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A B S T R A C T   

The paper presents computational mixed mode non-planar fatigue crack growth analyses using Fracture and 
Crack Propagation Analysis System (FCPAS), which employs enriched crack tip finite elements to calculate the 
mixed mode stress intensity factors (SIFs) and utilizes from other sub-modules to predict the evolving crack 
growth trajectories and the resulting fatigue crack growth lives. Numerical applications on different problems 
selected from the literature; a hollow shaft, an H-shaped specimen and cylindrical rods containing cracks with 
different initial orientations and sizes and subjected to different fatigue loading types are presented. Comparisons 
of results from the numerical analyses with the corresponding data from the literature agree well in terms of 
computed SIFs, predicted evolving crack paths and crack propagation lives.   

1. Introduction 

In 1963, Paris and Erdoğan (Paris and Erdogan, 1963) introduced the 
well known and still-widely used relationship between the fatigue crack 
growth rate and the elastic stress intensity factor (SIF). Tanaka (Tanaka, 
1974) modified the Paris and Erdogan’s law for mixed mode-I/II fatigue 
crack growth problems in 1970s and developed an empirical equivalent 
stress intensity factor range (ΔKeq) criterion that encompasses the effects 
of mode-I and II SIFs. In the case of a three-dimensional mixed mode 
fracture problem, ΔKeq expresses the superposition of mode-I, -II and -III 
SIFs. Non-planar crack trajectory and propagation life under 3-D fatigue 
loads depend on the computed stress intensity factors (SIFs) along the 
crack front. The selection of a convenient ΔKeq model plays a significant 
role on prediction of fatigue crack propagation surface and life. ΔKeq 
values and crack deflection angles (θ) along the crack front need to be 
computed by using separate models and for each crack front node on the 
respective propagation step during crack growth modeling. There have 
been a few crack growth criteria proposed for three-dimensional mixed 
mode-I/II/III problems. Pook (Pook, 1980, 1985), Sih (Sih, 1991); 
Schöllmann et al. (Schöllmann et al., 2002), Richard et al. (Richard 
et al., 2005; Richard, 2001) and Demir et al. (Demir et al., 2017; Demir 
et al., 2019) developed fracture criteria to predict crack kinking and/or 
twisting angles and ΔKeq for 3-D mixed mode-I/II/III crack growth 
problems. Moreover, empirical ΔKeq equations also exist in the literature 

proposed by Tanaka (Tanaka, 1974) and Kikuchi et al. (Kikuchi et al., 
2012). 

In computational crack growth analysis, in addition to the above- 
mentioned criteria, numerical modeling and the type of used numeri
cal method are also key factors for predicted incrementally growing 
crack shape and corresponding propagation lives. Numerical in
vestigations on fatigue crack growth in engineering structures became 
very common using the finite element method on linear elastic fracture 
mechanics (LEFM) problems. Modeling and analysis of non-planar crack 
propagation are much more complicated due to curvilinear form of in
cremental cracks compared to mode-I problems, in which crack propa
gates in its initial plane. Necessary pre-and post-process interventions 
for some non-planar crack growth problems may require significant 
amount of effort and might be much more time-consuming than the 
computational solution time of the analysis (Demir and Ayhan, 2018; 
Nart and Ayhan, 2011). 

