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1 | INTRODUCTION

The curves theory and some special curves are important in classical differential geometry. There have been many studies
on non-regular curves in recent years, and they have contributed to singularity theory. Framed curves are one of them.
Framed curves are defined as curves that have a moving frame with singular points in an Euclidean space. Framed curves
are important in literature as they are generalizations of both regular curves and Legendre curves. Also, since framed
curves may have singular points, they contribute to the singularity theory. There are many articles concerning the framed
curves and Legendre curves (for instance, previous works!~7).

The concept of the rectifying curve, the position vector is always known as the curves lying in the rectifying plane.’
Some characterizations and classifications about regular rectifying curves are investigate in various articles.'-7 In Wang
et al,® the concept of framed rectifying curve including both regular and non-regular rectifying curves is introduced. Also,
similar to regular curves, framed rectifying curves arising via dilation of framed spherical curves are introduced. However,
in Deshmukh et al,? it was explained that this dilation cannot always be a rectifying curve for regular curves.

Inspired by these situations, in this article, we give some classifications for the dilation of framed curves. In addition,
this classification, which can be used for both regular and non-regular rectifying curves, is given with some conditions.
In the final part, interesting examples and figures supporting the theory are given.
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2 | BASIC DEFINITIONS AND FRAMED CURVES

Let R3 be the three-dimensional Euclidean space equipped with the inner product (a, b) = a,b; + a,b, + azb; where
a = (a1,az,a3) and b = (by, by, b3). The norm of a is defined by ||a|| = v/{a, a). The vector product is defined of a and b by

a Ab = (abs —aszb,,a1bs — a1bs, a1by — axby),

on R3.
A framed curve is defined as a smooth curve with singular points, in detail see Honda and Takahashi.! Now consider
any y : I — R3 curve that can have a singular point. The set

AZ = {H = (Ml’/’lz) S R3 XR3|<Mi’ ,uj> = 5ij7i7.j = 1’2}7

has a smooth three-dimensional manifold structure. This structure is defined as the “Stiefel manifold” in manifold theory.
Let u = (1, u2) € A,. A unit vector is defined by v = p; X p5.
After this preparation, the definition of the framed curve can be given:

Definition 1 (Framed curve). (v, u) : I —» R? X A, is called a framed curve if (y'(s), u;(s)) = 0 for each s€ I and
j =1,2.Moreover, y : I - R3is called a framed base curve if there exists y : I = A, such that (y, ) is a framed curve.!

Let (y, u1, p2) : I — R3 X A, be a framed curve and v = y; X p. The derivative formula is given by

V/(s) 0 —m(s) —n(s) [ v(s)
i) |=mis 0 I(s) m(s) |,
H(S) nis) —ls) 0 H2(S)

where I(s) = (u(s), p2(s)), m(s) = (v(s), u;(s)) and n(s) = (v(s), u)(s))). Obviously, if m(s) = n(s) = 0, then v/(s) = 0.
Throughout this study, we accept the case v/(s) # 0. Moreover, there exists a smooth mapping « : I — R such that

Y (8) = a(s)v(s).

As can be seen, although the framed base curve has singular points, the frame can be defined since y can be defined.
Hence, the a function is important to characterize singular points. In addition, s, is a singular point of y if and only if
a(sg) = 0. Clearly, if a(s) = 0 for each s €I, then y(s) is a point.! Consequently, (I(s), m(s), n(s), a(s)) are called the framed
curvature of y.

Also, as in regular curves, many adapted frames can be obtained for the general frame. These frames are available in the
literature such as rotated, reflected, and generalized, etc. It is used adapted frames for simplicity in addition the general
frame. In this study, an adapted frame which is a more general form of the Frenet-Serret frame is used. Generalized vectors
are obtained with the help of an adapted frame in Wang et al® and can be obtained as follows:

(u1(s), H2(s)) € A, is defined by

w(s) \ _ [ cosep(s) —sing(s) H1(S)
Ha(s) )\ sing(s) cos g(s) Ha(s) )
Then, (y, u1, 112) : I = R3 x A, also a framed curve and

v(s) = v(s). 2.1
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Let's assume that ¢ : I — R is a smooth function that satisfies m(s) sin ¢(s) + n(s) cos @(s) = 0. Therefore, this equation
can be rearranged with the m(s) = —p(s) cos @(s) and n(s) = p(s) sin ¢(s) equations.® Hence, we get

