamik davranislarinin anlasilmasi i¢in énemli bir matematiksel
cerceve sunmaktadir. Bu nedenle, denklemin tam ¢oziimlerinin elde edilmesi hem teorik

hem de uygulamali bilimler agisindan biiyiik 6nem tasimaktadir.

Denklemin tam ¢6ziimlerinin elde edilmesi icin literatiirde sistematik ve etkili yontemler

olarak bilinen {i¢ farkli yontem kullanilmistir: Sardar alt denklem yontemi, Riccati-Bernoulli

!

yontemi ve -genisleme yontemi. Bu yontemler, dogrusal olmayan kismi diferansiyel

kG'+G+r

denklemlerin ¢6ziimiinde siklikla kullanilan giiclii tekniklerdir. Calisma kapsaminda, bu
yontemler ile yeni ve 6zglin tam ¢ozlimler tiiretilmistir. Elde edilen ¢dzlimler, yalnizca
matematiksel olarak 6nemli sonuglar sunmakla kalmamis, ayn1 zamanda optik fiberlerde
soliton davraniglarinin modellenmesi, plazma fiziginde -elektromanyetik dalgalarin
yayiliminin anlagilmasi ve fiber optik teknolojilerinin gelistirilmesi gibi ¢esitli bilimsel
alanlarda uygulama potansiyeli gostermistir.

Elde edilen analitik ¢ozlimlerin fiziksel anlami, baz1 6zel ¢oziimlere ait grafikler araciligiyla
gorsellestirilmistir. Bu grafikler, soliton davranislarinin zamana ve mekéana bagli evrimini
aciklamakta kritik bir rol oynamistir. Cozlimlerin pratik dogrulugunu ve bilimsel 6nemini
vurgulayan bu gorsellestirmeler, dogrusal olmayan fenomenlerin daha derinlemesine

anlasilmasina katkida bulunmustur.
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Sonug olarak, bu calisma, zorlu yapiya sahip bir denklemin tam ¢dzlimlerini sunarak,
dogrusal olmayan kismi diferansiyel denklemler ve bunlarin ¢esitli bilimsel ve miihendislik
uygulamalarina yonelik literatiire onemli bir katki saglamaktadir.

Anahtar Kelimeler: Optik, Tam ¢oztimler, Sardar-alt denklem y6ntemi, Riccati-Bernouilli

!

yontemi, -genisleme yontemi, lineer olmayan kismi diferansiyel denklemler

kKG'+G+r

EXACT SOLUTIONS OF THE EQUATION MODELING LIGHT PULSE
PROPAGATION IN OPTICAL FIBERS

Abstract

In this study, a fourth-order nonlinear partial differential equation modeling the propagation
of light pulses in optical fibers is addressed. The equation exhibits a highly complex structure
due to its inclusion of nonlinear terms and higher-order dispersion effects. It provides a
significant mathematical framework for understanding data transmission, soliton formation,
and the dynamic behavior of solitons in optical fiber systems. Consequently, obtaining exact
solutions to the equation holds great importance both in theoretical and applied sciences.
To derive exact solutions to the equation, three different methods widely recognized in the
literature for their systematic and effective approach were employed: the Sardar sub-

!

equation method, the Riccati-Bernoulli method, and the -expansion method. These

G
kG'+G+r

techniques are powerful tools frequently used for solving nonlinear partial differential
equations. Within the scope of this study, novel and original exact analytical solutions were
obtained using these methods. The solutions not only provide valuable mathematical insights
but also demonstrate applicability in various scientific fields, such as modeling soliton
behavior in optical fibers, understanding the propagation of electromagnetic waves in plasma
physics, and advancing fiber optic technologies.

The physical significance of the analytical solutions was visualized through graphs of
specific solutions. These visualizations play a critical role in explaining the spatiotemporal
evolution of soliton behaviors. By emphasizing the practical accuracy and scientific
importance of the solutions, these graphs contribute to a deeper understanding of nonlinear
phenomena.

In conclusion, this study offers exact solutions to a challenging equation and makes a
substantial contribution to the literature on nonlinear partial differential equations and their

diverse applications in scientific and engineering fields.

673




SCEANS
~ o

7
ZE€Scir B

s

ISARC
INTERNATIONAL SCIENCE AND ART RESEARCH CENTER

Keywords: Optics, Exact solutions, Sardar sub-equation method, Riccati-Bernoulli method,

!

kG,+G+r-expansion method, nonlinear partial differential equations.