Over the past two decades, numerous studies have been conducted to 
develop customized tools and methods for three-dimensional fracture 
and crack growth analysis using numerical techniques. Although the 
initial studies were conducted using the boundary elements technique 
(Mi and Aliabadi, 1994; Neves et al., 1997), most studies in the literature 
focused on analyses performed using the finite element method. More
over, various hybrid numerical techniques such as finite element/dual 
boundary element method, which eliminates their disadvantages when 
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used separately while offering advantages with their integrated use, 
have also been reported in the literature (Citarella et al., 2016; Citarella 
et al., 2018; Giannella et al., 2017; Giannella et al., 2019). ADAP
CRACK3D (Schöllmann et al., 2003), ZENCRACK (Hou et al., 2001; 
ZENCRACK user manual, 1999), FRANC3D (Carter et al., 1995; Carter 
et al., 2000) and BEASY (Neves et al., 1997; Curtin et al., 1999) are some 
of the most common programs that can perform three-dimensional 
fracture and crack growth analysis using these methods. FRANC3D 
software was developed to be used initially with the boundary element 
method in the late 1980’s, and currently supports three commercial 
finite element based codes; ABAQUS, ANSYS and NASTRAN. Other 
software interfacing with these three commercial codes are ZENCRACK 
and BEASY. ZENCRACK generates cracked meshes automatically from 
uncracked finite element models to calculate fracture parameters, such 
as energy release rate and stress intensity factors. BEASY, which is based 
on boundary element method is capable of performing automatic crack 
growth simulations under complex fatigue loads and is integrated with 
finite element analysis systems. ADAPCRACK3D software uses the finite 
element method to perform crack growth analysis automatically and 
works in conjunction with ABAQUS. The enriched finite element method 
is also a preferred method from the perspectives of not needing pre- and 
post-process interventions, as it does not require a particular mesh 
structure near the crack front and additional treatments after solution of 
the finite element analysis. Ayhan and Nied (Ayhan and Nied, 1998; 
Ayhan and Nied, 2002) introduced a stand-alone general-purpose finite 
element-based 3-D fracture analysis program, FRAC3D, which is part of 
Fracture and Crack Propagation Analysis System (FCPAS). FRAC3D 
solver employs enriched crack tip finite elements to compute SIFs. Until 
now, there have been successfully performed studies by FRAC3D for 
interface cracks (Ayhan et al., 2007), mode-I (Ayhan and Nied, 2002) 
and mixed mode cracks (Ayhan, 2004; Ayhan, 2007) in homogeneous 
materials and cracks in functionally graded materials (Ayhan, 2007; 
Ayhan, 2009). 

In this study, computational fatigue crack propagation analyses of 
mixed mode-I/II/III problems selected from the literature are carried out 

using FRAC3D. The numerical applications considered in the study are; a 
cylindrical rod containing an inclined initial crack under tension fatigue 
load (Okada et al., 2013), a hollow shaft with an initial semi-elliptical 
crack subject to bending fatigue load (Citarella et al., 2018) and H- 
shaped specimen with a semi-circular crack under tension fatigue load 
(Grasso et al., 2018). 

2. Procedure for simulation of 3-D non-planar crack growth 

In this subsection, process steps of fatigue crack propagation analysis 
procedure are provided. The finite element models containing initial and 
evolving cracks are generated using ANSYSTM (ANSYS, 2009). The 
element, node lists connected to crack front and the whole model, and 
load, displacement lists belonging to whole model are taken from 
ANSYS. Those data are, then, converted and imported into FRAC3D 
solver to carry out fracture analysis. FRAC3D employs enriched crack tip 
elements to calculate SIFs, which are computed simultaneously together 

with nodal displacements without any post-processing intervention, 
along the crack front. The elements surrounding the whole crack front 
are named as the enriched finite elements and those elements between 
the enriched and regular finite elements are defined as transition ele
ments. A representative view of a 20-noded hexahedral enriched finite 
element on the crack front is given in Fig. 1. The nodal displacements 
and SIFs along the crack front can be calculated simultaneously, since 
the unknown nodal SIFs are included into finite element formulation of 
the enriched elements in addition to shape functions and nodal dis
placements. As an example, the enriched element’s x-direction 
displacement, u, is given by Eq. (1). Further details related to other 
displacement components, strains and numerical integration of enriched 
elements can be found in (Ayhan and Nied, 1998; Ayhan and Nied, 
2002).   

