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Abstract
Today, sheet metal process simulations based finite element (FE) analysis became an indispensable part of tool design 
engineering in automotive and related stamping industries. In this context, an analytical description of the inherent direc-
tional strength and deformation variations in these sheet metals are conducted by means of an orthotropic yield criterion. 
In practice, an appropriate criterion can be determined using directionality parameters such as r-values and yield stress 
ratios from simple tension tests to predict material strength and deformation anisotropies analytically. When yield criteria 
together with the computed anisotropy parameters are implemented into the finite element software, however, it should be 
also investigated whether the finite element (FE) model could capture the actual anisotropic behavior of the material and 
assess the analytical model accurately. One way of ensuring this condition is to use single finite element tests in order to 
simulate uniaxial deformation behavior of material in simple tensile tests. In this study, FE analyses of simple tension test 
with sheet specimens were conducted for specimens from seven evenly spaced directions for two widely used sheets in the 
automotive industry, namely DP600 and AA2090-T3 aluminum alloy. Lankford parameters and the yield stress ratios were 
predicted with analytical approach and FE analysis for different material orientations. It is determined that, while plasticity 
model analyses are quite successful in terms of computed deformations and flow curves, Barlat’s yield functions family has 
significant strength and deformation differences between analytical and numerical results, especially for steel sheets. It is 
assessed that these discrepancies are caused by plasticity implementation into FE software.
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1  Introduction

Today, the increasing use of lightweight materials plays an 
important role in the automotive industry in order to meet 
ever-decreasing environmental pollution and fuel con-
sumption restrictions. Aluminum alloys and advanced high 
strength steels (AHSS) have become prominent choices in 
these regards due to their weight/strength ratio advantage. 
For this reason, accurate plasticity modeling is a critical step 
for these materials, especially for finite element analyses. A 

plasticity model comprises a yield criterion, flow rule, and 
hardening rule. The yield criterion represents a boundary 
known as a yield locus separating the elastic and plastic 
regions from each other in stress space, and material anisot-
ropy affects the shape of this boundary [1]. In addition, the 
yield criterion is considered as the plastic potential for flow 
rule, which is used to determine the direction of the incre-
mental plastic strain. In this regard, modeling of the material 
anisotropy is also essential to determine the plastic strain 
increments. In the literature, several material models were 
proposed to describe the anisotropic behavior of the mate-
rial. The first anisotropic yield criterion was proposed by 
Hill [2]. This famous yield function is prevalently used and 
has six parameters to be calibrated. Besides, this criterion 
(Hill-48) is quite useful for steel. Chung et al. [3] performed 
hole expansion simulations of three different steel grades, 
including advanced high strength steels (AHSS) using Hill’s 
criterion. These steels are namely, 340R, TRIP590, and 
TWIP940. It was concluded that the obtained results were 
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in good agreement with the experimental results. On the 
other hand, this criterion is not recommended for aluminum 
alloys. The reason is that this criterion cannot model the 
first and second-order anomalous behaviors. The first-order 
anomalous behavior was firstly reported by Woodthorpe and 
Pearce [4]. They observed that several materials, especially 
aluminum alloys, have an average anisotropy coefficient less 
than 1 but they have balanced biaxial yield stress higher 
than the uniaxial yield stress. For these materials, the yield 
locus is outside of the von Mises ellipse. Hill’s criterion 
cannot model this behavior hence, in nature, this criterion 
leads to a yield locus prediction located inside of the von 
Mises ellipse when the average anisotropy coefficient is 
less than 1. Second anomalous behavior was reported by 
Banabic et al. [5]. They observed that some materials having 
a ratio of yield stress in rolling direction to that of transverse 
direction higher than 1, have a ratio of r-value in rolling 
direction to that of in transverse direction less than 1 (or 
vice versa). However, Hill’s criterion predicts both ratios, 
either higher or lower than 1. To describe both anomalous 
behaviors in addition to biaxial yield stress, a yield func-
tion should accurately predict the yield stresses and r values 
in rolling and transverse directions. In order to overcome 
the anomalous issue reported by Woodthorpe and Pearce, 
Hill also proposed several different anisotropic yield criteria 
[6–8]. Among them, Hill (1979) criterion overcomes the first 
order anomalous issue, Hill (1993) criterion overcomes both 
the first and second anomalous problems; however, these 
criteria do not take the shear components into account [6, 
9]. On the other hand, despite Hill (1990) criterion over-
comes both first and second-order anomalous behaviors, it 
suffers from the larger CPU time in finite element analyses 
[9]. Besides the Hill's family, there were also different yield 
functions proposed in the literature. Gotoh developed the 
first polynomial-based yield function, which overcomes the 
anomalous issues [10], but this criterion could not provide 
the convexity conditions for several aluminum alloys [11]. 
Barlat and Lian proposed a non-quadratic yield function 
considering the planar anisotropy (Barlat-89) [12]. This 
linear transformation-based yield function is quite practical 
for aluminum alloys without high anisotropic behavior, but 
it cannot be used for three-dimensional stress state. For the 
three-dimensional stress state, Barlat et al. proposed another 
yield criterion based on linear transformation [13]. However, 
this criterion only predicts the directionality of the yield 
stress ratios. Then Barlat et al. developed Yld91 criterion 
and proposed Yld96 criterion, which predicts both angular 
variations of the r values and yield stress ratios [14]. Later, 
Barlat et al. proposed a sophisticated yield criterion named 
Yld2000-2d based on two linear transformations for plane 
stress state. This criterion predicts both the angular varia-
tions of r values and yield stress ratios simultaneously. In 
addition, this criterion considers the biaxial yield stress and 