1. INTRODUCTION

Differential equations are critical tools for understanding dynamic systems and mathematical
modeling. These equations hold great significance with their exact solutions in various fields
of science and engineering. For example, fundamental theories such as Newton's laws of
motion, Maxwell's electromagnetic equations, and Schrddinger's equations can clearly
explain physical phenomena under specific boundary conditions by providing exact
solutions. These exact solutions not only offer theoretical insight but also enable the
prediction of the future behavior of systems.
The fourth-order nonlinear Schrédinger equation, used to study the propagation of light
pulses in optical fibers, also provides exact solutions under certain conditions. Such solutions
specifically explain the emergence of stable and repeatable structures like solitons. Solitons
are special light pulses where dispersion and nonlinear effects are balanced, allowing them
to propagate through the fiber without distortion.
The fourth-order Schrédinger equation was developed to explain the relationship between
dispersion and nonlinear effects. A more general form of this equation can be expressed as
follows:
Upnpr T AUy + plul?u + viul*u + x|ul?u,, + i (ut + Blyyy + BTX Iulzux) =0

1)
In this equation: u, represents the amplitude of the light pulse. utu_t is the derivative with
respect to time, and u, and u,., are the first and second spatial derivatives, respectively. The
parameters a, u, v, k, B characterize the physical system and define dispersion, nonlinear
effects, and higher-order effects.
In more complex cases, the width and behavior of solitons can change due to the effects of
fourth-order dispersion and higher-order nonlinear terms. Exact solutions are powerful tools
for analytically examining such effects and determining the properties of light pulses.
These solutions are used to study the stability of solitons in optical communication systems,
model the propagation of femtosecond laser pulses, and design optical systems. The exact
solutions of the fourth-order nonlinear Schrodinger equation play a critical role in
understanding and controlling complex systems in science and engineering. This makes

differential equations an indispensable tool in science and technology.
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2. PRELIMINARIES AND APPLICATIONS

Exact solution methods enable the analytical solving of differential equations and provide a
comprehensive understanding of the physical or mathematical systems these equations
represent. The exact solutions of differential equations are indispensable for predicting the
future behavior of a system, understanding boundary conditions, and analyzing the effects
of parameters. Particularly, the methods used for solving nonlinear differential equations
have a wide range of applications in physics, engineering, biology, and many other

disciplines.

!

The Sardar sub-equation method, the Riccati-Bernoulli method, and the -expansion

kKG'+G+r

method are powerful analytical techniques used to obtain exact solutions of nonlinear

differential equations. The common feature of these methods is assuming the solution in a

specific functional form (e.g., hyperbolic, trigonometric, or rational functions), which

transforms the differential equation into an algebraic form, making it solvable. Additionally,

these methods are typically applied in scenarios where nonlinear effects and dispersion terms

are balanced, revealing special structures such as soliton, periodic, or rational solutions.

In Equation (1), when the variables

u(x,t) =e%P(m), n=x-ct, E=kx—owt+9

()

are substituted, the real and imaginary parts of Equation (1) are obtained as follows,

Re: (@ + 6k2)P" () + PW () + kP" () P*(n) + (—3k* — ak? + w)P ()

+(k?k + P () + vP°() = 0 (3)

Im: (—8k3 — 6Bk? + 4ak — 2c)P'(n) + (8k + 2B)P3(n) + (4k + B)kP?(n)P'(n) = 0
(4)

From the imaginary part (4), the following equalities are obtained:
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B = —4k,
¢ = 2ka + 8k3.
(5)

Additionally, when balancing is performed in the real part (3), N = 1 is obtained.

2.1. The Sardar Sub-Equation Method and Its Application to Equation (3)
Since N = 1let, P = P(n) and g = G(n) with the assumption
P=fo+fig

and the auxiliary equation

gV =9g"+vg*+p
Using these, the real part of Equation (3) is rewritten. The resulting equation is arranged as
a polynomial in terms of the g function. By equating the coefficients of the polynomial to
zero, the following algebraic system of equations is obtained:
(@)°: fv+2kf? +24f; =0,
(@)*: 5fy fitv+4fy ffx=0,
(9)3: 10f2f3v + f3k%k + Py + 2f3fi K+ f2u+ 12f1k? + 2af, + 20f,y = 0,
(9)%: 10f5 f2v + 3f, fPk?k +2fy ffu=0,
D' fEfi(5fEv + 3k?k + ky + 3u) + f1(6k%*y + ay +¥y2 + 128 + w — 3k* — ak?) =
0,
(@)% fov + fok? = 3fy k* —afy K2+ féu+ fo w=0.

