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Abstract

In this paper we consider eight special Frenet ruled surfaces along to the
Bertrand pairs {o*, a}. First we define and find the parametric equa-
tions of Frenet ruled surfaces which are called Bertrandian Frenet
ruled sur face, along Bertrand curve «, in terms of the Frenet appa-
ratus of Bertrand curve a. Later we find only one matrix gives us
all sixteen positions of normal vector fields of eight Frenet ruled sur-
faces and Bertrandian Frenet ruled surface in terms of Frenet ap-
paratus of Bertrand curve o too. Further using that matrix we have
some results such as; normal ruled surface and Bertrandian tangent
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ruled sur face have perpendicular normal vector fields along the curve
0, (s) = Oé“‘ﬁVQ or there are four pairs of Frenet ruled surface with
perpendicular normal vector fields along the Bertrand pairs {a*, a} .

Mathematics Subject Classification: 53A04, 53A05

Keywords: Bertrand curves, ruled surface, Frenet apparatus

1 Introduction and Preliminaries

A ruled surface can always be described (at least locally) as the set of points
swept by a moving straight line. A ruled surface is one which can be generated
by the motion of a straight line in Euclidean 3 — space, ([2], [3]). Choosing
a directrix on the surface, i.e. a smooth unit speed curve « (s) orthogonal to
the straight lines, and then choosing v(s) to be unit vectors along the curve in
the direction of the lines, the velocity vector a; and v satisfy <0/, v> = 0. The
fundamental forms of the B—scroll with null directrix and Cartan frame in the
Minkowskian 3-space is examined in [12]. The properties of the B — scroll are
also examined in FEuclidean 3 — space and n— space and in Lorentzian 3— space
and n — space with time-like directrix curve and null rulings ( [9], [10], [11]).
The properties of the B — scroll are also examined in Euclidean 3 — space and
n — space and in Lorentzian 3 — space and n — space with time-like directrix
curve and null rulings, ([5],[9], [10], [11], [17] ). The Gauss map of B-scrolls has
been examined in [1]. Deriving curves based on the other curves is a subject in
geometry. Involute-evolute curves, Bertrand curves are this kind of curves. By
using the similiar method we produce a new ruled surface based on the other
ruled surface. Involute B — scroll is defined in [13]. The differential geometric
elements of the involute D scroll are examined in [16]. It is well-known that,
if a curve is differentiable in an open interval, at each point, a set of mutually
orthogonal unit vectors can be constructed. And these vectors are called Frenet
frame or moving frame vectors. The rates of these frame vectors along the curve
define curvatures of the curves. The set, whose elements are frame vectors and
curvatures of a curve «, is called Frenet-Serret apparatus of the curves. Let
Frenet vector fields be Vi, V5, V3 of o and let the first and second curvatures
of the curve a be ki and ko, respectively. The quantities {Vi, Vo, V3, D, ky, ko }
are collectively Frenet-Serret apparatus of the curves. Here Darboux vector
D is the areal velocity vector of the Frenet frame of a space curve. It is
named after Gaston Darboux who discovered it. For any unit speed curve «,in
terms of the Frenet-Serret apparatus, the Darboux vector can be expressed
as D(s) = ka(s)Vi (s) + k1(s)V3 (s) where curvature functions are defined by

ki = ||Vi|| and ke = <Vg, I/§,> . The Darboux vector field of o and it has the
following symmetrical properties D x V; = Vl, D xVy, = VQ,D X Vs = Vg,
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[6]. Let a vector field be D(s) = %(S)‘/l (s) + V5 (s) along a(s) under the
condition that ki(s) # 0 and it is called the modified Darboux vector field of

