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In this study, we determine a new type comprehensive frame, which is called
the generalized Frenet-type frame in three-dimensional Lie groups with Myller
configurations, and it includes several special and classical type frames for
Euclidean 3-space and three-dimensional Lie groups. After constructing this
new comprehensive frame, we obtain derivative formulas with the help of the
Lie curvature. In addition, we define some special type curves. The geometry
of versor fields along a curve with Frenet-type frame in three-dimensional Lie
groups with Myller configurations is a generalization of the usual theory of
curves. Since this particular relationship, the osculating-type and rectifying-type
curves with Frenet-type frame in three-dimensional Lie groups with Myller con-
figurations include some special cases for osculating and rectifying curves in
different spaces.
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1 INTRODUCTION

In classical differential geometry, the theory of curves is a quite fundamental work frame for lots of researchers. Moving
frames have been an important concept in differential geometry from the investigation of the Frenet (or Frenet–Serret)
frame [1, 2], which is established for only regular curves with non-zero curvature condition. In the existing literature,
there are many studies with respect to the Frenet frames for regular space curves. In the Euclidean 3-space E3, every unit
speed curve C ∶ I → E3 can be associated with the orthogonal unit vector fields tangent vector field T, principal normal
vector field N, and binormal vector field B. The planes spanned by {T,N}, {T,B}, and {N,B} are called the osculating
plane, rectifying plane, and normal plane at each point of the curve C, respectively [3]. Osculating, rectifying, and normal
curves, which are determined in Euclidean [3–5] and Minkowski spaces studies [6–8] with different dimensions and
some characterizations of them, are examined in several studies. The curve C for which the position vector of the curve C
always lies in their rectifying plane are called rectifying curves [4]. With the same logic, if the position vector of the curve
C always lies in its osculating plane, the curve is called an osculating curve [3], and also, if the position vector of the curve
C always lies in its normal plane, the curve is called a normal curve [3, 7, 8].

Let us determine some versor fields (viz., a vector field) such as tangent, principal normal, and binormal and also some
plane fields such as rectifying, osculating, and normal planes along the curve C. A versor field and a plane field are repre-
sented by (C, 𝜉) and (C, 𝜋), respectively. The pair {(C, 𝜁 ), (C, 𝜋)} for 𝜁 ∈ 𝜋 is called a Myller configuration, which is denoted
by 𝔐(C, 𝜁 , 𝜋), in the Euclidean space E3. In 1960, Miron examined some studies with respect to pair {(C, 𝜉), (C, 𝜋)} [9].
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The versor field (C, 𝜉) can be represented in an invariant frame, which is an orthonormal and positively oriented frame.
The moving equations, invariants, and fundamental theorem of the Frenet frame of the versor field (C, 𝜉) are given in
[10]. Additionally, if the plane 𝜋 is tangent to the curve C, then we get a tangent Myller configuration which is denoted by
𝔐t(C, 𝜁 , 𝜋) [10, 11]. Then, the geometry of tangent Myller configuration 𝔐t(C, 𝜁 , 𝜋) is a special case of the general Myller
configuration 𝔐(C, 𝜁 , 𝜋). The geometry of versor fields along a curve with Frenet-type frame in Myller configuration for
E3 is a generalization of the usual theory of curves with Frenet frame in classical Euclidean space.1

Macsim et al. studied some special curves and characterizations of them [13] in a Myller configuration for E3 such as
rectifying-type [11] and Bertrand-type curves [14]. Owing to the special relation that exists between the Frenet-type frame
in Myller configuration for E3 and the classical Frenet frame in E3, Macsim et al. determined the rectifying-type curves
with Frenet-type frame in Myller configuration for E3, and due to the natural construction of the Myller configuration,
the rectifying curves with classical Frenet frame in E3 is one of the special cases of rectifying-type curves with Frenet-type
frame in Myller configuration for E3. With the same motivation, Macsim et al. introduced the Bertrand-type curves in
Myller configuration for E3 in [14]. Similarly, because of the relationship mentioned above, Bertrand curves with Frenet
frame in E3 is one of the special cases of Bertrand-type curves with Frenet-type frame in Myller configuration for E3. Then,
versor fields along a curve in a four-dimensional Lorentz space are studied by Heroiu [12]. Also, osculating-type curves
with Frenet-type frame in Myller configuration for E3 is studied [15]. In a similar manner, osculating curves with classical
Frenet frame in E3 is one of the particular cases of osculating-type curves with Frenet-type frame in Myller configuration
for E3. Doğan Yazıcı and Tosun introduced the osculating curves in Myller configuration with quasi-type frame in [16].

One of the most fundamental and significant notions for mathematics to physics is Lie groups, which are separated as
Abelian Lie groups, SO(3) and S3 . Lie groups contribute to many work frames with respect to the theory and application in
mechanics and physics. Then, incompressible inviscid fluid motion and rigid body motion correspond to the geodesic flow
of left or right invariant metric have been determined on a Lie group [17–19]. Çöken and Çiftçi scrutinized the degenerate
semi-Riemannian geometry of Lie group in [20]. Moreover, Çiftçi examined the generalization of Lancret's theorem and
general helices in [21]. Moreover, characterization of rectifying, osculating, and normal curves in three-dimensional com-
pact Lie groups [22] were introduced. Okuyucu et al. investigated the spinor Frenet equations in the three-dimensional
Lie groups [23]. Mak [24] introduced the natural and conjugate mates of a Frenet curve in three-dimensional Lie group.
Moreover, Doğan Yazıcı et al. introduced framed curves in the three-dimensional Lie groups [25]. Other interesting studies
on Lie groups with curve, surface, and quaternion approaches are available in [26–30].