VI(s) = =m($)p1(s) — n(s)p2(s),
= p(s)[cos @(s) 1 () — sin @(s) ua(s)],

= p(S)u1(s),
1 (8) = —=(U(s) — ¢@'(s)) sin @(s) ()
+ (I(s) — @' (5)) cos (s) p2(s) + (m(s) cos p(s) — n(s) sin p(s))v(s), (2.2)

= —p(s)v(s) + (I(s) — @' (5)pa(5),
12 (5) = —(I(s) — ¢ (5)) cos p(s) 1 (5)
+ (I(s) — @'(5)) sin @(s) u2(s) + (m(s) sin @(s) + n(s) cos p(s))v(s),
= —(U(s) — @' () (5).

{v, u1, uz} is called an adapted frame along the framed base curve y(s). Consequently, according to 2.2, the derivative
formula is given by

"_,(S) 0 pis) O v(s)
i) | =1 -p6s) 0 q@) || m(s)
ﬂ_;(s) 0 —q(s) 0 )\ s

The vectors v(s), u1(s), u2(s) are called the generalized (tangent, principle normal, and binormal) vector of the framed
curve, respectively, where

pE = IV(©)l >0
and
q(s) = I(s) — 0'(s).

The functions (p(s), q(s), a(s)) are defined to as the framed curvature of y(s).°

3 | FRAMED RECTIFYING CURVES VIA DILATION OF FRAMED BASE
CURVES ON $2

Definition 2. For the (y, u1, 12) : I — R3Xx A, framed curve, if the position vector of the y framed base curve satisfies
the y(s) = 8(s)v(s) + £(s)uz(s) equation for some functions 6(s) and &(s), it is called a framed rectifying curve.

Before introducing the notion of framed rectifying curve via dilation of framed spherical curves, the following definition
can be given:

Definition 3. If the framed base curve y of framed curve (y, i1, i2) : I = R3x A, is a curve on S?, it is called a framed
spherical curve.®

A classification for regular rectifying curves is described in Chen and Dillen,’ but it is not sufficient for the non-regular
case. Inspired by this, in Wang et al,® the classification of framed curves is given by Wang, Pei, and Gao in Theorem
4. Hence, in Wang et al,® a new classification was introduced, which is important since it is used for both regular and
non-regular rectifying curves:

Theorem 1. Let (v, 11, 112) : I — R3 X A, be a framed curve with p(s)> 0. Then y is a framed rectifying curve if and

only if
7(s) = p\/<tan2 </ |’ (s)|ds + c> + 1>a)(s), (3.1)

where w(s) is a framed curve on S? and c is a constant, p is a positive number.’
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Remark 1. Framed rectifying curves is given by the dilated curves equation (3.1) with constant ¢ and p >0 where
w(s) is a framed curve on S2. This equation can be written in the form y(s) = psec ( / |’ (s)|ds + c) w(s). However,
for regular case, Deshmukh, Chen and Alshammari showed that the dilation obtained with every spherical curve
cannot be a rectifying curve.!? Since, framed curves are generalized in regular curves, if the arc of the great circle
w(s) = (sins, 0, cos s) given by using Equation (3.1),

7/(S)zp< sins 0. COSS > (3.2)

cos(s+c¢)’  cos(s+c)

Taking the derivative of Equation (3.2), we get

Y'(s) = p; (sin(s + ¢) sin s + cos(s + ¢) cos s, 0, sin(s + ¢) cos s — cos(s + ¢) sin s) . 3.3)
cos%(s + ¢)

Since y'(s) = a,(s)v,(s), we have

0 = p—g——
cos?(s +¢)
and
vV, (8) = (sin(s + ¢) sin s + cos(s + ¢) cos s, 0, sin(s + ¢) cos s — cos(s + ¢) sin s) . (3.4)
By editing the equation (3.4), we get
v,(s) = (cosc,0,sinc). 3.5)

Consequently, we have v;(s) = 0. Hence, it contradicts our acceptance and on the other hand definition of framed
rectifying curve requires that its curvature is positive. That is, y cannot be a framed rectifying curve. Consequently,
some properties will be given for this dilation.

