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ABSTRACT
A hybrid, irreversible solid oxide fuel cell – Stirling heat engine system is taken into account. Thermoen-
vironmental criterion approach, which enables to evaluate environmental impact of any thermal cycle, is
applied to the considered system for the first time. Power density, exergy density, thermoenvironmen-
tal function density, energy and exergy efficiencies are considered. Results are presented and discussed
to determine optimum operating conditions. Some important results for the hybrid system are ordered:
maximumpower density is 7489.92 (Am−2), maximum energy and exergy efficiencies are 0.800 and 0.887,
respectively, and finally, thermoenvironmental function density is 0.0276 (Wmpts−1 m−2).
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1. Introduction

There is a growing demand for energy in the world, and fos-
sil fuels are the main energy sources that cause environmental
pollutions. Fuel cells and heat engine hybrid cycles may be an
alternative for sustainable energy technology. They are already
used in automotive and power generation industry. Solid oxide
fuel cell (SOFC) is appropriate for using in hybrid cycles because
of the high temperature obtained from them.

In the last decades, studies on modeling irreversible fuel
cells (Zhao, Ou, and Chen 2008; Zhang, Guo, and Chen 2010;
Zhang, Lin, and Chen 2011a; Zhang, Lin, and Chen 2012; Zhang
et al., “Performance Analysis of a Direct Carbon” 2014) and fuel
cell–heat engine hybrid systems (Haseli, Dincer, and Naterer
2008a, 2008b; Zhao and Chen 2009; Zhang and Chen 2010;
Chen et al. 2011, 2014; Zhang et al. 2011; Zhang, Lin, and Chen
2011b; Zhang et al. 2012; Zhang, Guo, and Chen 2012; Chen,
Gao, and Zhang 2013; Zhang et al., “A UnifiedModel” 2014; Yang
and Zhang 2015; Zhang et al. 2015; Zhao et al. 2015; Huang
et al. 2016; Açıkkalp 2017a, 2017b) increased. In previous studies,
Stirling, Brayton, Braysson heat engines, absorption refrigerator
and thermoelectric generator were chosen as in hybrid systems.
Stirling engines are remarkable among heat engines because of
their high efficiency, simple design and wide variety of energy
sources. As a result, they have many engineering applications.

Finite-time thermodynamic (FTT) is a useful way to optimize
and evaluate actual thermal cycles because it considers irre-
versibilities in the considered system. Some studies about FTT
can be found in Ahmadi et al., “Optimal Design” (2013), Sadat-
sakkak, Ahmadi, and Ahmadi (2015), Ahmadi et al. (2014, 2017),
Sadatsakkak et al. (2015), Ahmadi, Ahmadi, and Feidt (2015),
Ahmadi and Ahmadi (2016), Ahmadi, Ahmadi, and Pourfayaz
(2016), Ahmadi and Mehrpooya (2015), Ahmadi et al., “Thermo-
dynamic Analysis and Evolutionary” (2016). Ahmadi et al., “Multi-
objective Optimization and Exergetic” (2016), Andresen et al.
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(1984), Bejan (1996), Chen, Wu, and Sun (1999), Wu, Chen, and
Chen (1999), Sieniutycz (2000, 2016), Chen and Sun (2004), Chen
(2005), Andresen (2011), Chen, Meng, and Sun (2016), Ge, Chen,
and Sun (2016), Chen, Feng, and Xie (2016), Feng et al. (2015),
Chen and Xia (2017a, 2017b) and Bi and Chen (2017). In addition,
some examples of investigating Stirling engines can be found
in Wu et al. (1998), Chen et al. (1998), Ahmadi et al., “Design-
ing a Solar Powered Stirling” (2013), Ahmadi et al., “Applica-
tion of the Multi-objective” (2013), Ahmadi et al., “Thermo-
economicMulti-objective” (2013), Ahmadi et al., “Multi-objective
Thermodynamic-based” (2013), Ahmadi et al., “Thermodynamic
Analysis and Multi Objective” (2016) and Ahmadi, Ahmadi, and
Pourfayaz (2017).