In this paper, our motivation is to bring together the Frenet-type frame in Myller configuration for E3 and
three-dimensional Lie groups at the first stage. Namely, we investigate a quite general moving frame, which is called
generalized Frenet-type frame in three-dimensional Lie groups with Myller configurations. We determine the moving
equations, curvatures, and Frenet-type derivative formulas with the help of the Lie curvature and some special cases of
this frame. At the second stage, we construct some special curves such as osculating-type and rectifying-type curves with
Frenet-type frame in three-dimensional Lie groups with Myller configurations. We arrive at a generalization of the classi-
cal curve theory due to the natural structure of the geometry of the versor fields along a curve with a Frenet-type frame in
three-dimensional Lie groups with Myller configuration. Because of this particular relation, osculating-type curves and
rectifying-type curves with Frenet-type frame in three-dimensional Lie groups with Myller configurations include some
special cases.

2 BASIC CONCEPTS

In this section, we remind some terminology with respect to Frenet-type frame in Myller configuration for Euclidean
3-space E3 and three-dimensional Lie groups in the following subsections, respectively.

2.1 Frenet-type frame in Myller configuration

Let
(

C, 𝜁
)

be a versor field and r(s) be a position vector of the curve C where s is the arc-length parameter on C. For

Frenet-type frame F =
{

P(s), 𝜁1(s), 𝜁2(s), 𝜁3(s)
}

of the versor field
(

C, 𝜁
)

, one can express the following:

dr
ds

= 𝜌1(s)𝜁1(s) + 𝜌2(s)𝜁2(s) + 𝜌3(s)𝜁3(s),

1See also for generalization [10, 12].
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where 𝜌2
1(s) + 𝜌

2
2(s) + 𝜌

2
3(s) = 1. Also, the following derivative formulas are satisfied:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

d𝜁1(s)
ds

= 1(s)𝜁2(s),

d𝜁2(s)
ds

= −1(s)𝜁1(s) +2(s)𝜁3(s),

d𝜁3(s)
ds

= −2(s)𝜁2(s),

where 1(s) > 0. Then, 1-curvature and 2-torsion have the same geometrical interpretation as the curvature and
torsion of a curve with Frenet frame in E3. It can be seen that if the functions 𝜌1(s) = 1, 𝜌2(s) = 0, and 𝜌3(s) = 0, we get
Frenet equations of a curve in E3 [1, 2, 10]. The fundamental theorem of invariants for the versor field

(
C, 𝜁

)
is given as

follows:

Theorem 1 ([10]). If the invariants 1(s),2(s), 𝜌1(s), 𝜌2(s), 𝜌3(s), with 𝜌2
1(s)+𝜌

2
2(s)+𝜌

2
3(s) = 1 are smooth functions for

s ∈ [a, b], then there exist a curve C ∶ [a, b] → E3 parametrized by arc-length s and a versor field 𝜁 (s), s ∈ [a, b], whose
the curvature, torsion, and the functions 𝜌i(s) are 1(s),2(s), and 𝜌i(s), i = 1, 2, 3. Any two such versor fields (C, 𝜁 ) differ
by a proper Euclidean motion.

For more detailed information with respect to the Myller configuration, we want to refer to the book [10] by Miron.

2.2 Three-dimensional Lie groups
Let G be a Lie group with a bi-invariant metric ⟨, ⟩ and D be the Levi-Civita connection of Lie group G. If notation 𝔤
represents the Lie algebra of Lie group G, then we express that 𝔤 is isomorphic to TeG where e is the neutral element of
Lie group G. If ⟨, ⟩ is a bi-invariant metric on Lie group G, the following can be written:

⟨X , [Y ,Z]⟩ = ⟨[X ,Y ],Z⟩,
and

DX Y = 1
2
[X ,Y ],

for every X ,Y ,Z ∈ 𝔤. Also, Lie bracket of any two vector fields  and Z is expressed by

[ ,Z] =
n∑

i=1
wizi

[
Xi,X𝑗

]
,

where  =
∑n

i=1 wiXi and Z =
∑n

i=1 ziXi with the orthonormal basis {X1,X2, … ,Xn} of 𝔤 and wi, zi ∶ I → R. If Υ ∶
I ⊂ R → G is an arc-length regular curve, then the covariant derivative of the vector field  along the curve Υ which is
represented with the notation DΥ′ is written:

DΥ′ = DT =
. + 1

2
[T,] .

3 FRENET-TYPE FRAME IN THREE-DIMENSIONAL LIE GROUPS WITH
MYLLER CONFIGURATION

In this section, we introduce Frenet-type frame in three-dimensional Lie groups with Myller configuration G and some
properties of it. Then, we give some characterizations of it by the concept of Frenet-type frame in Myller configuration
for Euclidean 3-space E3 [10].

Definition 1. Let
(

C, 𝜁
)

be a versor field and r(s) ∶ I → G be a position vector of the curve C in Myller configuration
for three-dimensional Lie group G. The covariant derivative of  along the curve is defined as follows:
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İŞBILIR ET AL.

D𝜁 (s)(s) =
.(s) + 1

2
[
𝜁 (s),(s)

]
=

.(s) + 1
2
𝜌1(s)

[
𝜁1(s),(s)

]
+ 1

2
𝜌2(s)

[
𝜁2(s),(s)

]
+ 1

2
𝜌3(s)

[
𝜁3(s),(s)

]
,

(1)

and
𝜁 (s) = dr

ds
= 𝜌1(s)𝜁1(s) + 𝜌2(s)𝜁2(s) + 𝜌3(s)𝜁3(s), (2)

where
. =

∑n
i=1

dw
ds

Xi for the orthonormal basis {X1,X2,X3, … ,Xn} of 𝔤.