When this algebraic system of equations is solved,

fo =0,

\/iv(ix +VK? — 24v)

=+
fi=t .
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+x + VK2 — 24v _
(x :C/ v) (k% F ) + 12k? + 2«

2 _
_|__(i1c+\/:c/ 24v)K+20

y=-

—8k*K3 — 2ak?K® + 144k*Kv + 40ak?kv — 4k%k%u + a’kv
—k + VK2 — 24 ( )
(—x+ Vi v) —ar?u + 12Bk3 + 48k?uv + 8auv — 240Bkv + ku?
—96k*k? — 24ak?®Kk? + 1248k*v + 416ak?v — 48k*Kku
+18a?v — 12axu + 144BKk? — 24008v + 122

Fre(—x + VK2 — 24v) (k2 — 20v) + 4v(3k2 — 50v)

the coefficients are determined. When these coefficients are substituted into the appropriate

places, the following solution classes are obtained:

Class 1:
pq | (k?x + W (—x+ VK2 — 24v) + 2(6k? + a)v
2 [v(—x+ V2 - 24v)J ( ( ) )
KkVkZ — 24v — k2 + 20v
P, =

k2ic+w) (- +VkZ—24v)+2(6k2+ k2k+p) (- +Vk2—-24v)+2(6k2+
J (k2 H)(\/’CZ X :) ( 0()V(—8k3L‘—Zkotl,‘+;vc) —\j (k2 H)(‘/KZ X :) ( a)v(—8k3t—2k0¢t+x)
v| pe KVK*—24v—K*+20Vv + qe KVK*—24v—K*+20v

as follows:
_apd 3 2.3 4 2 an2.2 2 1
(_K_H/E)( 8k "k 2Zchk K -;144k 2Kv+40ak Kv—4k“ K u+2a K'I/)
—ax”u+12px” +48k” pv+8auv—240Lxv+ru
—96k* 2 —24ak?1? +1248K v+416ak2v—a8KkP Ky /
, +18a%v—12aKu+144K%—2400pv+124%
il kx— t+6
?K(—K+\/K2—24v)(K2—20v)+4v(3K2—50v)

u(x,t) = Pel \ /
itis.

a. Real b. Imaginary c. Complex
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7,
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Figure 1: Graphs corresponding to Equation (6) in Class 1.

Class 2:
(k?k + W) (—k+ VK2 — 24v) + 2(6k? + a)v
2 V(—K + VK2 — 241/) P ( ( ) )
KkVKZ — 24v — k2 + 20V
Pz =

J(k2K+#)(—K+VK2—24V)+2(6k2+a)v (kzk+u)(—x+\/kz—24v)+2(6k2+a)v(_8k3t_2kat+x)
v| pe

(—8k3t—2kat+x) -
KkVi2—24v—K2+20v h +qe KVKZ—24v—K2+20V

as follows:

a4 3 5 123 4 2 2.2 2
(—K+\/K2——24-V)( 8k "k 2Zchk K -;144k 2Kv+40ak Kv—4k“ K ,u+2a KV)
—ax”u+12px° +48k” pv+8auv—240Lxv+iu
\ —96k* k2 —24ak? K2 +1248k* v+416ak®v—a8KkZ Ky /
+18a%v—12aKu+144K% —2400v+124%

il kx— t+6

Fre(—rrv/k2—24v) (k2—20v) +4v(3k2 -50v)

| )
u(x, t) = Pel \
(7)

itis.

a. Real b. Imaginary c. Complex

Figure 2: Graphs corresponding to Equation (7) in Class 2.

Class 3:

Py

2 — 2 2 2 - 2 2
7z 214 ) (et viz—2aw) 26k +a)v(—8k3t—2kat+x) Vi ezt ) (=r+viz=zav) 2ok +az)v(_8k3

\j KkVKZ—24v—K2+20v \‘ KkVKZ-24v—K2+20v
/v(—x+M} pe z —qe 2

k2rc+p) (—k+VKZ—24v)+2(6k2 + k2k+p)(—k+Ve2-24v)+2(6k?+
vz I( k) (—r+Vie v)+2( a)v(—8k3t—zkat+x) vz I( i) (- Vi v)+2( a)v
\J KVKZ—24v—K2+20V \J KkVKZ—24v—K2+20V