In (1), ξ, η and ρ are the local enriched element coordinates and uj are 
the nodal displacements. Nj are the regular finite element shape func
tions and Z0 is a zeroing function which is 1 for all enriched elements. fu, 
gu and hu are the analytically known terms from asymptotic crack tip 
displacement expressions for mode-I, -II and -III displacement compo
nents and m = 20 or 10 depends on element type. Ki

I, Ki
II and Ki

III are the 
unknown nodal SIFs at the ith crack front node, and the serie 
(∑ntip

i=1Ni(Γ)Ki
I,II,III

)
symbolizes SIF variations along the crack front on 

the element edge. ntip is 3 for a quadratic element and Γ is the local 
isoparametric coordinate varies between − 1 and 1. As can be seen from 
the above formulation, the SIFs are directly embedded in the formula
tion of enriched elements and thus, they are computed automatically 
using FRAC3D without any post-processing. 

The crack growth model introduced by Paris-Erdogan (Paris and 
Erdogan, 1963) and modified by Tanaka (Tanaka, 1974) for mixed mode 

Fig. 1. A 20-noded hexahedral enriched finite element touching the crack front 
and located on a crack surface (Ayhan, 2004). 

u(ξ, η, ρ) =
∑m

j=1
Nj(ξ, η, ρ)uj + Z0(ξ, η, ρ)

(

fu(ξ, η, ρ) −
∑m

j=1
Nj(ξ, η, ρ)fuj

)(
∑ntip

i=1
Ni(Γ)Ki

I

)

+Z0(ξ, η, ρ)
(

gu(ξ, η, ρ) −
∑m

j=1
Nj(ξ, η, ρ)guj

)(
∑ntip

i=1
Ni(Γ)Ki

II

)

+Z0(ξ, η, ρ)
(

hu(ξ, η, ρ) −
∑m

j=1
Nj(ξ, η, ρ)huj

)(
∑ntip

i=1
Ni(Γ)Ki

III

)

(1)   
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problems is used to predict fatigue crack growth rate; 

da
dN

= C
(
ΔKeq

)n (2) 

In (2), N is the number of loading cycles, a is the crack length, C and n 
are the material constants and ΔKeq is the equivalent SIF range, which 
describes the combination of basic modes under mixed mode conditions. 

In previous studies (Ayhan and Demir, 2019; Demir et al., 2019; 
Yaren et al., 2019), mixed mode-I/III and I/II/III fracture tests were 
carried out for compact tension-shearing and tearing (CTST) specimen 
under different mode mixity loading conditions. The test results showed 
high level of inconsistencies on prediction of unstable fracture load 
magnitudes between three-dimensional fracture criteria existing in the 
literature and experimental results for dominant mode-II and -III loading 
cases. Hence, improved equivalent SIF equations had been developed 
using critical fracture loads obtained from the tests and KI, KII, and KIII 
SIFs computed from numerical fracture analyses. Those developed 
equations (Eqs. 3 and 4) from the corresponding studies (Ayhan and 
Demir, 2019; Demir et al., 2019; Yaren et al., 2019) are used to predict 
ΔKeq, of which Eq. (3) defines the relation between the coupled mode-II 
and -III SIFs. By combining Eq. (3) with mode-I cyclic SIF, Eq. (4) ex
presses ΔKeq for mixed mode-I/II/III fatigue crack growth problems; 

ΔKeq(II− III) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

0.6890ΔK2
II + 0.6796ΔK2

III

√

(3)  

ΔKeq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

aΔK2
I + bΔK2

eq(II− III) + cΔKIΔKeq(II− III)

√

+
(

dΔK4
I + eΔKIΔK3

eq(II− III)

)0.25
(4) 

The coefficients of Eq. (4) are given in Table 1. As mentioned in the 
Introduction section, since crack deflects from its plane under mixed 
mode loading, to predict the incremental following crack profile, the 
crack deflection angles (θ0) for all nodes along the crack front need to be 
determined. 