~ !/
a, [8]. Also it is trivial that D(s) = <Z—j> V1. The Frenet formulae are also

well known as

Vi 0 & 07][W
Vo l=1] -k 0 kK Vs
Vs 0 —k 0] Vs

Let o : I — E? and o* : I — E3 be the C?— class differentiable unit speed two
curves and let Vi(s), Va(s), Vs(s) and Vi*(s), V5 (s), V5*(s) be the Frenet frames
of the curves av and «*, respectively. If the principal normal vector V5 of the
curve « is linearly dependent on the principal normal vector V5 of the curve
a*, then the pair {«, a*} are called Bertrand curve pair, [15],. Also a* is called
Bertrand mate. If the curve a* is Bertrand mate of a;, then we may write that
o* (s) = a (s)+AV; (s) . Differentiating, we get % = —2L_—_ If the curve a*

ds* ko />\2+ﬁ2

is Bertrand mate a (s), then the angle between tangent vectors and distance
between corresponding points of the Bertrand curve pair in E3 is constant,

[15], [7],[14].

Theorem 1.1 For a space curve o(s) with ky # 0, the curve a(s) is a is a
Bertrand curve if and only if there exist nonzero real numbers X and [ such
that constant \ky + Bky = 1 for any s € I. It follows from this fact that a
circular heliz is a Bertrand curve, [15],[7].

Theorem 1.2 Let o : I — E3 and o : I — E? be the C%*— class differ-
entiable unit speed two curves and the quantities {W,Vg,‘/},,ﬁ,k‘l,k’g} and

| 7 A VE,,*,[)*, kT, k:;} are collectively Frenet-Serret apparatus of the curves

a and the Bertrand mate o, respectively, then

‘/1* _ BVIH+AVs Vi = —AV1+8V3 Akz >0

/22432 3 2432 )

. Me  ki4/A24p2 =
Vi =V, D* = Gy D-
the first and second curvatures of the offset curve a* are given by ki = %

and kj = i

m,respectively, [15].
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1.1 Normal vector fields of Frenet ruled surfaces

Definition 1.3 In the Fuclidean 3 — space, let a(s) be the arclengthed curve.
The equations

e1(s,u1) = a(s) +uiVa(s)
Vo (8,u2) = a(s) + uxVa ()
s (s, u3) = a(s) + usVi ()
04 (s,ug) = a(s) +usD(s)

are the parametrization of Frenet ruled surfaces which are called Vi — scroll (
tangent ruled surface), Vo—scroll (normal ruled surface), V3 —scroll (binormal
ruled surface), Darbouz ruled surface, respectively in [4].

Theorem 1.4 In the Fuclidean 3 — space, let ny,m2, 13, and 14 be the normal
vector fields of ruled surfaces p1, 2,3, and @y, recpectively, along the curve
a. They can be expressed by the matrices product [n] = [A][V] and have the
following matrix,

Ui -1

7 2 8 b Vi
_ 2 _
[77] - 73 - c d 0 “;2
N4 0 -1 0 3

h — —ugka h = (1—ugki) — —uska dd =

where a \/(u2k2)2+(17u2k1)27 \/(u2k2)2+(1*u2k1)2’ ¢ (uzkz)?+1 an
1
(uzkz)?+1

Proof. The normal vector fields 1y, 12, n3, and n,4 of ruled surfaces 1, @, @3,
and ¢4 can be expressed as in the following four equalities n; = —V3, ny =

—ugkaVi+(1—u2k1)Va _ —ugkoVi—Vp d — —V,. Thi letes th f m
\/(u2k2)2+(17u2k1)2, 73 (usk2)2+_1’ and 74 2. 1S completes € prooi.

2 Bertrandian Frenet ruled surfaces of Bertrand
curve

Definition 2.1 Let {a*,a} be Bertrand curve pair with ky # 0 and ko # 0.
The parametrizations of Frenet ruled surfaces of Bertrand mate o (s) are as
in the following way.

(o1 (s,01) = a* (s) + 0 Vi (s) = a+ AV + vrﬂvfgi;/z",

@5 (5,02) = a” (s) + v2V5' (s) = a + (A + va) Vo,
- ) * ]

3 500) = 0 (5) 40V (5) = a4 AV +vg (2t )
L5 (5,04) = @ (5) + vaD*(s) = a + AVp + o, PV NS

(Bk1—Xk2)
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From Theorem 1.4, they are called Bertrandian Tangent ruled surface,
Bertrandian Normal ruled surface, Bertrandian Binormal ruled
surface and Bertrandian Darboux ruled surface, respectively. They
are collectively Bertrandian Frenet ruled surface.