In this work, irreversible SOFC – Stirling hybrid heat engine is
studied. The considered system is investigated in terms of ther-
moenvironmental criterion for the first time as well as power
density, exergy destruction density, energy and exergy efficien-
cies. Thermoenvironmental criterionprovides an engineer or sci-
entist opportunity to evaluate environment effect of any thermal
cycle. Results are obtained numerically and optimum operating
conditions are presented.

2. Thermodynamic analysis

2.1. Analysis for the SOFC

A hybrid SOFC – Stirling heat engine is shown in Figure 1; it
includes SOFC, regenerator and Stirling engine. SOFC acts as
high-temperature heat source that is required to power gener-
ating in the Stirling engine. The role of the regenerator in the
hybrid system is to preheat the incoming fuel and air with the
high-temperature exhaust gas of the fuel cell (Zhang and Chen
2010). H2 is the fuel; air is the oxidant; and water, electricity
and heat are products. This chemical reaction is described as
H2 + 0.5O2 → H2O + heat + electricity. Efficiency andpower of
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Figure 1. SOFC – Stirling hybrid heat engine.

the SOFC canbe respectively described as follows (Zhao,Ou, and
Chen 2008):

ηf = Pf
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where i is the current density, F is the Faraday constant, ne is the
number of electrons, A is the polar plate area, R is the universal
gas constant, T is the operating temperature of the fuel cell, d1
andm are written respectively as

d1 = 2ne sinh−1
(

i

2io,a

)
+ 2ne sin h−1

(
i

2io,c

)

− ln
(
1 − i

iL,a

)
− ln

(
1 − i

iL,c

)
+ ineFLel

σoR
exp

(
Eel
RT

)
,

(3)

m = −�g(T) + RT ln
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)
− RTd1, (4)

where io,a and io,c are the anode and cathode exchange current
densities; Lel is the thickness of the electrode; σ o is the reference
ionic conductivity; pH2

, pO2
and pH2O are the partial pressures

of H2, O2 and H2O; iL,a and iL,c are the limiting current densities
of the anode and cathode; Eel is the activation energy of theO2−;
and �g is the molar Gibbs function change. Enthalpy change in
the SOFC is

− �H = − iA

neF
�h, (5)

where�h is themolar enthalpy change. Reversible power of the
fuel cell is Zhao, Ou, and Chen (2008):

Pf ,rev = − iA

neF
�g. (6)

Exergy destruction rate of the fuel cell can be defined as

Exdf = Pf ,rev − Pf . (7)

Heat transfer rate in the regenerator is defined as follows

Q̇r = Kr(1 − εr)(T − To) , (8)

where To is the ambient temperature, K r is the heat conductance
of the regenerator and εr is the regenerator efficiency. Using the
first law of the thermodynamics, heat input to the bottom cycle
can be expressed as:

Q̇H = −�H − Pfc − Q̇r. (9)

2.2. Analysis of the Stirling engine

After investigated the SOFC, the power output, energy and
exergy efficiencies, exergy destructions of the Stirling engine
must be described. Heat inputs and outputs are described in
Equations (10) and (11) (Chen et al. 1998; Wu et al. 1998):

Heat inputs are:

QH = θ(T − T1)t1, (10a)

QH = nRT1 ln x. (10b)

Heat outputs are:

QL = θ(T2 − TL)t2, (11a)

QL = nRT2 ln x, (11b)

where θ is the heat conductance (Wm−2 K−1), n is the mol
number, x is the compression ratio (x = Vmax/Vmin), T1 and T2
are average temperatures of the compression and expansion
processes, t1 and t2 are the times spent on the two isother-
mal branches. t1 and t2 can be determined by using Equations
(10) and (11). Using Equations (9) and (10a), one can yield T1.
Regenerative loss is Wu et al. (1998) and Chen et al. (1998):

�Q = αnC(T2 − TL)t2, (12)

whereC is theheat capacity (Jmol−1),α is the imperfect regener-
ation coefficient. Time spent on regeneration time is (Chen et al.
1998):

tr = b(t2 + t1). (13)

Heat rate can be obtained as

Q̇H =
ln x + α(1−y)

(δ−1)

(1 + b)
(

ln x
θ(T−T1)

+ y ln x
θ(yT1−TL)

) . (14)