V| pe 2 +qe 2

t—2kat+x)

(—-8k3t—2kat+x)

as follows:

678



Sy

crann ISARC
iﬂf@” INTERNATIONAL SCIENCE AND ART RESEARCH CENTER
= v
[ (_K+M)(—8k4x3—ZakzK3+144k4xv+40akzxv—4k2K2u+a2Kv) ]
—aK2u+12[3K3+48k2uv+8auv—240ﬁxv+1qt2
—96k* k2 —24ak® K2 +1248k* v+416ak®v—a8k2 Ky
il k- +18a%v—12aKu+144K% —24008v+12% t40
?x(—x+\/x2—24v)(K2—20v)+4v(3K2—501/) )

k

u(x,t) = Pse L

(8)

itis.

b.

a. Real

Figure 3: Graphs corresponding to Equation (8) in Class 3

c. Complex

Imaginary

2
2OV _gy31_zkat+x)

Class 4:
Py
(kzK+[1)(—K+‘/K2—24V)+2(6k2+(Z)V (k2K+[l)(—K+\/K2—Z4V)+Z(6
ﬁj 12— 24V—K>+20V (-8k?t-2kat+x) 2 Vic2—24v—K2 +20v
,v(—x +VK? — 241/) pe 2 —qe 2
2 — 2 _ 2 2 — 2 _ 2
vz (k2ic+p) (k- +VKZ=24v)+2(6k +a)v’—8k3t—2kat+x) vz (k2c+p) (—k+VKZ=24v)+2(6k +a)v(—8k3t—2kat+x)
KkVKZ=24v—K2+20V KkVKkZ=24v—K2+20v
V| pe 2 + qe 2
as follows:
4 3 2.3 4 2 2.2 2 b
_ 7 —8k "k —2ak”Kk”+144k "kv+40ak”xkv—4k” Kk pt+a kv
( K+V K 24-v)< 9 3 2 _ 2
ax®u+12px” +48k” pv+8auv—240Bxv+iu
—96k* k2 —24ak®k? + 1248k v+416ak>v—48kKu /
+18a2v—12aKu+144fK% —24008v+12u>
il kx— t+6
-T—K(—K+\/K2—24-1/)(KZ—ZOV)+4V(3K2—50V)
u(x,t) = Pye \ /

©)
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c. Complex

a. Real b. Imaginary

Figure 4: Graphs corresponding to Equation (9) in Class 4.

Gl

2.2. PR Expansion Method and Its Application to Equation (3)

F'=@Q—-y-1F? +%(2y—A)F—Fy
The auxiliary equation and the assumption
P =55+ s.F

are substituted into Equation (3). The resulting equation is then arranged as a polynomial in
terms of the F function. By equating the coefficients of the polynomial to zero, an algebraic

system of equations is obtained. Solving this system yields the following solution classes:

Class 1:
Sp = O,

B J—2u(—=9k2n2 + an? + 10y2 — 10y)(y — 1)
un '

S1
A=2y,

B 15n%u
= (29kz + a)n? + 10y% — 10y
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—16y* + 32y3 + 2(—8 + n%(6k? + @))y? — 2(6k? + a)n?y + k?n*(3k? + a)

a_) =
n4
—(2y+/-2v)(x—(8k3+2ka)t) (—2y+/-2v)(x—(8k3+2ka)t)
p1(2y +—2y)e 2n +p2(2y —\/—2y)e 2n
—(2y+{/-2y)(x—(8k3+2ka)t) (—2y+y{-2y)(x—(8k3+2ka)t)
+p2(2y — /=2y — 2)e 2n >

F =
n<p1(2y+,/—2y—2)e 2n

as follows:
reAaar 3ol 2(e2 2 o(r2. )2 2.\ 4,2
16y%+32y +2( 8+n (Gk +a)2: 2(2k +a)n y+(3k +a) k >t+t9]

ilkx—(
u(x,t) = s,Fe
(10)

itis.

c. Complex

a. Real b. Imaginary

Figure 5: Graphs corresponding to Equation (10) in Class 1.