Proposition 1. Let w(s) framed curve in S? for Vs € I. Then, {®, Vo, ® A V,,} is an orthonormal system. Then we have,
Do =V a2 + h?
where framed curvature p,, @, and h = (@ A Vg, V' ).

Proof. Let w(s) framed curve in unit sphere S2. Therefore, we have (w(s), w(s)) = 1. By taking the derivative of last
equation and since w is a framed curve, we have:

t{®, V) = 0. 3.6)
Hence, if a,{w, v,,) = 0 for each s €1, it is either a, = 0 or (w, v,) = 0. If @, = 0 for each s€ I, then w is a point.
Hence, since is a framed curve on S?, {w, v,,) = 0 for each s € I. Therefore, {®, v,, ® A v,,} is an orthonormal system.
Let us suppose that h = (w A v,, v, ). Consequently, we get

Vo = (—ttp)® + h(w A vy).

Since v,,’ = Pon;,,» We have
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Remark 2. If we consider C*® category, then the statement “functions f(s)g(s) = 0 for all s€ I, then f(s) = 0 for all
selorg(s) = 0for all seI” is wrong. Then there exist counter-examples. Hence, let's assume that fand g functions
as real analytic functions. Similarly, in Proposition 1, a,, and (w, v,,) are accepted as real analytical function.

Example 1. The spherical nephroid w : R — S? ¢ R? is defined by
w(s) = % <3 Ccoss — cos 3s,3sins — sin 35,2V 3 coss) .

See Figures 1 and 2. Then,

Vg = 1 (\/ECOSZS, \/gsinZS,—1> s

2

) FIGURE 1 Spherical nephroid [Colour figure can be viewed at
o5 wileyonlinelibrary.com]

FIGURE 2 Spherical nephroid on S? [Colour figure can be viewed

at wileyonlinelibrary.com]
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and
Ay = \/gsin S.

By necessary calculations, we have (w, v,,) = 0. On the other hand, we get

1 . . . 3.
WA Vy = <—§ sin s — sin scos’s, cos s — sin®s cosss, -5 sins |,

vl = (—\/gsin 2s, \/gcos 2s, 0) )
Since h = (w A vy, V), We get
h= \/gcos s.

Consequently, we have

Po = Vaw2+h2=\/§-

Theorem 2. Let y(s) = p\/(tan2 (/ 1 (8)|ds + ¢) + 1)(s) be a dilation of y where w(s) be a framed curve on S°. Then
we have

p,(s) = cos </ |’ (s)|ds + c) |Po? — a0,
q,(s) = sin </ |’ (s)|ds + c> VIpw? — au?,

a,(s) = psec? < / | (s)|ds + c> ap(S),

v,(s) = sin </ | (s)|ds + c) (s) + cos </ |’ (s)|ds + c> Ve (S),

H1,(8) = (8) A Voo (),

2,(s) = cos </ |’ (s)|ds + c> w(s) — sin </ |’ (s)|ds + c> Vo (5)

where p, and a,, > 0 is the framed curvature of framed curve and {p,, q,, &, v,, H1,, iz, } is the framed apparatus of y.

Proof. Let the expansion of the y framed curve be in the form of
7(s) = psec </ |0’ (s)|ds + c> (s) 3.7)

where p is a positive number, o(s) is a framed curve on S2. By differentiating (3.7), we get

sin '(s)|ds + ¢
_osin ([l Oldse) oo + 2

'(s). 3.8
cos? ([ |a/(s)|ds + c) cos ([ |a)’(s)|ds+c))w(S) (3.8)

Y'(s)
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Since y and w are framed curves, we have y’(s) = a,(s)v,(s) and @'(s) = a,(s)v,(s). Consequently, from (3.8), we get

psin ([ |/ (s)|ds + c)
cos? ([ |a'(s)|ds + c)

P

w w(S). 3.9
cos (/ |w’(s)|ds+c)a (vals) (39)

@y (S)vy(s) = e (8)]ax(s) +

Suppose that «,(s) > 0. Therefore, according to (3.9), we get

a,(s) = psec? </ |’ (s)|ds + c> e (S), (3.10)
v, (s) = sin </ |’ (s)|ds + c> w(s) + cos </ |’ (s)|ds + c) Voo (8). (3.11)

By differentiating (3.11), we get
Py ($)u1,(s) = cos (/ | (s)|ds + c) (ho A vy) (3.12)

where h = (w A vy, V' ). Consequently, from (3.12), we have

Dy(s) = cos (/ |’ (s)|ds + c> VIPw? — au?,

H1,(8) = @($) A Ve ().