Additionally, derivative formulas of the curve r(s) in Myller configuration for three-dimensional Lie groups are satisfied:

⎧⎪⎨⎪⎩
D𝜁 (s)𝜁1(s) = 1(s)𝜁2(s),

D𝜁 (s)𝜁2(s) = −1(s)𝜁1(s) +2(s)𝜁3(s),

D𝜁 (s)𝜁3(s) = −2(s)𝜁2(s),

(3)

where D is Levi-Civita connection of Lie group G and 1(s) =
‖‖‖‖ .
𝜁1(s)

‖‖‖‖.

Theorem 2. Let r(s) ∶ I → G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configuration G. Then, the following equations hold:[

𝜁1(s), 𝜁2(s)
]
=
⟨[
𝜁1(s), 𝜁2(s)

]
, 𝜁3(s)

⟩
𝜁3(s) = 2♭G𝜁3(s), (4)[

𝜁1(s), 𝜁3(s)
]
=
⟨[
𝜁1(s), 𝜁3(s)

]
, 𝜁2(s)

⟩
𝜁2(s) = −2♭G𝜁2(s), (5)[

𝜁2(s), 𝜁3(s)
]
=
⟨[
𝜁2(s), 𝜁3(s)

]
, 𝜁1(s)

⟩
𝜁1(s) = 2♭G𝜁1(s), (6)

where ♭G = 1
2

⟨[
𝜁1(s), 𝜁2(s)

]
, 𝜁3(s)

⟩
.

Proof. Suppose that r(s) ∶ I → G is a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configuration G. Since

[
𝜁1(s), 𝜁2(s)

]
∈ Sp

{
𝜁1(s), 𝜁2(s), 𝜁3(s)

}
, we can write as follows:

[
𝜁1(s), 𝜁2(s)

]
= 𝜆1𝜁1(s) + 𝜆2𝜁2(s) + 𝜆3𝜁3(s). (7)

If we multiply both of sides of Equation (7) by the versors 𝜁1(s), 𝜁2(s), and 𝜁3(s), then we obtain the following,
respectively: ⟨[

𝜁1(s), 𝜁2(s)
]
, 𝜁1(s)

⟩
= 𝜆1 = 0, (8a)⟨[

𝜁1(s), 𝜁2(s)
]
, 𝜁2(s)

⟩
= 𝜆2 = 0, (8b)⟨[

𝜁1(s), 𝜁2(s)
]
, 𝜁3(s)

⟩
= 𝜆3. (8c)

By using Equations (7) and (8a)-(8c), we get[
𝜁1(s), 𝜁2(s)

]
=
⟨[
𝜁1(s), 𝜁2(s)

]
, 𝜁3(s)

⟩
𝜁3(s).

Assume that ♭G = 1
2

⟨[
𝜁1(s), 𝜁2(s)

]
, 𝜁3(s)

⟩
. In that case, we have

[
𝜁1(s), 𝜁2(s)

]
= 2♭G𝜁3(s). By using the same manner,

we can continue to prove. Since
[
𝜁1(s), 𝜁3(s)

]
∈ Sp

{
𝜁1(s), 𝜁2(s), 𝜁3(s)

}
, we have

[
𝜁1(s), 𝜁3(s)

]
= 𝜆4𝜁1(s) + 𝜆5𝜁2(s) + 𝜆6𝜁3(s). (9)
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Then, we obtain ⟨[
𝜁1(s), 𝜁3(s)

]
, 𝜁1(s)

⟩
= 𝜆4 = 0, (10a)⟨[

𝜁1(s), 𝜁3(s)
]
, 𝜁2(s)

⟩
= 𝜆5, (10b)⟨[

𝜁1(s), 𝜁3(s)
]
, 𝜁3(s)

⟩
= 𝜆6 = 0. (10c)

Hence, we get⟨[
𝜁1(s), 𝜁3(s)

]
, 𝜁2(s)

⟩
=
⟨
𝜁1(s),

[
𝜁3(s), 𝜁2(s)

]⟩
= −

⟨
𝜁1(s),

[
𝜁2(s), 𝜁3(s)

]⟩
= −

⟨[
𝜁1(s), 𝜁2(s)

]
, 𝜁3(s)

⟩
= −2♭G.

With the help of Equations (9) and (10a)–(10c), we can express
[
𝜁1(s), 𝜁3(s)

]
= −2♭G𝜁2(s). With the similar logic, since[

𝜁2(s), 𝜁3(s)
]
∈ Sp

{
𝜁1(s), 𝜁2(s), 𝜁3(s)

}
, we can write

[
𝜁2(s), 𝜁3(s)

]
= 𝜆7𝜁1(s) + 𝜆8𝜁2(s) + 𝜆9𝜁3(s). (11)

Also, we get ⟨[
𝜁2(s), 𝜁3(s)

]
, 𝜁1(s)

⟩
= 𝜆7, (12a)⟨[

𝜁2(s), 𝜁3(s)
]
, 𝜁2(s)

⟩
= 𝜆8 = 0, (12b)⟨[

𝜁2(s), 𝜁3(s)
]
, 𝜁3(s)

⟩
= 𝜆9 = 0. (12c)

Therefore, we have⟨[
𝜁2(s), 𝜁3(s)

]
, 𝜁1(s)

⟩
=
⟨
𝜁1(s),

[
𝜁2(s), 𝜁3(s)

]⟩
=
⟨[
𝜁1(s), 𝜁2(s)

]
, 𝜁3(s)

⟩
= 2♭G.