Class 2:
So = O,

V—2u(—4k2 + a)(y — 1)
S1 = 0 )

A=2y,

T

_ 10u
o= (—4k? + )’
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—16y* + 32y3 + 2(—8 + n%(6k? + @))y? — 2(6k? + a)n?y + k?n*(3k? + a)
w = o
(—2y+y=2y)(x—(8k3+2ka)t)
2n

—(2y+/=2y)(x—(8Kk3+2ka)t)
p1(2y +/—2y)e n +p,2y —/=2y)e
=(2y+/-2y)(x~-(8k3+2ka)t) (=2y+y/=27) (x—(8k3+2ka)t)
+p2(2y — -2y — 2)e 2n >

F =
n<p1(2y+,/—2y—2)e 2n

as follows:
(—8+n2(6k2+a))y2—2(2k2 +a)n2y+(3k2+a) 4x2

—16y*+32y3 42
e t+6

ilkx—(
u(x,t) = s,Fe
(11)

itis.

c. Complex

a. Real b. Imaginary

Figure 6: Graphs corresponding to Equation (11) in Class 2.

Class 3:
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:L\\v\‘ T AN ""’f‘,\ﬁ
k(—4k? + a)
=710

3k*n* + ak®n* + 240k?*n? + 40an? — 6400
w =
4

(—10+ivV10)(x—(8k3+2ka)t)
2n

—(10+iv10)(x—(8k3+2ka)t)
p1(10 +iv10)e 2n +p,(10 — ivV10)e
o —(2y+/=27)(x—(8k3+2ka)t) (~10+iV10)(x—(8k3+2ka)t)
n <p1(8 + iv10)e 2n +p.(8 —iv10)e 2n )
as follows:

3k*n*+ak?n*+240k%n2+40an?-6400
L t+6

u(x,t) = leei[kx_(

(12)
itis.
a. Real b. Imaginary c. Complex
Figure 7: Graphs corresponding to Equation (12) in Class 3
Class 4:
So =0,
40
e —5K
31 V—270k?n? — 45an? + 18400
r=3" 15 '

A=y +5,
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_ k(=33k?n? — 3an® + 2480 + +16vV—270k?n? — 45an? + 18400)

K 15n2 ’

(1587200 — 2160(6k?* + a)nz)\/18400 —45(6k? + a)n? 4+ 217216000

+(17739k* + 5913ak? + 324a?®)n* — 565200(6k? + a)n?
2025n*

46  V—270kZn2—45an2+18400 v —650—5V—270k2n2—45an2+18400
A = ?+ T + z ve

46  V—270kZn?-45an2+18400 -650-5V—270k2n2—45an2+18400 .
Ay =|—+ - olmak tizere

15 5
—Aq(x—(8Kk3+2ka)t) —A,(x—(8Kk3+2ka)t)
. pil; e 2n + D28z e Zn
F= —(A1-2)(x—(8k3+2ka)t) —(A,—2)(x—(8k3+2ka)t)
n (Pl(A1 —2)e 2n +p(A;—2)e 2n )
as follows:
. 3k*nt+ak?nt+240k2n2+40an?-6400

u(x,t) = leel[kx ( n* )He]

(13)

itis.

a. Real b. Imaginary c. Complex

Figure 8: Graphs corresponding to Equation (13) in Class 4.

2.3. The Riccati-Bernoulli Method and Its Application to Equation (3)

The auxiliary equation
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P' = aP?>™™ + bP + dP™

and its derivatives are substituted into Equation (3). The resulting equation is arranged as a
polynomial in terms of the P function. By equating the coefficients of the polynomial to
zero, an algebraic system of equations is obtained. Solving this system yields the following

solution classes:

Class 1:
m=1,
u = —k(a?+ 2ab + 2ad + b? + 2bd + d? + k?),

v =0,

+12abd? + 12abk? + 4ad?® + 12adk? + b* + 4b3d + 6b%d? + 6b%k? + 4bd3

( a* +4a3b + 4a3d + 6a®b? + 12a’bd + 6a?d? + 6a*k? + 4ab3® + 12ab?d )
w=—
+12bdk? + d* + 6d%k? — 3k* + a?a + 2aba + 2ada + b%a + 2bda + d?a — k*a

P = Ce(a+b+d)(x—ct)
as follows:

a*+4a3b+4a3d+6a%b*+12a%bd+6a%d* +6ak’ +4ab® +12ab*d
i|kx+| +12abd?®+12abk*+4ad’+12adk®+b*+4b3d+6b>d*+6b*k>+4bd® |t+6
u(x,t) = Pe +12bdk?+d*+6d%k*—3k*+a?a+2aba+2ada+b*a+2bda+d* a—k*a

(14)

itis.

a. Real b. Imaginary c. Complex

Figure 9: Graphs corresponding to Equation (14) in Class 1.
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Class 2:

b=d=v =0,

m=2,
u = —xk?
w = 3k* + ak?
P =(a(x—ct+0))

as follows:
u(x, t) = Peilkx—(Bk*+ak®)t+6] (15)
itis.

a. Real b. Imaginary c. Complex

Figure 10: Graphs corresponding to Equation (15) in Class 2.