In another previous study (Demir et al., 2017), mixed mode-I/II 
fracture tests were carried out for two different specimen types 
(compact tension shear-CTS and T-specimen) under different mixed 
mode loading conditions and using the obtained crack deflection angles 
from the experimental fracture tests and numerical fracture analyses, an 
improved equation had also been developed. The criterion (Eq. (5)) 
developed by Demir et al. (Demir et al., 2017) is used to provide crack 
deflection angle (θ0) at a given crack front node based on its mixed mode 
SIFs; 

θ0 = − arccos

⎛

⎝
aK2

II + KI

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

K2
I + bKIIKI

√

+ cKIIKI

K2
I + dK2

II

⎞

⎠ (5) 

Table 2 summarizes the coefficients of Eq. (5). The incrementally and 
nonplanarly growing crack surfaces are generated by predicting and 
successively adding the following crack front profiles to previous crack 
surfaces. This process is repeated in a loop setup as described in Fig. 2 
until Keq exceeds fracture toughness (KIc) of the material analyzed in the 
study. Non-planar crack growth modeling process involves many chal
lenging tasks. In consequence of the lack of automatic fitting and re- 
meshing capability for non-planar crack surfaces, the procedure needs 
some manual intervention. 

3. Numerical analyses 

In this section, results of numerical analyses carried out by FCPAS for 
3-D non-planar crack growth are presented. First, a circular rod with an 

Table 1 
Coefficients of ΔKeq (Eq. (4)).  

a b c d e  

0.5263  0.3322  − 0.1112  0.0257  − 0.0004  

Table 2 
Coefficients of crack deflection angle (θ0) equation (Eq. (5)).  

a b c d  

0.1723  5.1062  − 2.7483  − 1.1636  

Fig. 2. Simulation process for three-dimensional non-planar crack growth (Ayhan, 2011).  
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inclined initial crack subject to tension fatigue and torsion loads is 
considered. As a second numerical example, a hollow shaft containing 
an initial semi-elliptical crack under bending fatigue load is analyzed. 
Finally, analysis results of an H-shaped specimen with a semi-circular 
crack subject to tension fatigue load are summarized. 

3.1. A cylindrical bar with an inclined initial crack 

Non-planar fatigue crack growth analyses on a round bar specimen 

containing an inclined crack are carried out for two different loading 
conditions: pure tension and pure torsion. These cases were analyzed 
numerically in (Okada et al., 2013) using virtual crack closure-integral 
method (VCCM) to compute the SIFs and the criteria by Richard et al. 
(Richard et al., 2003) were used to predict the ΔKeq and the crack 
deflection angle (θ0). In Fig. 3, the geometric and loading details of the 
problem are summarized. The initial crack dimensions given in the 
figure are the same for both loading cases considered. A uniform ten
sile stress, σ = 140 MPa and a uniform torsional stress, τ = 140 MPa 

Fig. 3. Details of the problems subjected to fatigue loads, (a) tension, (b) torsion.  

Fig. 4. General view of the overall model and zoomed view of crack region containing hexahedral enriched and transition elements.  
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are applied to the cracked rod for the first and second loading cases, 
respectively. Fatigue crack growth analyses are performed at a stress 
ratio of R = 0 for both cases. The material considered for this appli
cation is a stainless steel. The material constants, C and n used for the 
analyses are 2.05 × 10-9 (mm/cycle⋅(MPa × m0.5)) and 3.3, 
respectively. The fracture toughness value (KIc) is assumed to be 