By Equations (11) and (12a)–(12c), we get
[
𝜁2(s), 𝜁3(s)

]
= 2♭G𝜁1(s). Consequently, we have the desired result. □

Theorem 3. Let r(s) ∶ I → G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller configura-
tion G. Then, Frenet-type frame derivative formulas in Myller configuration for three-dimensional Lie groups are written
as follows: ⎛⎜⎜⎜⎝

.
𝜁1(s).
𝜁2(s).
𝜁3(s)

⎞⎟⎟⎟⎠ =
( 0 K1(s) − 𝜌3(s)♭G 𝜌2(s)♭G

−K1(s) + 𝜌3(s)♭G 0 K2(s) − 𝜌1(s)♭G
−𝜌2(s)♭G −K2(s) + 𝜌1(s)♭G 0

)⎛⎜⎜⎝
𝜁1
𝜁2
𝜁3

⎞⎟⎟⎠ , (13)

where ⎧⎪⎨⎪⎩
1(s) − 𝜌3(s)♭G =

⟨ .
𝜁1(s), 𝜁2(s)

⟩
= −

⟨ .
𝜁2(s), 𝜁1(s)

⟩
,

2(s) − 𝜌1(s)♭G =
⟨ .
𝜁2(s), 𝜁3(s)

⟩
= −

⟨ .
𝜁3(s), 𝜁2(s)

⟩
.

Proof. By using Equations (1) and (3), we get the following:

D𝜁 (s)𝜁1(s) =
.
𝜁1(s) +

1
2
𝜌1(s)

[
𝜁1(s), 𝜁1(s)

]
+ 1

2
𝜌2(s)

[
𝜁2(s), 𝜁1(s)

]
+ 1

2
𝜌3(s)

[
𝜁3(s), 𝜁1(s)

]
= 1(s)𝜁2(s),

D𝜁 (s)𝜁2(s) =
.
𝜁2(s) +

1
2
𝜌1(s)

[
𝜁1(s), 𝜁2(s)

]
+ 1

2
𝜌2(s)

[
𝜁2(s), 𝜁2(s)

]
+ 1

2
𝜌3(s)

[
𝜁3(s), 𝜁2(s)

]
= −1(s)𝜁1(s) +2(s)𝜁3(s),

D𝜁 (s)𝜁3(s) =
.
𝜁3(s) +

1
2
𝜌1(s)

[
𝜁1(s), 𝜁3(s)

]
+ 1

2
𝜌2(s)

[
𝜁2(s), 𝜁3(s)

]
+ 1

2
𝜌3(s)

[
𝜁3(s), 𝜁3(s)

]
= −2(s)𝜁2(s).
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İŞBILIR ET AL.

With the help of Equations (4)–(6), we obtain

.
𝜁1(s) =

(
K1(s) − 𝜌3(s)♭G

)
𝜁2(s) + 𝜌2(s)♭G𝜁3(s),

.
𝜁2(s) =

(
−K1(s) + 𝜌3(s)♭G

)
𝜁1(s) +

(
K2(s) − 𝜌1(s)♭G

)
𝜁3(s),

.
𝜁3(s) = −𝜌2(s)♭G𝜁1(s) +

(
−K2(s) + 𝜌1(s)♭G

)
𝜁2(s).

Also, if we use the inner product in the previous equation by 𝜁1(s), 𝜁2(s), and 𝜁3(s), we get the curvature equations.
Therefore, we complete the proof. □

The geometry of versor fields along a curve for Frenet-type frame in three-dimensional Lie groups with Myller config-
urations is a generalization of the usual theory of curves with Frenet frame in classical Euclidean space, Frenet frame in
classical three-dimensional Lie groups for Euclidean space, and Frenet-type frame in Myller configuration for Euclidean
space. Due to this special generalization, the following special cases can be given:

Corollary 1. Let r(s) ∶ I → G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configuration G. Then, the following hold:

(i) If ♭G = 0, then we get the Frenet-type frame in Myller configuration for three-dimensional Euclidean space [10].
(ii) If 𝜌1(s) = 1, 𝜌2(s) = 𝜌3(s) = 0, then we get the Frenet-type frame in three-dimensional Lie groups [21].

(iii) If 𝜌1(s) = 1, 𝜌2(s) = 𝜌3(s) = 0, and ♭G = 0, then we get the Frenet frame in Euclidean 3-space [1, 2].

Theorem 4. Let r(s) ∶ I → G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configuration G. Then, the Lie group curvature ♭G is written as follows:

♭G = 1
22

1(s)2(s) + 2
(
𝜌2(s)♭G

)′1(s)

⟨
̈
𝜁1(s),

[
𝜁1(s),

.
𝜁1(s)

]⟩

−

(
− 2𝜌2(s)′

1(s) + 2𝜌2(s)
(
𝜌3(s)♭G

)′
− 2𝜌3(s)1(s)2(s) − 2𝜌3(s)

(
𝜌2(s)♭G

)′
− 2𝜌3(s)1(s)2(s) − 22

1(s)𝜌1(s)

)
♭2

G

22
1(s)2(s) + 2

(
𝜌2(s)♭G

)′1(s)

−
(
2𝜌2

2(s)2(s) + 2𝜌1(s)𝜌3(s)1(s) + 2𝜌2
3(s)1(s)

)
♭3

G −
(
−2𝜌1(s)𝜌2

2(s) − 2𝜌1(s)𝜌2
3(s)
)
♭4

G

22
1(s)2(s) + 2

(
𝜌2(s)♭G

)′1(s)
.