r-value [15]. There were also different non-quadratic yield 
criteria in the literature [16–18]. Most of the yield func-
tions mentioned hitherto are embedded into the finite ele-
ment (FE) codes, or their implementation procedures into 
FE software are not difficult. Correspondingly, applicability 
of different yield criteria on different steel grades and alu-
minum alloys was evaluated. Toros et al. [19] investigated 
the performance of Hill48, Yld89, and Yld2000-2d on the 
spring-back behavior of TRIP800 steel. Xu et al. [20] carried 
out hole expansion tests of a TWIP steel sheet and numeri-
cal simulations of these tests using the Yld2000-2d yield 
criterion. For both studies, Yld2000-2d provided accurate 
results. Kuwabara et al. [21] conducted a similar work and 
used Hill48 and Yld2000-2d as yield criteria for AA6016-
O and AA6016-T4 aluminum alloys. They reported that the 
numerical results obtained from Yld2000-2d were in accord-
ance with the experimental results.

With the development of computer science, mechani-
cal tests can be simulated using the FE method with mini-
mum cost. However, anisotropy parameters based on the r 
value and the yield stress ratio directionalities are directly 
obtained from analytical methods and yield criteria related 
to the computed anisotropy parameters were implemented 
into the FE software.

When yield criteria are implemented into the finite ele-
ment software, it is uncertain that the FE software could 
reflect the anisotropic behavior of the material and capture 
the analytical input values completely. It should be also 
investigated that the FE model could capture the anisotropic 
behavior of the material and assess the analytical model 
accurately.

From this perspective, in the present study, the differ-
ences between the analytical and numerical predictions of 
the r value and the yield stress ratios directionalities were 
evaluated. To this end, a single finite element was modeled 
to perform the simulations. Two materials widely used in the 
automotive industry, namely DP600 and AA2090-T3 alu-
minum alloy were investigated. Uniaxial tensile test condi-
tions were applied on the single finite element. Lankford 
parameters and the yield stress ratios were determined for 
different material orientations using simulations. Numerical 
and analytical predictions are validated with experimental 
results.

2 � Materials and method

Dual-phase (DP) steels are widely used steels among the 
AHSS and show not only adequate strength but also high 
ductility. These steels contain martensite grains surrounded 
by a ferrite matrix [22–24]. Ferrite matrix ensures ductility, 
whereas martensite islands ensure sufficient strength [22]. On 
the other hand, aluminum alloys show low ductility, and they 
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are inclined to fracture during the deformation processes [21]. 
Moreover, several aluminum alloys demonstrate significant 
anisotropy [25, 26].

