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1. Introduction

In nonlinear analysis, Banach construction principle is a very useful and classical
tool (Banach, 1922: 150). Then this principle has been generalized in many
directions. For example, an interesting generalization of a metric space introduced
by Branciari, by replacing the triangle inequality of a metric space with a similar
ones which involve four or more points instead of three (Branciairi, 2000: 32). And
then researchers studied fixed point theory in generalized metric space in (Aydi et
al, 2012: 46; Mihet, 2009: 92; Samet, 2009: 1265; Samet, 2010: 493).

In this paper, for n is a natural number such that n—o, we described ultra
generalized space as an ultra generalization of a metric space in such a way that
the triangle inequality is replaced by similar ones which involve n unit points
instead of three. And we give some basic properties about it.

Definition 1 : Let X be a non-empty set and d: X X X — [0, +) such that for all
x,y € X and for all distinct points u, v € X, each of them different from x and y, one
has the following:

(p)x =y & d(x,y) =0,
(p2) d(x,y) = d(y,x),
(p3) d(x,y) < d(x,u) +d(u,v) + d(v,y). (quadratic inequalty)
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Then, (X, d) is called a generalized metric space (or shortly g.m.s.).

Any metric space is generalized metric space, but the converse is not true
(Brianciari, 2000: 32).

2. Main Results

Definition 2 : Let X be a non-empty set and d: X X X — [0, +0) such that for all
x,y € X and for all distinct points a4, a,, ..., a, € X, for n is a natural number such
that n — oo, each of them different from x and y, one has the following:

(P dxy)=0ex=y,

(p2) d(x,y) = d(y,x),

(p3) d(x,y) < d(x,a,) +d(aq, az)+...+d(a,_1, ay) + d(a,, y). (circle inequality)
Then, (X, d) is called an ultra generalized metric space (or shortly u.g.m.s.).

Any metric space is generalized metric space, and any generalized metric space is
ultra generalized metric space but the converse is not true. We verify this by the
following example.

Example 1 : Let X = AU B, where A =[0,2] and B = (2,»). Define the ultra
generalized metric d on X as follows:

lx —yl|, if x,yEBorx€AyeEBorx€eB,yeEA
dx,y) = 1, if x#+y,x,y€EA
0, ifx=y,x,y€EA

Itis clear that d doesn't satisfy the triangle inequality on every where on X. Indeed,
5=4d(50)>d(52)+d(20)=3+1=4.

And it is clear that d does't satisfy the quadratic inequality on every where on X.
Indeed,

5=4d(5,0) >d(53)+d(32)+d(2,0)=2+1+1=4.

Note that d doesn't satisfy quadratic inaquality, triangle inequality or any finite
number inaquality nevertheless it satisfy similar ones inaquality which involve n
unit points, for n is a natural number such that n — oo, so d is an ultra generalized
metric.

Definition 3 : (X, d) be an ultra generalized metric space and r be a non-negative
real number. For any a € X, by an ultra generalized open ball with centre a and
radius r, we mean the collection of points of X satisfying d(x,a) <.

The u.g. open ball with centre a and radius ris denoted by B(a,r). Thus
B(a,r) ={x € X;d(x,a) <r}.

Definition 4 : Let (X,d) be an ultra generalized metric space and r be a non-
negative real number. For any a € X, by an ultra generalized closed ball with
centre a and radius r, we mean the collection of points of X satisfying d(x,a) < r.
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The u.g. closed ball with centre a and radius r is denoted by B[a,r]. Thus
Bla,r] ={x € X;d(x,a) <1}

Example 2 : Consider the ultra generalized metric space (X,d) as in Example 1 .
Let a € X, r be a non negative real number. Then

(a—r,a+r), ifa€eB
B(a,r) = {{a}, ifaeAr<i
A, ifaeAr>1

For example; (0,5)is an u.g. open ball with centre {g}and radius 5/2

{3/2} is an u.g. open ball with centre {%} and radius 1

{5/2} is not u.g. open ball and (0,3) is not u.g. open ball.
Also,

[a—r1,a+Tr], ifa€B
Bla,r] = {{a}, ifaeAr<1
A ifaeAr=>1

For example; [3,5] is an u.g. closed ball with centre 4 and radius 1
{3/2} is a u.g. closed ball with centre 3/2 and radius 1/2
{5/2} is u.g. closed ball but [1,3] is not u.g. closed ball.

Definition 5 : Let (X,d) be an ultra generalized metric space and a € X. A
collection N(a) of points containing a is said to be ultra generalized
neighbourhood of g, if there exists a positive real number r such thata € B(a,r) c
N(a). Thus N(a) will be called a u.g. neighbourhood of a.

Theorem 1 : Let (X,d) be a ugm. space and a € X. Let N; and N, be u.g.
neighbourhood of a in (X, d). Then N; N N, is a u.g. neighbourhood of a in (X, d).