72 MPa × m0.5. Overall view of the cracked finite element model and 
zoomed view of the crack region containing hexahedral enriched and 
transition elements along and near the crack front are shown in Fig. 4. 
As shown in the figure that enriched elements surround the crack front 
and transition elements are located between enriched elements and 
regular finite elements. In Fig. 5, SIF distributions along the crack front 
for all crack propagation steps performed for tension fatigue loading 
are given. The crack growth analyses are finalized after the 34th in
cremental step of the propagation. It is seen from Fig. 5 that, as ex
pected, KI increases with crack growth. KII SIF changes from negative 
to positive anti-symmetrically along the crack front and the distribu
tions are almost similar for all propagation steps. In Fig. 6, overall view 
of the finite element model for the last propagation step and zoomed 
view of the mesh around the crack front are given by changing the 
level of translucency of the rest of the crack surface elements to see the 
crack growth trajectory within the whole model. The finite element 
models are meshed using hexahedral enriched elements in a tube-like 
domain along the crack front and the remaining model is discretized 
using tetrahedral finite elements for each analysis step. The model 
shown in Fig. 6 has 256,482 nodes and 157,986 tetrahedral elements 
(10-noded). It can be checked with the reference study (Okada et al., 
2013) that closely resembling propagating crack front profiles, which 
were the only available data for this case, are obtained in the current 
study. The predicted number of cycles vs. crack depth curve for the 
case of tension fatigue loading is shown in Fig. 7. 

As in the first application case (tension loading), non-planar fatigue 
crack propagation analyses are also carried out for the second case in 
which the specimen is subjected to torsion fatigue loading. The close- 
up view of the finite element model around the crack region for the 
initial crack and comparison of the resulting SIFs along the crack front 
computed in the current study and in the study of Okada et al. (Okada 
et al., 2013) are given in Figs. 8 and 9. 172,870 tetrahedral elements 
and 246,209 nodes are included in the presented finite element model 
(Fig. 8). It is seen from Fig. 9 that SIF distributions along the initial 
crack front are almost identical with the data of the reference study. 
Crack propagation analyses are terminated after 32 steps of increment. 
Variations of SIFs along the entire crack front for each increments 
under torsion loading are plotted in Fig. 10. It is observed with crack 
growth that, KI increases on one of the free-surface much more than 
the other free surface. Therefore, as the crack grows, further crack 
growths would be expected for the free-surface point for which higher 
KI SIFs are observed. KII and KIII SIFs increase slightly with crack 
growth. Non-planar crack propagation analysis process is terminated 
for torsion loading case after the 32nd step. Zoomed views of crack 
region with different perspectives for the last step of the analyses and 
comparison of predicted crack paths with the numerical and experi
mental crack growth data of the study (Okada et al., 2013) are shown 
in Figs. 11 and 12, respectively. The three-dimensional twisted crack 
paths are projected on the initial crack plane for which reference axis is 
presented in Fig. 11. The x-y plane corresponds to the initial crack 
plane and z-axis is perpendicular to its plane. In the reference study 
(Okada et al., 2013), experimental crack growth surface marked for 
few crack profiles to compare with their numerical propagation pre
dictions was presented. In order to compare the crack propagation 
profiles with the reference study, the predicted crack paths close in size 
to the given paths were plotted. As indicated above, it can be clearly 
seen from both of the figures that one of the free surface grows much 
further compared to the another one. Fig. 12 shows that the crack 
growth predictions made by FCPAS and the reference study are very 
close to each other and the profiles measured from the experiments 
propagate at the depth point more than the numerical predictions. 

Fig. 5. SIFs along the crack front for all crack propagation steps performed for 
tension fatigue loading, (a) KI, (b) KII, (c) KIII distribution. 

E. Kurt et al.                                                                                                                                                                                                                                     



International Journal of Solids and Structures 241 (2022) 111497

6

Fig. 6. Finite element model for the last propagation step, (a) zoomed view of the mesh around the crack front, (b) crack growth path.  

Fig. 7. Predicted crack depth length as a function of number of cycles.  
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Fig. 8. General view of the overall model and close-up view of finite elements around the initial crack region under torsion loading case.  