(14)

Proof. From Equation (1), we can write

D𝜁 (s)𝜁1(s) =
.
𝜁1(s) +

1
2
𝜌1(s)

[
𝜁1(s), 𝜁1(s)

]
+ 1

2
𝜌2(s)

[
𝜁2(s), 𝜁1(s)

]
+ 1

2
𝜌3(s)

[
𝜁3(s), 𝜁1(s)

]
.

Then, we have
[
𝜁1(s), 𝜁1(s)

]
= 0,

[
𝜁2(s), 𝜁1(s)

]
= −2♭G𝜁3(s) and

[
𝜁3(s), 𝜁1(s)

]
= 2♭G𝜁2(s). Also, we get

.
𝜁1(s) = D𝜁 (s)𝜁1(s) −

1
2
𝜌2(s)

[
𝜁2(s), 𝜁1(s)

]
+ 1

2
𝜌3(s)

[
𝜁3(s), 𝜁1(s)

]
=
(1(s) − 𝜌3(s)♭G

)
𝜁2 + 𝜌2(s)♭G𝜁3.

Also, we can write the following:

D𝜁 (s)

.
𝜁1(s) =

̈
𝜁1(s) +

1
2

[
𝜁1(s),

.
𝜁1(s)

]
+ 1

2

[
𝜁2(s),

.
𝜁1(s)

]
+ 1

2

[
𝜁3(s),

.
𝜁1(s)

]
,

and
̈
𝜁1(s) = D𝜁 (s)

.
𝜁1(s) −

1
2

[
𝜁1(s),

.
𝜁1(s)

]
− 1

2

[
𝜁2(s),

.
𝜁1(s)

]
− 1

2

[
𝜁3(s),

.
𝜁1(s)

]
.

If some calculations are completed, we get the desired Equation (14); for the sake of brevity, we omit them. □
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İŞBILIR ET AL.

Corollary 2. We examine the equations of the Lie curvature ♭G with the help of the orthonormal frame{
𝜁1(s), 𝜁2(s), 𝜁3(s)

}
inspired by the study [21], in which the equations of 𝜏G are presented in some Lie groups. The following

three special cases hold:

(i) If G is Abelian (viz.,
⟨[
𝜁1(s), 𝜁2(s)

]
, 𝜁3(s)

⟩
=
⟨[
𝜁1(s), 𝜁3(s)

]
, 𝜁2(s)

⟩
), then we get ♭G = 0.

(ii) If G is SO(3) with the bi-invariant metric which is written as K(X ,Y ) = − 1
2

trace(XY ) for each X ,Y ∈ 𝔰𝔬(3). From
𝔰𝔬(3) with the

(
R

3,∧
)

, we have

♭G = 1
2

⟨[
𝜁1(s), 𝜁2(s)

]
, 𝜁3(s)

⟩
= 1

2

⟨
𝜁1(s) ∧ 𝜁2(s), 𝜁3(s)

⟩
= 1

2

⟨
𝜁3(s), 𝜁3(s)

⟩
= 1

2
,

for a curve with Frenet-type frame in Myller configuration in SO(3).
(iii) If G is S3, let us consider Lie group homeomorphism S3 ≅ SU(2), the basis of su(2) are 𝜗1, 𝜗2, 𝜗3 which are written as

𝜗1 =
(

0 i
i 0

)
, 𝜗2 =

(
0 −1
1 0

)
, 𝜗3 =

(
i 0
0 −i

)
.

Thanks to the study [21], we have [𝜗1, 𝜗2] = 2𝜗3, [𝜗2, 𝜗3] = 2𝜗1 and [𝜗3, 𝜗1] = 2𝜗1, then we obtain

♭G = 1
2

⟨[
𝜁1(s), 𝜁2(s)

]
, 𝜁3(s)

⟩
= 1

2

⟨
2𝜁3(s), 𝜁3(s)

⟩
= 1,

for a curve with respect to Frenet-type frame in Myller configuration in SU(2).

4 OSCULATING-TYPE CURVES IN THREE-DIMENSIONAL LIE GROUPS
WITH MYLLER CONFIGURATIONS

In this section, we investigate the osculating-type curves with the Frenet-type frame in three-dimensional Lie groups with
Myller configurations. As is known, since the Frenet-type frame in three-dimensional Lie groups with Myller configu-
rations is a generalized version for both Frenet-type frame in Myller configuration for Euclidean 3-space, Frenet frame
in three-dimensional Lie groups for Euclidean 3-space and also Frenet frame in Euclidean 3-space, the osculating-type
curves are a generalization for osculating curves with both Frenet-type frame in Myller configuration for Euclidean space,
Frenet frame in three-dimensional Lie groups for Euclidean 3-space and Frenet frame in Euclidean 3-space, as well.

Definition 2. Let r(s) ∶ I → G is defined as an osculating-type curve with Frenet-type frame in three-dimensional
Lie groups with Myller configuration if

r(s) = 𝜂(s)𝜁1(s) + 𝜔(s)𝜁2(s), (15)
where 𝜂(s) and 𝜔(s) are smooth functions.