Proof: Itis obvious from Definition 3 and Definition 5.
Theorem 2 : Every u.g. open ball is an u.g. neighbourhood of each of its points.
Proof: It is obvious from Definition 3 and Definition 5.

Definition 6 : Let (X, d) be an ultra generalized metric space and let A be a subset
of X. Then the point a is said to be a interior point of A if there exist 3r, which is a
positive real number, such thata € B(a,r) c A.

Definition 7 : Let (X, d) be an ultra generalized metric space and let A be a subset
of X. Then the interior of A is defined to be the set consisting of all interior points
of A.

The interior of A is denoted by A°. Hence A° = {x € A;x € B(x,r) C A, for some
positive real number r}.

A° is said to be the interior of A.

Example 3 : Consider the ultra generalized metric space (X, d) as in Example 1. Let
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K =[3,7), L=(1/23/2], M = (1,5).
Then, K° = (3,7)
L° = {{x};x € (1/2,3/2],x € R}
M° = {{x};x € (1,2],x € R} U (2,5)

Definition 8 : Let (X, d) be an ultra generalized metric space and let A be a non-
null subset of X in (X,d). A is said to be an ultra generalized open set in X with
respect to d if and only if all points of A be interior point of A.

Thus A° is the largest open set contained in A.

Theorem 3 : In any ultra generalized metric space, every u.g. open ball is an open
set.

Proof: It is obvious from Definition 3 and Definition 7.

Theorem 4 : Let (X, d) be an ultra generalized metric space and let 4, B be subsets
of X. Then

1.0°=@and X° =X

2.A° C A,

3.(A°)° = A°

4AcB = A°c B°

5.(AnB)°=A°NnB°

6.A°U B° c (AU B)°
Proof:

1.0bvious.

2.0bvious.

3.Since A° is u.g. open and (A°)° is the union of all u.g. open subsets in X
contained in A°, A° c (4°)°. But (A°)° c A° by (2). Hence (4°)° = A°

4.Suppose that A c B. Since A° € A c B.A°is an u.g. open subset of B, so by
definition of B°, A° c B°

5.From (4), we have ANB c A, ANB c B, implies (ANB)°c A% (AN
B)° c B°so that (ANB)°c A°NB° Also, since A°c Aand B° c B implies
A°N B° c AN B so that A°N B° is an u.g. open subset of AN B. Hence A°N B° C
(AN B)° Thus (AN B)°=A°nNB°.

6.Since Ac AUB and Bc AUB. So by (4), A°c (AUB)° and B°c (AU
B)°.So that A° U B° c (A U B)°, since A° U B° is an u.g. open set.

Remark 1: Let (X,d) be an ultra generalized metric space and x,y € X. If there
exist u.g. open sets A and B suchthatx € Aand y € Aor x € Band y € B then X is
aT,space.
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Remark 2: Let (X,d) be an ultra generalized metric space and x,y € X. If there
exist u.g. open sets A and B such that x e Aand y € Aand x € B and y € B then X
isa T, space.

Remark 3: Let (X,d) be an ultra generalized metric space and x,y € X. If there
exist u.g. open sets x € A and y € B such that AN B = @ then X is a T, space (or
Hausdorff space).

Propositon 1 : Any ultra generalized metric space may not be a T, space.

Example 4 : Let X = AU B, where A =[0,2) and B = [2,00). Define the ultra
generalized metric d on X as follows:

x =yl if x,yEBorx€e A yeEBorx€B,yeA
d(x,y) = 1, if x#y,x,y€EA
0, ifx=y,x,y€EA

and
(a—r,a+r), ifa€eB
B(a,r) =1i{a}, ifaeAr<i1
A, ifaeAr>1

ForO<r<1,B2,r)=2~—-71,2+T).
There exist open set {2 —r/2} and B(2,r)such that 2—-r/2 € {2 —r/2} and
2€B(2,r) and {2—-1r/2}n2—71,2+71)={2—1/2} # @. This satisfy for all
0<r<1,soXisnotaT; space.
Proposition 2 : Any ultra generalized metric space may not be a T space.
Example 5 : Consider the ultra generalized metric space (X, d) as in Example 4.
for0<r<1,B(2,r)=2—-r1,2+71).
There exist open set {2 —r/2} and B(2,r) such that 2 —r/2 € {2 —r/2} and
2—r/2€B(2,r) and 2—r/2€ B(2,r) and 2 & {2 —r/2}. This satisfy for all
0 <r<1,soXisnota T, space.

Also note that X is T (, space.
3. Results

In this paper, for n is a natural number such that n —» oo, we described ultra
generalized metric space as an ultra generalization of a metric space in such a way
that the triangle inequality is replaced by similar ones which involve n unit points
instead of three. And we give some basic properties about it. For example any ultra
generalized metric space may not be a T; space. I hope that the ultra generalized
metric space will be used more effectively by researchers. For example in fixed
point theorem, constructions etc.
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