Theorem 2.2 In the Euclidean 3 — space , the normal vector fields 0}, n5, 15,
and 1y of ruled surfaces ©7, @5, p5, and @i , recpectively, along the curve
Bertrand mate o*, can be expressed by the following matriz;

i [0 Sy
*1 2 o %
== e e o ||
n 0 -1 0 3

—voks _ (17v2k1‘) %

Proof. Substituing a* = ct =

V0oks) + (12t (o) (1meakg)
—vsky__ and d* =

T ———=L__ we have the proof. m

Theorem 2.3 In the Fuclidean 3 — space, the product matrixz of the position
of the unit normal vector fields m,n2,n3,m1 and 0y, n5, 15,15 of Frenet ruled
surfaces, along the Bertrand pairs o and o* is

Em,m; 2771 ngi 27717773; 21 7745
aT | (n 7 7 n
L I e g R B
<774ﬂ71> <n4,n2> (774,n3> (14, M)
T
Proof. It is easy to say that [5] [7*]" = Zi [nf w5 n5 ;] m
T4

Theorem 2.4 In the Fuclidean 3 — space, the product matriz of the unit nor-
mal vector fields ny,m2,m3,m4 and 07,15, m5, 15 of Frenet ruled surfaces, along
the Bertrand pairs a and o,can be given by the following matriz

-8 —Aa*— b et 0 1
Voo Voo oo
al—bf (aB+bN)a*4(—ar+bB3)b* (af+bX)c* 0
«T _ \/)\2+62 \/)\2+52 \/)\2+52 Il
(7] ("] N 5t NN . (I])
e Vo e
.0 0 —d* I
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Proof. Let [n] = [A] [V] and [n*] = [A*] [V*] hence

) 1" = (AT VI (A7 V)"
= (4] (VI[v ") (A"

3 0 )\

T 1 T

S N 2 2 *
bl = | 0 VA 0 |

this product give us the result. m

In the Euclidean 3 — space, the position of two surface, basicly, can be ex-
amined by the position of their unit normal vector fields. Using the equality of
the last two matrice (I) and (I7), we have sixteen interesting results according
to the normal vector fields with the following results.

Corollary 2.1 There are four pairs of normal vector fields perpendicular to
each other of Frenet ruled surface along the Bertrand pairs {o*, a} . Tangent
ruled surface and Bertrandian Darboux ruled surface, Normal ruled sur-
face and Bertrandian Darboux ruled surface, Darboux ruled surface and
Bertrandian tangent ruled sur face, Darbouz ruled surface and Bertrandian
normal ruled surface along the Bertrand pairs {a*, a} have perpendicular
normal vector fields

Proof. Since (n1,n;) = 0 (n2,m}) = 0 (ng,n) = 0 and (ny,n3) = 0 it is
trivial. m

Corollary 2.2 Tangent ruled surface and Bertrandian tangent ruled sur face

of Bertrand curve o have the normal vector fields under the condition cos ¢ =
1-\ky

VEEAZH(1-Mk1)?

Proof. Since (n,n}) = \/%/52, it is trivial. m

Corollary 2.3 Tangent ruled surface and Bertrandian normal ruled sur face
of Bertrand curve a have perpendicular normal vector fields along the curve

. B(A\2+52)k
05 (s) = a(s) + ()‘ + A—(ﬁ(ﬁkl—)AkZ)) Va.

—Xa*—Bb* . . o
and using the orthogonality condition

ez

. . 1—v2kj

(n,m5) = 0, and also replacing k} and k3 in % _ | v:]jgl)

B(A2+82) ks

A—B(Bk1—Xk2)*

Proof. Since (n,n5) =

, we got the proof

under the condition vy =
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Corollary 2.4 Tangent ruled surface and Bertrandian binormal ruled sur face
of Bertrand curve a have not perpendicular normal vector fields, except vsA\ky =
0, If k3 = 0 they have perpendicular normal vector fields.