Using Equations (9) and (14), x can be defined. Energy efficiency
of the irreversible Stirling cycle can be described as Wu et al.
(1998)

ηst = 1 − Q̇L

Q̇H
= (1 − y)(

1 + α(1−y)
(δ−1) ln x

) , (15)

where δ is the ratio of the specific heats, and heat rejection from
the irreversible Stirling engine is obtained by using Equation
(15):

Q̇L = Q̇H(1 − ηst). (16)

Power of the irreversible Stirling, exergy destruction of the irre-
versible Stirling engine and reversible power of the Stirling
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engine are shown respectively in Equations (17)–(19):

Pst = Q̇H − Q̇L, (17)

Exdst = To

(
Q̇L

TL
− Q̇H

T

)
, (18)

Prev,st = Q̇H

(
To
T

)
− Q̇L

(
To
TL

)
. (19)

Table 1. Parameters used in calculations (Goedkoop, Demmers, and Collignon
1995; Goedkoop and Spriensma 2000; Zhao, Ou, and Chen 2008; Zhao and Chen
2009; Zhang et al. 2011; Chen, Gao, and Zhang 2013; Zhang et al., “A UnifiedModel”
2014).

Parameter Unit Value

pH2,pH2O atm 0.97, 0.03
pO2,pN2

atm 0.21, 0.79
ne – 2
io,a Am−2 1.3× 103

io,c Am−2 5.6× 103

Lel μm 20
Eel J mol−1 8× 104

σ o Sm−1 3.6× 107

k – 1/100
il,a Am−2 2.99× 104

il,c Am−2 2.16× 104

F Cmol−1 96,485
R J mol−1 K−1 8.314
�g Jmol−1 −183,100
�h Jmol−1 −248,921
T K 1173
K r Wm−2 K−1 10
α – 0.3
δ – 1.66
y – 0.5
θ Wm−2 K−1 500
b – 30× 10−3

To K 293.15
TL K 300
b1 Mpts kg−1 17
b2 mptsMJ−1 0.57
M kg 5000

2.3. Parameters of the hybrid system

Power output, energy efficiency, exergy efficiency and exergy
destruction of the hybrid system can be respectively defined as
follows:

Ph = Pf + Pst, (20)

ηh = Pf + Pst
−�H

, (21)

ϕh = Pf + Pst
Prev,f + Prev,st

, (22)

Exdh= Exdf + Exdst. (23)

The last parameter called thermoenvironmental function has
been proposed in Özel et al. (2015) and it is expressed for
the considered system in Equation (24). Environmental effect
of hydrogen is neglected in calculations, and b1 and b2 are
obtained from Eco indicator 95 and Eco indicator 99 (Goedkoop,
Demmers, and Collignon 1995; Goedkoop and Spriensma 2000).
Aim of this criterion is to determine environmental impact of the
system, which is described as power output per environmen-
tal effect as milipoints. This function aims to obtain maximum
power output and to minimize the environmental effects and it
is shown as follows:

F = Ph
Mb1 + Exdhb2 + Phb3

, (24)

b2 is assumed as (Özel et al. 2015):

b2 = (1 − ϕ)b3. (25)

3. Results and discussion

In this section, parametric analysis is carried out to evaluate the
performance of the considered system. Power output, exergy
destruction, thermoenvironmental criterion, energy and exergy
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efficiencies are presented by using Equations (15)–(19) and they
are investigated. Fixed parameters used in calculations can be
seen in Table 1.

In Figures 2–6, changes of parameters according to i are
shown. In Figure 2, it is seen that power densities (p = P/A)
reach their maximum (optimum) values at i = 12,200 (Am−2),
i = 10,200 (Am−2) and i = 14,200 (Am−2) for the hybrid sys-
tem, fuel cell and Stirling engine, respectively. Corresponding
values are 7489.92 (Am−2) and 4283.67 (Am−2) and 3476.77
(Am−2). As seen in Figure 3, energy efficiencies reach their
maximums (optimums) at i = 1600 (Am−2), 1000 (Am−2) and
200 (Am−2) for the hybrid system, fuel cell and Stirling engine
respectively and their values are equal to 0.800, 0.688 and