Fig. 9. Comparison of the computed SIFs along the crack front with the study of Okada et al. (2013).  
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The possible cause may be related to the crack tip plasticity. The 
probable presence of local plasticity on crack tip free surfaces may retard 
crack propagation. In Fig. 13, a comparison of fatigue crack propagation 
lives predicted for the specimen subjected to torsional load is plotted as a 

function of surface crack length. The curve lengths of the incrementally 
growing edge-point on the crack front are measured and cumulatively 
added up to calculate the value of free surface crack length during the 
simulation procedure. Experimental test was carried out at the stress 
ratio (R) of − 0.9 in the reference study (Okada et al., 2013). For the case 
of R = − 0.9, one needs to first realize that two sides of the loading cycle, 
i.e., positive and negative torsional loading, in fact yield opposite crack 
driving forces, i.e., if the crack surfaces open when positive torque is 
applied, they would be closed during the negative portion of the torque 
cycle. This is because the crack plane which makes a 45◦ angle with the 
axis of the cylindrical specimen will be subjected to tensile normal stress 
in one half of the cycle, while it will experience negative normal stress 
during the other half. Therefore, since the compressive normal stress 
acting on the crack plane will not contribute to crack growth due to 
closure of crack surfaces under compressive remote loading, it is antic
ipated that the fatigue crack propagation behavior of the case with R =
− 0.9 would be close to that of R = 0, and thus is not included as a 
separate curve in Fig. 13. It should be stated that FCPAS gives closer 
predictions to the experimental life and remarkable difference exist 
between the numerical predictions. 

Fig. 10. Distributions of SIFs along the crack front for each crack propagation 
steps performed for torsion fatigue loading, (a) KI, (b) KII, (c) KIII variation. 

Fig. 11. Zoomed perspective views of crack region for the 32nd propagation 
step under torsion loading case, (a) finite element model, (b) incremental 
crack profiles. 
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3.2. A hollow shaft with a semi-elliptical surface crack 

The study by Citarella et al. (2018) is considered as the second 
application problem. In Fig. 14, detailed dimensions and finite element 
model of hollow shaft with a zoomed view of initial crack zone are given. 
As seen from the figure, the shaft containing the semi-elliptical crack is 
subject to bending load. The symmetry boundary condition is imple
mented on the surface nodes of the boundary which is defined as sym
metry plane in the figure. 200 kN bending load (R = 0) is applied 

uniformly in the opposite (y-axis) direction on nodes located in both 
force plane. Numerical simulations were performed using three different 
codes by Citarella et al. (2018) and similar results were obtained in 
terms of prediction of SIFs and crack growth surfaces. Simulation results 
in the current study are compared with the data (Citarella et al., 2018) 
obtained using the code, BEASY, in which the boundary element method 
and Tanaka criterion (Tanaka, 1974) given in Eq. (6) were used to 
compute the SIFs and ΔKeq, respectively. 

Fig. 12. Comparisons of predicted crack profiles with the numerical and experimental crack growth data of the study (Okada et al., 2013).  

Fig. 13. Comparisons of predicted crack propagation lives for the case subjected to torsion load.  
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ΔKeq =

[

ΔK4
I + 8ΔK4

II +
8ΔK4

III

1 − ν

]0.25

(6) 

In (6), ν is Poisson’s ratio. The crack growth related material con
stants for the material made of steel alloy, C and n are 1.23085 × 10-12 

(mm/cycle⋅(MPa × mm0.5)) and 2.8, respectively. The value of (KIc) 
is assumed to be 100 MPa × m0.5. Fig. 15 shows the comparison of SIF 
distributions for the initial crack obtained from the current study using 
FCPAS and from the reference study (Citarella et al., 2018) using BEASY. 
Trends in variation of mixed mode SIFs agree well with each other. 

Fig. 14. Detailed dimensions of hollow shaft with a zoomed view of the finite element model containing the initial crack.  