Now, by using uz,(s) = v,(s) A u1,(s), we get

H2,(s) = cos </ |0’ (5)|ds + c> w(s) — sin </ |’ (5)|ds + c) Vo(S). (3.13)

By differentiating (3.13), we have

—q,(8)p1, () = —sin </ |’ (s)|ds + c> (hw A vg)

and it leads to

q,(s) = sin </ |’ (s)|ds + C> VIPo? — 2|

O

Remark 3. If a, < 0 in Theorem 2, since the v,, of the w framed curve will change, the similar equations are obtained
in Theorem 2.

Corollary 1. Let w(s) be a framed curve on S? and let y(s) = p sec ( f |’ (s)|ds + c) (s) be a dilation of y. According to
Equation (3.10) in Theorem 2, if sy is a singular point of w, then also sy is a singular point of y.

Remark 4. Since by Theorem 4 in Wang et al,® the framed curve y(s) = p sec ( f |’ (s)|ds + c) (s)is a framed rectifying
curve that requires p, > 0. Therefore, we have the the following corollary according to Theorem 2.

Corollary 2. Let w(s) be a framed curve on S? that is not an arc of the great circle, then y(s) = p sec ( f |’ (s)|ds + c) w(S)
is a framed rectifying curve.

Example 2. The spherical cardioid @ : [0,4r) — R3 is defined by

w(s) =

W=

(Zcoss— cos 2s,2sin s — sin 2s, 2 2005%) .
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FIGURE 3 Spherical cardioid [Colour figure can be viewed at
wileyonlinelibrary.com] 0.5
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See Figure 3. Then we get
8v2 8v2
Ve(S) = <—2 Zcosg + T\/—cos3%,2\/§sin% - T\/_sin3£, —1>

and

a,(8) = \/Esin %
By a calculation, we get

lo/)ll = V2sin >
and

/llco’(s)llds+c= -2 2cos§ +c.

Suppose that p = 1 and ¢ = 0, then according to Theorem 2, we have

y(s) = (E sec (—2 2 cos £> CcoS s — 1 sec (—2 2cos §> COS 2s,
3 2 3 2

2 s\ . 1 S\ .
—sec (-2 2cos—)sm ——sec<—2 2cos—)sm2,
3 ( 2)%M5 73 2 § (3.14)

212

—— sec (—2 2 cos E) cos E).
3 2 2
See Figure 4. On the other hand, we have
v, (s) = (2 sin (—2 2 cos 5) CcoSs — 1 sin <—2 2 cos 5) cos 2,
3 2 3 2
8v2

—2V2cos (—2 2Ccos E) cos 3 + —\/— cos (—2 2 Ccos E) cos3£,
2 2 3 2 2

2 sin <—2 2 cos 5) sins — 1 sin (—2 2 cos 5) sin 2s,

3 2 3 2

s 82

2 2cos(—2 2cos£)sin———cos(—2 2cos£)sin3§,
2 2 3 2 2

24/2
isin(—z Zcos§>cos£—lcos<—2 Zcos£> .
3 2 2 3 2

(3.15)
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4 FIGURE 4 Framed rectifying curve via dilation of spherical

cardioid [Colour figure can be viewed at wileyonlinelibrary.com]
0.0

o

Moreover, since p,, = ||Vl = \/5, we find

a,(s) = V/2sin %sec2 (—2 2cos %) ,
py = \/Ecos%cos (—2 2005%),

q, = ﬁcos%sin(—z Zcos%).

4 | CONCLUSION

In this study, the concept of framed rectifying curve is expanded, and new results have been obtained. Inspired by this
study, the relationships of framed rectifying curves with centrode and extremal curves can be examined.
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