In this study, dual-phase DP600 steel and 2090-T3 alu-
minum alloy were used to present plasticity model capabilities 
for predictive modeling based on directionalities of both yield 
stress ratios and anisotropy coefficients. Hill-48, Barlat-89, 
and Yld2000-2d yield criteria were performed to exhibit the 
predictive modeling capability of commonly used plasticity 
models.

3 � Plasticity models

3.1 � Hill‑48 criterion

Hill (1948) yield function is given in following equation [2].

Here, F, G, H, L, M, and N are the anisotropy parameters 
to be calibrated. These parameters were calculated through 
Lankford parameters as in the following equations.

3.2 � Barlat‑89 criterion

Barlat (1989) yield criterion Φ for plane stress is defined as 
[12]:

where σY is the yield stress and Ki=1,2 are given by:
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The anisotropic material constants a, c, h, and p are 
obtained through R00, R45, and R90:

3.3 � Yld2000‑2d criterion

The yield condition for Yld2000-2d criterion can be writ-
ten [15]
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where,

The parameters α1 to α8 are the parameters that determine 
the shape of the yield surface.

4 � Application study

In this study, directionalities of both yield stress ratios and 
anisotropy coefficients (r) were predicted analytically and 
numerically using Hill-48, Barlat-89, and Yld2000-2d cri-
teria. In the first stage of the study plasticity model param-
eters of DP600 and AA 2090-T3 materials were identified 
using the uniaxial tensile test results for 7 directions varying 
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from rolling direction (0°) to transverse direction (90°) at 
15° degree intervals in Refs. [27] and [28]. Uniaxial tensile 
tests were conducted based on ASTM-E8 standard [29] with 
1 mm and 1.6 mm gauge thickness for DP600 and AA2090-
T3, respectively (Fig. 1).

Plasticity model parameters of these materials are sum-
marized in Table 1. Using these parameters analytical pre-
dictive modeling is performed for all plasticity models to 
obtain angular variations of yield stress ratios and anisot-
ropy coefficients. In the analytical modeling stage, plasticity 
model equations were implemented into a Matlab code and 
yield stress ratio and anisotropy coefficient predictions were 
performed by using plasticity model material inputs, and 
angular variations were observed for all materials.

In the numerical modeling stage of the study, finite single 
element test was used to identify the prediction capacity of 
the plasticity models. For this purpose, a single shell element 
is generated by using Belystchko-Tsay [30] element formula-
tion with 7 integration points through the thickness. Ls-Dyna 
commercial software was used in the finite element analyses. 
Boundary conditions were applied as summarized in Fig. 2. 
Tensile tests in 7 directions until 0.2 strain values in 1 s were 
performed to obtain the yield stress ratios and r values.

5 � Results & discussion

In this section comparison results of analytical and numeri-
cal predictions of the plasticity models with experimental 
validation were presented. Firstly, stress–strain curves of the 
single finite element tests are obtained, and these curves 
can be seen in Fig. 3 and Fig. 4, for DP600 and 2090-T3 
aluminum alloy materials, respectively. In all figures, 0° rep-
resents the rolling direction, while 90° represents transverse 
direction. It can be seen that the effect of the anisotropy was 
captured by all plasticity models for both materials.

It was observed from Fig. 5 and Fig. 6 that analytical and 
numerical yield stress ratio predictions in the same material 
orientations were in accordance with each other for all crite-
ria and materials. Nevertheless, several deviations in the pre-
dictions of r value directionalities were observed in certain 
angular intervals for both materials. Finally, comparisons 

Fig. 1   ASTM-E8 uniaxial tensile test sample dimensions

Fig. 2   Boundary conditions of 
the single finite element test
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between analytical and numerical results were presented to 
identify the difference between the approaches more clear. 
These results can be seen in Fig. 7 and Fig. 8.