. *\ —\c* ’U3Ak‘;
Proof. Since (n;,n;) = S and \/)\2+ﬂ2\/(v3k3)2+1

=0, it is trivial. m

Corollary 2.5 Normal ruled surface and Bertrandian tangent ruled sur face
of Bertrand curve a have perpendicular normal vector fields along the curve

2 (s) = a(s) + gl Ve (5).

Proof. Since <172’ nik> = \;i\‘;TbBBQ, and <’f}2, 7’]?) =01t 1s trivial Uy = —,8/1:1?)\]@7

this completes the proof. =

Corollary 2.6 Normal ruled surface and Bertrandian normal ruled sur face

of Bertrand curve o have perpendicular normal vector fields under the condition
o (uako M (1—u2k1)B) (A2 452 ) ko

2 7 (Z—uz)+(uzko X +(1—uzk1)B)(Bk1—Ak2) *

(Y

(aB+bN)a*+(—ar+bB)b*

V242

proof. For each parameter uy we have perpendicular normal vector fields along
the curve with parameter vy and under the orthogonality condition (1, n5) = 0,
we have the proof. m

Proof. Since (ny,n3) = , and (n2,7m5) = 0, we have the

Corollary 2.7 Normal ruled surface and Bertrandian binormal ruled sur face
have perpendicular normal vector fields along the curve pq () = a (s)+AVa (s) .

(aB+bX)c*

Proof. Since (12, 7;) = /==, and under the condition —22k2l@f )
Va2’

(vsks)+1
we have —uvsk3 (af + bA) = 0 k1 # 0, (af + bX\) = 0, A = ug,this complete the
proof. m

Y

Corollary 2.8 Binormal ruled surface and Bertrandian tangent ruled sur face
of Bertrand curve o have not perpendicular normal vector fields since uska\ #
0. Also the angel ¢ between them is a nonzero function of the curvatures ky and

ko of Bertrand curve a; cos ¢ = —usha) )
/ ’ ¢ \/AZ—O—BQ \/(u3k2)2+1

Proof. Since (n3,n;) = —2 d —zusks)

R ery: an Cuka) P11 =0 it is trivial. =

Corollary 2.9 Binormal ruled surface and Bertrandian normal ruled sur face
of Bertrand curve o have perpendicular normal vector fields along the curve

N A2482) Mk
e5(s) =a+ (/\ + W) Vs, except usks = 0.
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P £ S ¥\ _ (Ba*—Ab*)c d *\ h —usks —
roof. Since (13, n5) Y o and (n3,n3) = 0 we have e 0
. . A24+82) Ak
or fa* — Ab* = 0. Hence vy, = W

Corollary 2.10 Binormal ruled surface and Bertrandian binormal ruled sur face

. o _()\2+52)%
have perpendicular normal vector fields under the condition vy = —————.

uzf
Proof. Since (n3,n;) = % V;‘;J“BQ and (ns,n;5) = 0,we have cc*f +

dd*+/\?> 4+ 32 = 0 hence we have the proof. ®

Corollary 2.11 Binormal ruled surface and Bertrandian Darboux ruled sur face
of Bertrand curve o have not perpendicular normal vector fields, the angle be-

tween n3 and ) 1S a non zero function cos () = % # 0.
(ugk2)“+1
Proof. Since (n3,n;) = —d and (n3,n}) = m # 0 it is trivial. m
u3zk2

Corollary 2.12 Darboux ruled surface and Bertrandian binormal ruled sur face
of Bertrand curve o have not perpendicular normal vector fields, and the angel
(A2+82 ) ks

BH(+B2)k2)

between them is a nonzero function cosy = 7
v

Proof. Since (ny,n;) = —d* and (ny,n3) = \/ﬁ # 0 it is trivial that
vsk3

(A2 +82)k2

3H((O2+52)k2)”

(e, ms) = 7

Corollary 2.13 Darboux ruled surface and Bertrandian Darboux ruled sur face
the normal vector fields of ¢4 and o} are parallel to each other since

(na,my) = 1.
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