Fig. 15. Distributions of mixed mode SIFs along the initial crack front.  
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The Keq SIFs according to the criterion (Eqs. 3 and 4) proposed by 
Demir et al. (2019) and the criterion (Eq. (6)) proposed by Tanaka 
(1974) are computed using the resulting SIFs obtained by FCPAS for the 
crack front edge points of all evolving crack fronts. Variation of the 
computed Keq SIFs as a function of edge crack length is given in Fig. 16. It 
is seen that as crack grows overall tendencies for both criteria are similar 
and the predictions by Demir et al. (2019) are relatively higher. The 
successive non-planar crack growth analyses are terminated after 36 

steps of crack increments. Overall and close-up views of the cracked 
region and comparison of predicted crack growth lives from the current 
and the reference study (Citarella et al., 2018) are shown in Figs. 17 and 
18, respectively. From Fig. 18, the lives predicted with respect to the 
Demir et al. (2019) and the Tanaka (1974) criteria in the current study 
using the resulting SIFs from FCPAS are seen to agree well with the 
predictions of the reference study (Citarella et al., 2018). 

Fig. 16. Variation of the resulting Keq vs. edge crack length during crack growth.  

Fig. 17. Close-up view of the cracked region and evolving crack surfaces.  
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3.3. H-shaped specimen with an initially deflected semi-circular crack 

The study by Grasso et al. (Grasso et al., 2018) is considered as a final 
application case. Non-planar crack growth analyses are performed for 

the specimen having a cross section similar to H-shape and containing an 
initially deflected semi-circular surface crack. Fig. 19 presents the de
tails of the geometry and its dimensions. It is seen that the initial surface 
crack is deflected with the angle of 45◦ and the specimen is subjected to 

Fig. 18. Comparison of the predicted crack growth lives with reference to the current and the reference study (Citarella et al., 2018).  

Fig. 19. Details of the H-shaped specimen geometry and its dimensions.  
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tension load, which causes mixed mode fracture conditions around the 
crack region. 

The material used is aluminum alloy F357. The applied pressure at 
the specimen ends is 126.37 MPa, which generates 180 MPa of normal 
stress at the cross-section containing the initial crack. The initial 

surface crack has a total surface length of 1 mm and a depth of 0.5 mm. 
The equations (7, 8 and 9) were used to compute the ΔKeq and the 
NASGRO equation (10) was employed as crack growth model and the 
criterion by Erdoğan and Sih (Erdogan and Sih, 1963) was used to 
predict crack deflection angle in the reference study (Grasso et al., 
2018). 

ΔKeq = Keq,max − Keq,min (7)  

Keq,max =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

K2
I,max + (βIIKII,max)

2
√

+(βIIIKIII,max)
2 (8)  

Keq,min =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

K2
I,min + (βIIKII,min)

2
√

+(βIIIKIII,min)
2 (9)  

da
dN

= C
((

1 − f
1 − R

)

ΔK
)n

(

1 − ΔKth
ΔK

)p

(

1 − Kmax
KC

)q (10)  

where, βII = KIIC/KIC, βIII = KIIIC/KIC, N is the number of loading cycles, a 
is the crack length, C, n, p, q are the empirical constants, R is the stress- 
ratio, Kmax, Kmin are the SIFs of the maximum and minimum loading 
forces in the cycle, ΔK is the SIF range, ΔKth is the threshold of SIF, Kc is 
the critical value of SIF referred to fracture toughness and f is the 
Newman’s crack opening function. 