Class 3:
a=d=v=0,
u=—r(b?+k?),
w = —b* — 6b%k? + 3k* — ab? + ak?
1
p= (Ceb(m—n(x—ct))m
as follows:
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u(x,t) = peilkx—(-b*-6b*k?+3k*~ab®+ak?)t+6] (16)

it is.
a. Real b. Imaginary c. Complex
Figure 11: Graphs corresponding to Equation (16) in Class 3.
Class 4:
d=k=u=v=0,
a = —(b? + 6k?),
m=2,

w = —k2(b? + 3k?)

P= —% + CeP=ct

as follows:

u(x, t) = peilkx+k?(b?+3k?)t+6)]

(17)

itis.
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CEANG
Fo> o
[ Y = o =3 o=

3

7 @)
< e
ENT A

c. Complex

a. Real b. Imaginary

Figure 12: Graphs corresponding to Equation (17) in Class 4.

Class 5:
d=k=u=v=0,
a = —(b? + 6k?),

w = —k?(b? + 3k?)

b
-1+ cot(i(x —ct+ C))

P=—

2a

as follows:
4.4 2.4 2.2 2_
3k *n*+ak*n*+240k“n“+40an 6400)t+9]

n4

u(x, t) = Pei[kx_(
(18)

itis.

c. Complex

b. Imaginary
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Figure 13: Graphs corresponding to Equation (18) in Class 5.

Class 6:

u = —«k?,
w=k*QBk?*+ a)

1
Talx—ct+0)

P
as follows:
u(x,t) = Peilkx—k*(3k*+a)t+6]

(19)

itis.

a. Real b. Imaginary c. Complex

Figure 14: Graphs corresponding to Equation (19) in Class 6.

Class 7:
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w = —3k*
27

pP=
ad(x—ct+C)3

as follows:
u(x,t) = peilkx+3k*t+6]

(20)

itis.

c. Complex

a. Real b. Imaginary

Figure 14: Graphs corresponding to Equation (20) in Class 7.

Class 8:
b=d=xk=v=u=0,
.
>
a = —6k?,
w = —3k*
4

pP=
a?(x —ct+ C)?

as follows:
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u(x,t) = peilkx+3k*t+6]

(21)
it is.
a. Real b. Imaginary c. Complex
Figure 15: Graphs corresponding to Equation (21) in Class 8.
3. RESULTS

In this study, the exact solutions of the equation modeling the propagation of light pulses in

fourth-order nonlinear optical fibers were obtained using three different analytical methods:

GI
KG'+G+r

the Sardar sub-equation method, the -expansion method, and the Riccati-Bernoulli

method. The solution classes provided by each method were examined, and the implications
of these solutions in physical systems were discussed.

The results obtained have clearly demonstrated the effectiveness of these methods in solving
nonlinear systems.

The Sardar Sub-Equation Method produced solutions in different classes within the solution
space of the equation. The solutions obtained have made significant contributions to
explaining the stability and behavior of optical solitons. Graphical analyses have revealed
that the solutions exhibit distinct physical characteristics in real, imaginary, and complex
domains. This highlights the precise modeling of the balance between dispersion and

nonlinear effects.
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!

The

kG,+G+r-Expansion Method has enabled the derivation of not only periodic and

hyperbolic solutions but also new rational solutions. These solutions can be applied in
practical scenarios, such as energy propagation and the control of light pulses in nonlinear
optical fiber systems. Additionally, this method has facilitated a detailed examination of the
effects of parameters on the solutions.

The Riccati-Bernoulli Method has yielded a broad range of solution classes, playing a
significant role in understanding the effects of fourth-order dispersion on soliton width and
stability. The analysis of these solution classes has provided a clearer understanding of the
role of parameters in nonlinear systems and their influence on physical systems.

The solutions obtained offer valuable insights into the role of this nonlinear equation in
various physical systems, such as optics and fluid dynamics.

In conclusion, this study has clearly demonstrated the effectiveness of the analytical methods
used in solving nonlinear differential equations. The application of these methods to more
complex physical systems in future studies could contribute to further advancements in
modeling and solution techniques.
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