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A B S T R A C T

This paper is about an irreversible quantum spin-1/2 heat engine. Performance of the irreversible quantum heat
engine including basic thermodynamic parameters, power output and energy efficiency, are considered, besides
ecological function. Ecological function gives a possibility a comparison between power output and exergy
destruction. The results show that power output and ecological function have maximum (optimum) points for
different effectiveness values which are 0.9 and 0.8 and according to different magnetic field values . All
parameters are compared with each other and it is found that the most convenient operation conditions are
obtained at optimum ecological function.

1. Introduction

Finite time thermodynamics (FTT) began with Curzon-Ahlborn-
Novikov engine [1,2]. Purpose of the FTT is to analyze actual heat
engines that include irreversibilities. FTT can be combined with micro
and nano thermal cycles. In last decades, quantum thermodynamics,
which investigates heat and work interactions for the quantum me-
chanical systems, has been gained attention. In the quantum scale, law
of the classical thermodynamic cannot be used and quantum mechan-
ical generalization is an obligation in this scale. In addition, nano
technology has been increased importantly and thermodynamic eva-
luation and design of nano systems begin to attract by using quantum
thermodynamics. In the literature, some examples of quantum heat
engines [3–40] or heat pumps and refrigerators [41–63] can be found.

Ecological function was presented Angulo-Brown [64] and im-
proved by Yan [65].This function is described as extracting exergy
destruction from power output and it provides a balance between them.
While optimizing this function, most convenient operating conditions
that are environmental friendly can be determined for any thermal
cycle.

In this paper, an irreversible quantum heat engine with spin-1/2
system is investigated. All temperatures in the system is defined as a
function of heat source and heat sink temperatures, effectiveness, time
periods, magnetic field and friction constant. Besides the basic ther-
modynamic parameters like power output and energy efficiency, be-
sides the ecological function which is considered to determine most
efficient or enivironmentally friendly conditions. Operation conditions

are investigated and compared for considered parameters. Results are
presented and discussed. Finally, most convenient conditions are pre-
sented.

2. Analysis

Quantum heat engine investigated in this paper is shown in Fig. 1.
In the analyses applied in this paper, heat source and heat sink are
assumed as infinite and they are kept at constant temperature. System is
contacts with hot and cold reservoirs at constant temperature. Heat
input to the system and heat output from the system occur in constant
pressure. In addition, heat exchanges of the system are supposed to be
similar to those via heat exchanger process. That's why effectiveness is
used for the heat transfer processes and the system is irreversible. The
temperature β (throughout this paper “temperature” will refer top ra-
ther than T for simplicity, if not stated otherwise and β= 1/kBT, where
T is the absolute temperature) of the working fluid is always well es-
tablished for given S and ω because, for a two-level system, it is always
well defined by the following relation (Expectation value of spin op-
erator) [27]:
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where kB is the Boltzmann coefficient and ω magnetic field. For facil-
itating in calculations, Boltzmann coefficient and Planck constant as-
sumes as 1. Consider a two-level system with a one-parameter Ha-
miltonian H(ω) such that the energy levels are − ω/2 and ω/2, for
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example a spin-1/2 system, in a magnetic field of intensity B (T), with
ω=2μBB and μB is the Bohr’s magneton [31]. In the analysis applied in
this paper, heat source and heat sink are assumed as infinite and they
are kept at constant temperature. Heat input to the system and heat
output from the system occur in isobaric steps. In addition, heat ex-
changes of the system are supposed to be similar to those via heat ex-
changer process. That is why effectiveness (ε) is used for the heat
transfer processes. Firstly, working substance coupled with hot heat
source of temperature βH the for the period tH and magnetic field is
constant value at ωa. Then, spin angular momentum changes to S1 to S2.
Heat input (J) is calculated from Eq. (2) [31,32]:
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Secondly, working substance is isolated from the hot heat source
and magnetic field is converted to ωb at ta period. In addition, friction is
happened in system and this friction leads to angular momentum S2 to
S3. Friction is described with a friction coefficient m.

Thirdly, working substance is coupled with heat sink at temperature
βL for time period tL. Spin angular momentum changes S3 to S4, while
magnetic field is constant. Rejected heat is:
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Finally, this period is similar to second one. Working substance is
removed from the heat sink for period tb . In this period, magnetic field
is converted to ωa and spin angular momentum changes to S4 to S1 .
Using friction and time periods, β3 and β4 can be written as Eqs. (4) and
(5) respectively.
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One can yield Eqs. (6)–(9) that are function of effectiveness, time
period, friction coefficient, heat source and heat sink temperatures
using Eqs. (1)–(5).
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Cycle periods can be shown in Eqs. (10)–(12) [22]:
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where a and q are parameters of the heat reservoirs. Work output of the
system (J) using first law of the thermodynamics is:

= +W Q QH L (13)

Power output (W) is described as:

=P W
t (14)

Energy efficiency is the ratio of the work output to added heat to the
system:

=η W
QH (15)

Exergy destruction rate (W) is the lost work based on irreversi-
bilities and it can be written as:

=
−
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Finally, ecological function (W):

= −E P ExD (17)

3. Results and discussion

In this section, results are presented and discussed. Some fixed
parameters used in calculations are; ωa=5, ωb=2, a=21/sn,
q=−0.5, ta= tb=0.01 sn, m=0.0002, βH=0.2 1/K, βL=11/K,
βo=0.9 1/K .