Firstly, let us obtain some preliminary preparations before starting the relevant theorems. Differentiating Equation (15)
and by using Equations (2) and (13), we get

𝜌1(s)𝜁1(s) + 𝜌2(s)𝜁2(s) + 𝜌3(s)𝜁3(s) = 𝜂′(s)𝜁1(s) + 𝜂(s)
(1(s) − 𝜌3(s)♭G

)
𝜁2(s) + 𝜂(s)𝜌2(s)♭G𝜁3 + 𝜔′(s)𝜁2(s)

+ 𝜔(s)
(
−1(s) + 𝜌3(s)♭G

)
𝜁1(s) + 𝜔(s)

(2(s) − 𝜌1(s)♭G
)
𝜁3(s).

(16)

In that case, we have
𝜂′(s) + 𝜔(s)

(
−1(s) + 𝜌3(s)♭G

)
= 𝜌1(s), (17a)

𝜔′(s) + 𝜂(s)
(1(s) − 𝜌3(s)♭G

)
= 𝜌2(s), (17b)

𝜔(s)
(2(s) − 𝜌1(s)♭G

)
+ 𝜂(s)𝜌2(s)♭G = 𝜌3(s). (17c)

Now, we examine the solutions of Equation (17c) according to the cases 𝜌3(s) = 0 or 𝜌3(s) ≠ 0. First of all, let us study
the situation 𝜌3(s) ≠ 0. Since 𝜌1(s) = 1, 𝜌2(s) = 𝜌3(s) = 0 is accepted for Frenet frame in Euclidean space, the case 𝜌3(s) ≠ 0
will be a new classification that does not correspond to Frenet frame for three-dimensional Lie groups.
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İŞBILIR ET AL.

Theorem 5. Let r(s) ∶ I → G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations. Then, r(s) is an osculating-type curve if and only if

r(s) =
(

𝜌2(s)
1(s) − 𝜌3(s)♭G

− 1
1(s) − 𝜌3(s)♭G

(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s) − 𝜌1(s)♭G

)′)
𝜁1(s) +

(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s) − 𝜌1(s)♭G

)
𝜁2(s), (18)

where 𝜌3(s) ≠ 0.

Proof. Assume that r(s) is an osculating-type curve with 𝜌3(s) ≠ 0 with Frenet-type frame in three-dimensional Lie
groups with Myller configurations. By using Equations (17a)–(17c), we have 𝜔(s) ≠ 0 and 2(s) − 𝜌1(s)♭G ≠ 0. Then,
we get

𝜔(s) = 𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s) − 𝜌1(s)♭G
, (19)

and since 1(s) − 𝜌3(s)♭G > 0, we obtain

𝜂(s) = 𝜌2(s)
1(s) − 𝜌3(s)♭G

− 1
1(s) − 𝜌3(s)♭G

(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s) − 𝜌1(s)♭G

)′

. (20)

Hence, if Equation (15) is considered, what is desired is proved. Conversely, suppose that Equation (18) is satisfied
when 𝜌3(s) ≠ 0. Then, we have⟨

r(s), 𝜁1(s)
⟩
= 𝜌2(s)

1(s) − 𝜌3(s)♭G
− 1

1(s) − 𝜌3(s)♭G

(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s) − 𝜌1(s)♭G

)′

, (21a)

⟨
r(s), 𝜁2(s)

⟩
= 𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s) − 𝜌1(s)♭G
. (21b)

Differentiating Equation (21b), we obtain

𝜌2(s) +
(
−1(s) + 𝜌3(s)♭G

) ⟨
r(s), 𝜁1(s)

⟩
+
(2(s) − 𝜌1(s)♭G

) ⟨
r(s), 𝜁3(s)

⟩
=
(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s) − 𝜌1(s)♭G

)′

.

By using Equation (21a), since 2(s) − 𝜌1(s)♭G ≠ 0, we get
⟨

r(s), 𝜁3(s)
⟩
= 0. Consequently, r(s) is an osculating-type

curve. □

Corollary 3. Let r(s) be an osculating-type curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations.

(i) If 𝜌1(s) = 1, 𝜌2(s) = 𝜌3(s) = 0 and ♭G = 0, we have the osculating curves in Euclidean space E3 which is determined
by İlarslan and Nesović [3].

(ii) If 𝜌1(s) = 1, 𝜌2(s) = 𝜌3(s) = 0, we get the osculating curve in compact Lie groups which is determined by Bozkurt
et al. [22].

(iii) If ♭G = 0, we have the osculating-type curves with Frenet-type frame in Myller configuration for Euclidean space
E3 which is determined by İşbilir and Tosun [15].

Theorem 6. Let r(s) ∶ I → G is a curve with Frenet-type frame in three-dimensional Lie groups with Myller configu-
rations where 𝜌3(s) ≠ 0. Then, r(s) is an osculating-type curve if and only if the 1(s)-curvature, 2(s)-torsion and the
functions 𝜌1(s), 𝜌2(s), 𝜌3(s) hold the following relation:(

𝜌2(s)
1(s) − 𝜌3(s)♭G

− 1
1(s) − 𝜌3(s)♭G

(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s) − 𝜌1(s)♭G

)′)′

+
(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s) − 𝜌1(s)♭G

)(1(s) + 𝜌3(s)♭G
)
− 𝜌1(s) = 0.

(22)
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İŞBILIR ET AL.

Proof. Let r(s) be an osculating-type curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations where 𝜌3(s) ≠ 0.

