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Abstract

In this study, the two frequency excitation oscillations of system having quadratic nonlinearities
with fractional damping is considered via Riemann-Liouville fractional derivative. The system is
assumed under the effect of external harmonic force. The approximated first-order uniform expansion
of the dynamic response is derived for nonlinear forced oscillations of systems by employing a
perturbation technique; that is, the method of multiple scales. The damping term is also assumed in a
linear form. Perturbation is a well-known technique gives approximate analytical solutions [1-3]. It is
frequently preferred for equations that cannot be found analytically solutions, such as equations
involving nonlinearity and fractional derivatives.

In this research, perturbed solutions are examined for the system. The effects of the coefficient of a
fractional damping term on the approximate solution are observed by graphs.

Keywords: fractional derivative, fractional damping, method of multiple time scales, perturbation
method, stability

Introduction

Fractional calculus theory arose from the classical calculus, and it has been effectively used to the
mathematical modeling of many scientific fields, such as mechanics, physics, biology, etc. The theory
of fractional calculus and its applications are given in great depth in [4-7]. The equation of motion and
boundary conditions for several different mechanical problems, such as oscillators, beams, plates, and
shells, etc., can be described using the fractional derivative.

Like most types of fractional differential equations, equation systems and equations having
fractional derivatives that have no analytical solutions are solved by a variety of methods and numerical
techniques [8,9]. Approximate analytical approaches such as the perturbation method are employed in
the solution of such fractional differential equations. Method of multiple time scales, which is widely
used perturbation methods, is applied to seek analytical approximations to solve the system of equations
[2,3,10]. This approximation is important as it simplified the complex dynamics of the system, rendering
it more amenable to analysis.

This study investigates the forced oscillations of nonlinear systems having two degree of freedom
with fractional damping characterized by quadratic nonlinearities. The multiple time scales method is
applied to the equation of motion. The approximate analytical solutions of the equation is calculated and
the effects of the coefficient of a fractional damping are observed from the solution, also are
demonstrated in graphs.

Mathematical Model
For simplicity only the case of a single-frequency excitation is considered. Then, consider the
modified model of [1] as:

ill + w%ul = _ZﬂlDaul + uluz + F1COS(.Qt + Tl) (1)
it, + wiu, = —2u, D%, + u? + Fycos(0t + 1)
with w, being larger than w;. Thus, there is no internal resonance. Here w,, (i = 1,2) are denotes the
natural frequencies of the system (1) and 2 is the frequency of the excitation, D* denotes the fractional
operator with fractional order .
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The Riemann-Liouville operator is one of the most useful and often used tool in the theory of
fractional calculus [4]. Optimal accuracy, quick convergence and a better stability are the benefits of
this operator. The Riemann-Liouville's definition introduced in the case 0<o<I is (see [5])

t
Def(E) = 27 9 g,
I'l—a)dt_ e (t—s)*
where I" denotes the Euler-Gamma function.
In the cases, mentioned in [11-13], it is possible to ignore the improper integral in the obtained
fractional derivatives of the exponential function and the cosine function from definition in (2). Then,
the fractional derivative of the exponential function and the cosine function can be used as, respectively

Dot — (iﬂ)“ei)‘t,

2

and
a —ja na
D%cosAt = A%cos (At +5 )
Here, A is constant coefficient and i denotes complex number v—1.
Solution Method

The Method of Multiple Time Scales is directly applied to the system (1). An approximate solution
function is assumed in the following expansion:

ul(t; 5) = Eull(To, T]_, ) + Szulz(To, T]_, ) + -
3)
uz(t; S) = €u21(T0, Tl' ...) + SZUZz(To, Tl’ ...) + .-

where ¢ is a small, dimensionless parameter related to the amplitudes and the T,, are defined by
TO = t, T1 = Et,

Here each variable represents a different time scale: T is the fastest, T; is slower, and so on. Time
derivatives are expressed in terms of fast and slow time scales as follows [14,15]:

d
E=D0+€D1+"', (4)
dz
Fri Do% + 2eDyD; + -+, (5)
d a
(a) = D%+ eaD* 1D, + - (6)

where D,, represents aiT' The damping coefficients are ordered so the effects of the damping and the

nonlinearity appear in the same perturbations. Thus, u,, = eu,, (i = 1,2). In this research one major
category is considered, which is the primary resonance (2 = w,).

The case of 2 near w,
To analyze primary resonances, we order the forcing term so that it appears in the same perturbation
equation as the nonlinear terms and the damping. First we consider the case in which 2 = w,. Hence,
we let F; = ¢f; and F, = £2f,.