In Fig. 2, change of power output, energy efficiency and ecological
function parameters can be seen with ωa (εH= εL= 0.9). As it seen,
power output and ecological function have optimum (maximum)

Fig. 1. S-ω diagram of the irreversible quantum cycle.
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points. They increase until this point and then they start to decrease.
Maximum point of the power output is obtained at 5.7 with 0.822W
and maximum point of the ecological function is obtained at 6.4 with
0.680W. Energy efficiency is nearly linear and it increases con-
tinuously. Its maximum value reaches 0.797 at the ωa=9.9. In Fig. 3,
power output, energy efficiency and ecological function parameters can
be seen for ωa (εH= εL= 0.8). According to figure, power output and
ecological function have close values and both of them have maximum
point. The maximum point of the power output is acquired at 5.7 and
the maximum point of the ecological function is acquired at 6.5. Cor-
responding values of them are 0.941W and 0.777W respectively. The
maximum energy efficiency of the system is 0.796. There is an inter-
esting result existing here. Because, power output increases with de-
creasing ε value, only way of this is that ε should have an optimum
point and this value is equal to 0.82.

In Figs. 4 and 5, it can be seen that variation of the considered
parameters with ωb (εH= εL=0.9) and (εH= εL= 0.8). For
εH= εL= 0.9, power output and ecological function have an optimum
point. The optimum point of the power output is obtained at 2.7 with
0.934W and the optimum point of the ecological function is obtained at
2 with 0.557W. Energy efficiency decreases linearly and its maximum
is 0.780. For εH= εL= 0.8, parameters have same tendency. The
maximum power output and ecological function are obtained at 2.6 and
2 respectively and corresponding values are 1.064W and 0.637W. The
energy efficiency continuously decreases and its maximum is 0.779.
Special case mentioned above is valid for this case too.

In Fig. 6, one can see P-η-E curve for ωa (εH= εL= 0.9) and

(εH= εL= 0.8). For (εH= εL= 0.9), ecological function at maximum
power is 0.650W which is 96% of the maximum ecological function
and power output at maximum ecological function is equal to 0.797W
and it is 97% of maximum power. Similarly, power at the maximum
efficiency is 0.035W is 4% of maximum power and efficiency at max-
imum power is 0.650 which is 81% of the maximum efficiency. The
efficiency at the maximum ecological function is equal to 0.687 and it is
86% of its maximum. Finally, ecological function at the maximum ef-
ficiency 0.034 and it is 5% of maximum ecological function and similar
results are true for εH= εL= 0.8 conditions

In Fig. 7, one can see P-η-E curve for ωb (εH= εL= 0.9) and
(εH= εL= 0.8). For (εH= εL= 0.9), ecological function at maximum
power is 0.313W which is 61% of the maximum ecological function
and power output at maximum ecological function is equal to 0.796W
and it is 85% of maximum power. Similarly, power at the maximum
efficiency is 0.117W and it is 13% of maximum power and efficiency at
maximum power is 0.460 which is 59% of the maximum efficiency. The
efficiency at the maximum ecological function is equal to 0.600 and it is
77% of its maximum. Finally, ecological function at the maximum ef-
ficiency 0.114 and it is 20% of maximum ecological function and si-
milar results are valid for εH= εL= 0.8 conditions.

According to these results, all optimum points for the system are
defined. In addition, it can be seen that optimum ecological function
should be selected for the best operating conditions. Because under
these conditions, power output and energy efficiency output have
bigger points and in this point, power and exergy destruction difference
is the maximum. Finally, under optimum ecological function, system
can be operated under most appropriate conditions.

Fig. 2. Change of P, η and E with ωa for εH= εL= 0.9.

Fig. 3. Change of P, η and E with ωa for εH= εL= 0.8.

Fig. 4. Change of P, η and E with ωb for εH= εL= 0.9.

Fig. 5. Change of P, η and E with ωb for εH= εL= 0.8.
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4. Conclusions

In this paper, an irreversible quantum heat engine is researched in
terms of power output, energy efficiency and exergetic sustainability
index. It is tried to obtain most convenient operation conditions.

It is determined that power output and ecological function have
optimum points and these points should be considered when a quantum
engine is designed. In addition, operating cycle at the ecological func-
tion optimum point provides most convenient conditions for the cycle.
Besides, ecological function obtained a balance between power and
exergy destruction. Finally, it is recommended that ecological function
should be considered on the quantum heat engine designing.
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