0.485. Optimum values for the exergy efficiencies can be shown
in Figure 4, maximum exergy efficiency of hybrid system is
obtained at i = 1000 (Am−2) and it is equal to 0.887, maximum
exergy efficiencies for fuel cell and Stirling engines are provided
at i = 1000 (Am−2) and 200 (Am−2), they are equal to 0.934 and
0.657, respectively. When exergy efficiencies are considered, it
is shown that exergy efficiency value of the fuel cell is bigger
than that of the hybrid system and Stirling engine. Maximum
current densities at maximum power and maximum energy
efficiency are described as iP and iη respectively and system
are designed classically such that current density is iη ≤ i ≤ iP.
Exergy destruction density (exd = Exd/A) is plotted in Figure 5,
they increase logarithmically steady for the hybrid system, fuel
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cell and Stirling engine. exd of the hybrid system is equal to
12,491.20 (Wm−2) at maximum power density, 260.88 (Wm−2)
at maximum energy efficiency, 130.173 (Wm−2) at maximum
exergy efficiency and 7600.70 (Wm−2) at maximum thermoen-
vironmental function. It is seen that exergy destruction density
gets its minimum value at maximum exergy efficiency. Accord-
ing to Figure 6, f, which is called as thermoenvironmental func-
tion density (f = F/A), reaches its maximum (optimum) point
at i = 9400 (Am−2) and it is 0.0276 (Wmpts−1 m−2). At the
maximum f, exd is 7600.7 (Wm−2), exergy efficiency is 0.480.
In Figure 7, illustration of variation of the power density with
energy efficiency for the hybrid system is shown. pmax repre-
sents the maximum power density, Pη represents the power

density at the maximum efficiency, similarly, ηP is the efficiency
at themaximumpower and ηmax is themaximumefficiency. Effi-
ciency and power values should be chosen as ηP ≤ η ≤ ηmax

and pη ≤ p ≤ pmax. pη is 1651.96 (Wm−2) that is correspond-
ing to 22% of the maximum power and ηP is 0.476 which is
equal to 59% of the maximum efficiency. In Figure 8, fmax repre-
sents themaximumthermoenvironmental density, fP is the ther-
moenvironmental density corresponding to maximum power
density, fη is the thermoenvironmental density corresponding
to maximum efficiency, pf is the power density at the maxi-
mum thermoenvironmental density, and ηf is efficiency at the
maximum thermoenvironmental density. pf values are 7003.122
(Wm−2), which is corresponding nearly 94% of the maximum
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power, fp is equal to 0.0268 (Wmpts−1 m−2) and it is 97% of
the maximum thermoenvironmental function. ηf is the 0.578
which is 78%of themaximumefficiency and, finally, fη is the 0.14
corresponding to 50% of the maximum thermoenvironmental
function. Results show that the maximum power and maximum
thermoenvironmental function are very close to each other in
terms of current density. However, in these values energy and
exergy efficiencies get small values in contrast to exergydestruc-
tion. In addition, power output values are small. Interpreting
these results, one may be claim that f should be chosen as
fη ≤ f ≤ fmax.

4. Conclusions

An irreversible SOFC – Stirling heat engine is taken into account
in this study. Thermoenvironmental criterion is considered as
well as basic thermodynamic parameters, such as power density,
exergy destruction density, energy and exergy efficiencies. Ther-
moenvironmental function is new criterion for thermal cycles,
which provides us information about environmental impact of
any thermal cycle. Optimum points for power density, ther-
moenvironmental function, energy and exergy efficiencies are
Obtained. In addition, it is found that thermoenvironmental
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function reaches its optimum at the current density where is
close to the optimum power. According to results, optimum
points for the hybrid system are determined as follows:

• maximum power density is 7489.92 (Am−2)
• maximumenergy and exergy efficiencies are 0.800 and 0.887,

respectively
• thermoenvironmental function density is 0.0276

(Wmpts−1 m−2).

In low i values, exd and p have small values, in contrast, η

and ϕ have high values and vice a versa is correct for high i
values. Investigating all results a new selection range is sug-
gested for the considered system as fη ≤ f ≤ fmax. Finally, it
is recommended that thermoenvironmental criterion should
be extended to other thermal systems to provide the optimal
environment-management strategies.
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