Substituting u4 and u, from (3) and time derivatives from (4)-(6) into Eq. (1), recalling that u,, =
gy, (i = 1,2) and equating each of the coefficients of € and £2, one have following equations;

O(g) D02u11 + (J)lzull = f]_COS(.QTO + Tl)
(7)
D02u21 + G)ZZUZl =0
O(&?): Do*ty, + w1*Uyy = —2DgDy1uyq — 243 Do®uyq + UsqUpy ®)
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Do*uz; + WUy, = —2DgDytiyy — 21D Uy + Uiy + fc08(QT, + 17)
The solutions of (7) can be expressed in the form

Uy, = Ag(Ty)e®1To + Ae'@To+7) 4 ¢ ¢,
©)

Upy = Ay (Ty)e'@2To + c.c.

where "c.c." denotes complex conjugate part to the preceding terms. A; and A, are arbitrary

functions and A = m Substituting (9) into (8) yields
Do*uyy + wiuy, = —2iw  Aye’@1To — 2u, (iw;) %A e'®1To
—2M1A(i.(2)“eimT0+T1) + AlAzei(“’1+“’2)T0
+AA4, el(@2To+0To+71) AA_Zei(—w2T0+.QTo+11)
+A, A e@2m00To 4 ¢ ¢,
. . (10)
Do%uyy + wiuy, = —2iw,A, e @2To — 2u, (iw,) %A, e'@2To

+%ei(ﬂTo+T2) + A1292iw1T0 + 2A1A_1
+2A2 + 2A1Aei(w1T0+.QT0+T1) + AZeZi(.QT0+‘L'1)
+24, Ae'C@1To+To+71) 4 ¢ .
where
) = w, + €0.

Here, o is detuning parameter. None of the nonlinear terms produces a secular term and the
solvability conditions are

A+ A (iw)* =0

2iw, A, + 245 (iwy) %A, = %ei(0T1+T2)

whose solutions are

1 g ,
Al = Eale_(’wﬂa Luq Ty +i04
(11
_ 1 - a—1 0 f . _ 1 .
AZ — EaZB (iwy) U Ty +i6, + :Z (1(1)2) 1mel(UTl+12)
where a,, and 8,, are constants.
Substituting (11) into (9) and (3) and expressing the result in terms of the original variables, the

following exact solution of the system (1) is obtained:

1 L ae , &f; .
—_ —(iw,)* p et+i(0,+w t) 1 i(Qt+ty) 2
u, =—e€ea e + e +c.c.+0(e
fa . -1 1 i(oet+t,+
u, = —= e — 2t W t)
27 4 (iw7) io + (iwy)* 1y,

+-gaye~ @) HaetHiO4w2t) 4o ¢ 40(e2).
2
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Figure 1. (a) - (b) The displacement u; and u, of the system (1) for ¢ = —0.5; (c) - (d) The
displacement u, and u, of the system (1) for ¢ = 0.5. Parameters' values are: € = 1/3,a; = 5,
a, =5,(1)1 = 1,(()2 =2,M1 =0.4,‘uz =0.4,91=0,92 =0,T1=0,T2 =0,f1=2,f2 = 3.

Figure 1 shows that by increasing «, the amplitude of vibration decreases. The velocity of the
amplitude decrease is faster for larger values of the . The amplitude of vibration decays until it reaches
the limit cycle. Additionally, in the u, diagrams, there is a periodic oscillation that decreases after each

cycle until the limit cycle.
Ast — oo, T; - o and
A; > 0,4; = —%(iwz)_l
(See Figure 2)

io + (iwy)*

1 ei(UTl +75)

(12)
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Figure 2. (a) - (b) Variation of A; and A, over time for ¢ = —0.5; (¢) - (d) Variation of A; and 4,
over time for 0 = 0.5. Parameters' values are: € = 1/3,a, =5,a, =5, w; =1, w, =2, 4, =
04,0, =0,6,=0,7,=0,7,=0,f; =2, f, =3.

In Figure 2, it is observed that the value of A; approaches zero rapidly. With large values of «, it

happens even faster. Since A; is independent of ¢, obtained results for both negative and positive values
1

ic+(iw)* 1y,
As « increases, convergence occurs faster and the amplitude decreases.
Substituting (12) into (9) and (3) the following steady-state response is obtained:

- th (ot 2
—me’( +T1)+C.C.+0(S )

of o are the same. As stated in (12), A, converges to the —%2 (iwy)™t e'(9T1+72) gyer time.

Uy

£f2

up ==~ (iwy)™t e(Fet T2+ w2l) 4 ¢ ¢ +0(e?)

io + (iwy)*

Thus, when there is no internal resonance, the approximation is not influenced by the nonlinear
terms; it is essentially the solution of the corresponding linear problem.
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Figure 3. Comparison of the exact solution and the steady-state solution for (a) uy, (b) u,.
Parameters' values are: ¢ =1/3,a; =5,a, =5, w; =1, w, =2, u, =04,0, =0,0,=0,1, =
0,7,=0,f/;=2,/,=3,0=05,a=0.5.

In Figure 3, it is observed that after a certain time value, the amplitudes of the exact solution and the
steady-state solution are equal to each other. Thus, the system continues to oscillate with the stable
amplitude.

Conclusion
This study has been concerned with analytically approximating the solutions of fractional order
differential equation systems. Two degree of freedom system with quadratic nonlinearity affected by
the fractional linear damping is examined. The method of multiple time scales is performed to solve the
system of equations by assigning the damping terms to the a-order. In the absence of internal resonance,
exact and steady-state solutions are obtained. The effects of different a values on system behavior are
given in the diagrams.
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