The fatigue crack growth-related material constants, C and n, are 
3.0447 × 10-11 (mm/cycle⋅(MPa × mm0.5)) and 2.54, respectively. The 
load ratio is R = 0.1. The value of (KIc) is assumed to be 33 MPa ×
m0.5. Fig. 20 shows the mixed mode SIF distributions along the crack 
front for the carried out 43 steps of crack propagation analyses. It is 
seen from Fig. 20a that during crack growth, mode-I SIFs increase to
wards the vicinity of the crack surface compared to the crack front 
center and include sudden drops towards the close vicinity of the free- 
surface. KII SIFs increase around the crack front center much more than 
the vicinity of the crack edges and remarkable drops and jumps are 
observed towards the crack edges. As crack grows, KIII SIFs vary anti- 
symmetrically with regard to the center point of the crack along the 
crack front (Fig. 20c). In Fig. 21, comparisons of computed KI SIFs as a 
function of relative cumulative crack length are plotted for three points 
on the crack front. It is seen from the FCPAS solutions that much 
further relative cumulative crack lengths are obtained for the free 
surface points as compared to the center point of the crack front. As 
crack grows, variation of KI SIFs for the free surfaces are almost 
identical for each increment. Close-up view of finite element mesh 
around the crack region and crack growth trajectories for the last 
propagation step for which 175,295 tetrahedral elements and 311,356 
nodes are used are given in Fig. 22. 

Finally, in Fig. 23, comparison of fatigue life predictions are pre
sented as a function of crack length. In order to show the importance of 
the ΔKeq and the crack growth models used for crack propagation 
analysis, the computed SIFs (Fig. 20) using FCPAS are employed to 
compute the ΔKeq (Eqs. 7, 8 and 9), from which the fatigue life (Eq. (10)) 
is predicted. The computed life curve, labeled as FCPAS_(NASGRO Eq), 
is presented in Fig. 23. It is worthwhile to note from Fig. 21 that for a 
given relative cumulative crack length, KI SIFs computed by FCPAS are 
smaller than the reference study (Grasso et al., 2018). Thus, as expected, 
greater fatigue life is obtained by FCPAS when using the same crack 
growth model of Ref. (Grasso et al., 2018) (Fig. 23). 

Fig. 20. Mixed mode SIF distributions along the crack front for each incre
mental crack propagation step, (a) KI, (b) KII, (c) KIII variation. 
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Fig. 21. Variation of the computed KI SIFs vs. relative cumulative crack length during crack growth.  

Fig. 22. Close-up view of finite element mesh around the cracked region and crack growth trajectories for the last propagation step.  
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4. Summary and conclusions 

In this study, mixed mode non-planar fatigue crack propagation 
simulations are performed for different case studies selected from the 
literature. The crack growth analyses are carried out using Fracture and 
Crack Propagation Analysis System (FCPAS), which employs enriched 
finite elements surrounding crack front to calculate the mixed mode 
SIFs. The recently developed fatigue crack growth criterion by the au
thors is used to predict the Keq SIF and crack deflection angle. The results 
from numerical analyses show that good agreements are obtained be
tween the data from the literature in terms of computation of SIFs, 
prediction of evolving crack trajectories and fatigue crack growth lives. 
Thus, it is concluded that FCPAS is capable to perform three- 
dimensional non-planar fatigue crack propagation analyses and the 
recently developed fatigue crack growth criteria can be used to predict 
the non-planar successive incremental crack growth trajectories. 
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structures with cracks. Steel Res. Int. 74 (8), 491–497. 

Richard, H.A., Fulland, M., Sander, M., 2005. Theoretical crack path prediction. Fatigue 
Fract. Eng. Mater. Struct. 28 (1-2), 3–12. 
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Schöllmann, M., Fulland, M., Richard, H.A., 2003. Development of a new software for 
adaptive crack growth simulations in 3D structures. Eng. Fract. Mech. 70 (2), 
249–268. 

Sih, G.C., 1991. A three-dimensional strain energy density factor theory of crack 
propagation. In: Sih, G.C. (Ed.), Mechanics of Fracture Initiation and Propagation. 
Springer Netherlands, Dordrecht, pp. 23–56. https://doi.org/10.1007/978-94-011- 
3734-8_2. 

Tanaka, K., 1974. Fatigue crack propagation from a crack inclined to the cyclic tensile 
axis. Eng. Fract. Mech. 6 (3), 493–507. 
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