Numerical predictions of the yield stress ratio and r 
value directionalities of the Hill-48 yield function were 
compatible with the analytical predictions for both mate-
rials. Solely, numerical predictions overestimated the r 
values in comparison to the analytical results between 45° 
and 90° for 2090-T3 aluminum alloy. On the other hand, 
Barlat-89 and Yld2000-2d criteria exhibited similar behav-
iors for DP600 steel and numerical results obtained from 
these criteria underestimated the r values compared to the 
analytical results. Regarding the 2090-T3 aluminum alloy, 
numerical predictions obtained from Yld2000-2d criterion 
were in good agreement with the analytical results. Bar-
lat-89 showed similar behaviors with Hill-48 criterion, and 
it was seen that the numerical results of Barlat-89 predicted 
higher r values between 45° and 90° when compared to the 
analytical results. For Barlat-89 and Yld2000-2d criteria, 
numerical predictions of yield stress ratios were consistent 
with the analytical results similar to the Hill-48 criterion for 
both materials. Moreover, it was observed for 2090-T3 that 

the differences between the numerical and analytical results 
were lower than DP600 steel.

6 � Conclusions

In this study, it is aimed to present the differences between 
the analytical and numerical predictions of the yield stress 
ratios and Lankford parameters directionalities for aniso-
tropic materials to clarify the implementation accuracy of 
commonly used plasticity models. For this purpose, three 
different plasticity models were used as Hill-48, Barlat-89, 
and Yld2000-2d. Two materials widely used in the automo-
tive industry, namely DP600 and AA2090-T3 were stud-
ied. Uniaxial tensile tests by 7 directions for these materials 
with single finite element tests were performed for numeri-
cal predictions. Ls-Dyna commercial finite element software 
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Fig. 3   Stress–strain curves obtained by single finite element test for 
DP600
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Fig. 4   Stress–strain curves obtained by single finite element test for 
2090-T3 In the next stage, angular variations of yield stress ratios and 
anisotropy coefficients (r) were compared using analytical and numer-
ical approaches. Comparison results can be seen in Fig. 5 and Fig. 6.
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was used in finite element analyses. Plasticity models were 
implemented into Matlab codes for analytical predictions.

Numerical stress–strain curves of the materials were 
determined and compared based on angular variations. It is 
seen that all plasticity models were captured the anisotropy 
effect. Then, the yield stress ratios and Lankford parame-
ters were obtained for different material orientations using 
finite element predictions and compared with the analytical 
results. It is observed that analytical and numerical yield 
stress ratio predictions in the same material orientations 
have an agreement with each other for all plasticity models 
and materials. Nevertheless, several deviations in the pre-
dictions of r value directionalities were observed in certain 

angular intervals for both materials. Numerical predictions 
of the yield stress ratio and r value directionalities of the 
Hill-48 yield function were compatible with the analytical 
predictions for both materials. On the other hand, Barlat-89 
and Yld2000-2d criteria exhibited similar behaviors for 
DP600 steel and numerical results obtained from these cri-
teria underestimated the r values compared to the analytical 
results. Regarding the 2090-T3 aluminum alloy, numerical 
predictions obtained from Yld2000-2d criterion were in 
good agreement with the analytical results while Barlat-89 
showed similar behaviors with Hill-48 criterion, and it 
was seen that the numerical results of Barlat-89 predicted 
higher r values between 45° and 90° when compared to the 

Fig. 5   Angular variations of 
yield stress ratios and anisot-
ropy coefficients (r) obtained 
by analytical and numerical 
approaches for DP600
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Fig. 6   Angular variations of 
yield stress ratios and anisot-
ropy coefficients (r) obtained 
by analytical and numerical 
approaches for 2090-T3
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Fig. 7   Comparison of analyti-
cal and numerical approaches 
prediction results for DP600
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analytical results. For Barlat-89 and Yld2000-2d criteria, 
numerical predictions of yield stress ratios were consistent 
with the analytical results similar to the Hill-48 criterion for 
both materials. Moreover, it was observed for 2090-T3 alloy 
that the differences between the numerical and analytical 
results were lower than DP600 steel.

It is concluded that the implementation of the Hill-48 
criterion is quite successful. However, Barlat yield functions 
family has significant strength and deformation differences 
between analytical and numerical results, especially for steel 
sheets.
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