By means of Equations (17a), (19), and (20), we get Equation (22). On the other hand, suppose that r(s) is a curve
satisfying the relation written in Equation (22). According to these, we can write

d
ds

⎡⎢⎢⎢⎢⎣
r(s) −

(
𝜌2(s)

1(s) − 𝜌3(s)♭G
− 1

1(s) − 𝜌3(s)♭G

(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s) − 𝜌1(s)♭G

)′)
𝜁1(s)

−
(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s) − 𝜌1(s)♭G

)
𝜁2(s)

⎤⎥⎥⎥⎥⎦
= 0.

Hence, r(s) is an osculating-type curve. □

Since 𝜌3(s) ≠ 0, some special solutions of differential equation (22) where 𝜌2
1(s) + 𝜌

2
2(s) + 𝜌

2
3(s) = 1 are as follows:

Corollary 4. Let r(s) ∶ I → G is a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations where 𝜌3(s) ≠ 0. If 𝜌1(s) = 0 and 𝜌2

2(s) + 𝜌
2
3(s) = 1, we have

(
𝜌2(s)

1(s) − 𝜌3(s)♭G
− 1

1(s) − 𝜌3(s)♭G

(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s)

)′)′

+
(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

2(s)

)(1(s) + 𝜌3(s)♭G
)
= 0, (23)

where Equation (23) is a homogeneous differential equation with variable coefficients.

Corollary 5. Let r(s) ∶ I → G is a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations where 𝜌3(s) ≠ 0. If 𝜌2(s) = 0 and 𝜌2

1(s) + 𝜌
2
3(s) = 1, we get

(
− 1
1(s) − 𝜌3(s)♭G

(
𝜌3(s)

2(s) − 𝜌1(s)♭G

)′)′

+
(

𝜌3(s)
2(s) − 𝜌1(s)♭G

)(1(s) + 𝜌3(s)♭G
)
− 𝜌1(s) = 0.

Since 𝜌3(s) ≠ 0,1(s) − 𝜌1(s)♭G ≠ 0, and 1(s) − 𝜌3(s)♭G ≠ 0, assume that 𝜌3(s)
2(s)−𝜌1(s)♭G

= 𝑦(s) and 1
1(s)−𝜌3(s)♭G

= p(s), we
have (

p(s)𝑦′(s)
)′ + 𝑦(s)

p(s)
= −𝜌1(s).

Hence, an inhomogeneous differential equation is constructed from the second order. This differential equation is first
solved with respect to the homogeneous part, then special solutions are generated depending on the function 𝜌1(s).

Corollary 6. Let r(s) ∶ I → G is a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations where 𝜌3(s) ≠ 0. If 𝜌1(s) = 0, 𝜌2(s) = 0, and 𝜌3(s) = 1, we get

(
− 1
1(s) − ♭G

(
1

2(s)

)′)′

+
(

1
2(s)

)(1(s) + ♭G
)
= 0.

Suppose that 1
2(s)

= 𝑦(s) and − 1
1(s)+♭G

= p(s), where denominators are not zero, we write

(
p(s)𝑦′(s)

)′ + 𝑦(s)
p(s)

= 0.

If we apply the t = ∫ 1
p

ds, we obtain

d2𝑦

dt2 + 𝑦 = 0. (24)
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İŞBILIR ET AL.

The solution of the differential Equation (24) is 𝑦 = c1 cos t + c2 sin t where c1, c2 are constants. Since 1
2(s)

= 𝑦(s) and

t = ∫ 1
p

ds, we have
1

2(s)
= c1 cos∫ 1(s)ds + c2 sin∫ 1(s)ds.

Therefore, we have as follows:

𝜔(s) = 1
2(s)

= c1 cos∫ 1(s)ds + c2 sin∫ 1(s)ds, (25a)

𝜂(s) = − 1
1(s) − ♭G

(
1

2(s)

)′

= c1 sin∫ 1(s)ds − c2 cos∫ 1(s)ds. (25b)

From Equations (25a) and (25b), the following is written:⟨
r(s), r(s)

⟩
= 𝜂2(s) + 𝜔2(s) = c2

1 + c2
2,

where c1 and c2 are constants. That is, the osculating-type curve r(s) is a spherical curve when 𝜌1(s) = 0, 𝜌2(s) = 0, and
𝜌3(s) = 1.

Now, we express the characterizations for the case of 𝜌3(s) = 0.

Proposition 1. Let r(s) be a curve with Frenet-type frame in Myller configuration for three-dimensional Lie groups. If r(s)
is an osculating-type curve where 𝜌3(s) = 0, the functions 𝜂(s) =

⟨
r(s), 𝜁1(s)

⟩
, 𝜔(s) =

⟨
r(s), 𝜁2(s)

⟩
, and 𝜌1(s), 𝜌2(s), 𝜌3(s)

satisfy the following equation:

𝜂2(s) + 𝜔2(s) = 2∫ (𝜌1(s)𝜂(s) + 𝜌2(s)𝜔(s)) ds, (26)

where 𝜔(s)
(2(s) − 𝜌1(s)♭G

)
= −𝜂(s)𝜌2(s)♭G.

Proof. Let r(s) be a curve with 𝜌3(s) = 0, then from Equation (17c), we have 𝜔(s)
(2(s) − 𝜌1(s)♭G

)
= −𝜂(s)𝜌2(s)♭G.

From Equations (17a) and (17b), we have

𝜂′(s) + 𝜔(s)
(
−1(s) + 𝜌3(s)♭G

)
= 𝜌1(s), (27a)

𝜔′(s) + 𝜂(s)
(1(s) − 𝜌3(s)♭G

)
= 𝜌2(s). (27b)

If each side of Equations (27a) and (27b) are multiplied by 𝜂(s) and 𝜔(s), respectively, and then summing the two
equations obtained, the following equation holds:

𝜂(s)𝜂′(s) + 𝜔(s)𝜔′(s) = 𝜂(s)𝜌1(s) + 𝜔(s)𝜌2(s). (28)

Integrating both sides of Equation (28), Equation (26) is constructed. □

Proposition 2. Let r(s) be a curve with Frenet-type frame in Myller configuration for three-dimensional Lie groups. If

𝜂2(s) + 𝜔2(s) = 2∫ (𝜂(s)𝜌1(s) + 𝜔(s)𝜌2(s)) ds, (29)

one of the expressions

(i) if 2(s) − 𝜌1(s)♭G = 0, then 𝜌3(s) = 0;
(ii) 𝜔(s) = 0, that is, 𝜌3(s) = 0 and r(s) is a rectifying-type curve;

(iii) r(s) is an osculating-type curves,

is satisfied.
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İŞBILIR ET AL.

Proof. Suppose that r(s) is a curve with Equation (29). In that case, we get as follows:

𝜂(s)𝜂′(s) + 𝜔(s)𝜔′(s) = 𝜂(s)𝜌1(s) + 𝜔(s)𝜌2(s).

Also, we have

𝜂(s) =
⟨

r(s), 𝜁1(s)
⟩
⇒ 𝜂′(s) = 𝜌1(s) +

⟨
r(s),

(1(s) − 𝜌3(s)♭G
)
𝜁2(s) + 𝜌2(s)♭G𝜁3

⟩
,

and
𝜔(s) =

⟨
r(s), 𝜁2(s)

⟩
⇒ 𝜔′(s) = 𝜌2(s) +

⟨
r(s), (−1(s) + 𝜌3(s)♭G)𝜁1(s) + (2(s) − 𝜌1(s)♭G)𝜁3(s)

⟩
.

After some geometric interpretations, we get the desired results. □

Corollary 7. Let r(s) be an osculating-type curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations. If 𝜌1(s) = 1, 𝜌2(s) = 𝜌3(s) = 0 for Equation (26), we get

𝜂2(s) + 𝜔2(s) = 2∫ 𝜂(s)ds. (30)

The expression (30) is a characterization of osculating curves in Euclidean space according to Frenet frame [3] for
♭G = 0, and it is a characterization of osculating-type curves with Frenet frame in Myller configuration for Euclidean
space [15].

5 RECTIFYING-TYPE CURVES IN THREE-DIMENSIONAL LIE GROUPS
WITH MYLLER CONFIGURATIONS

In this section, we also examine the rectifying-type curves with Frenet-type frame in three-dimensional Lie groups with
Myller configurations. As is known, because of the fact that Frenet-type frame in three-dimensional Lie groups with
Myller configurations is a generalized version for both Frenet frame in Myller configuration for Euclidean space and
Frenet frame in Euclidean space, the rectifying-type curves are a generalization for rectifying curves with both Frenet
frame in Myller configuration for Euclidean space and Frenet frame in Euclidean space, as well.

Definition 3. r(s) ∶ I → G is defined as a rectifying-type curve with Frenet-type frame in three-dimensional Lie
groups with Myller configurations if

r(s) = 𝜂(s)𝜁1(s) + 𝜔(s)𝜁3(s), (31)

where 𝜂(s) and 𝜔(s) are smooth functions.

Let us write also some preliminary preparations in order to get some required equations. If we take derivative of
Equation (31) and by using Equations (2) and (13), we have

𝜌1(s)𝜁1(s) + 𝜌2(s)𝜁2(s) + 𝜌3(s)𝜁3(s) = 𝜂′(s)𝜁1 + 𝜂(s)
[(1(s) − 𝜌3(s)♭G

)
𝜁2 + 𝜌2(s)♭G𝜁3(s)

]
+ 𝜔′(s)𝜁3(s)

+ 𝜔(s)
[
−𝜌2(s)♭G𝜁1(s) +

(
−2(s) + 𝜌1(s)♭G

)
𝜁2

]
.

(32)

Then, we obtain
𝜂′(s) − 𝜔(s)𝜌2(s)♭G = 𝜌1(s), (33a)

𝜂(s)
(1(s) − 𝜌3(s)♭G

)
+ 𝜔(s)

(
−2(s) + 𝜌1(s)♭G

)
= 𝜌2(s), (33b)

𝜂(s)𝜌2(s)♭G + 𝜔′(s) = 𝜌3(s). (33c)

11703

 10991476, 2024, 14, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10149 by B

ilecik Seyh E
debali, W

iley O
nline L

ibrary on [05/12/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



İŞBILIR ET AL.

Theorem 7. Let r(s) ∶ I → G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations. Then, r(s) is a rectifying-type curve if and only if the following are satisfied:

(i) d
ds

⟨
r(s), 𝜁1(s)

⟩
= 𝜌1(s) + 𝜔(s)𝜌2(s)♭G,

(ii) d
ds

⟨
r(s), 𝜁3(s)

⟩
= 𝜌3(s) − 𝜂(s)𝜌2(s)♭G where −2(s) + 𝜌1(s)♭G ≠ 0.

Proof. Suppose that (i) is satisfied. We can write the following equation:

⟨
r(s), 𝜁1(s)

⟩
= 𝜂(s). (34)

Differentiating Equation (34) with respect to the parameter s, we can write

⟨
dr(s)

ds
, 𝜁1(s)

⟩
+
⟨

r(s), 𝜁
′
1(s)
⟩
= 𝜂′(s).

Then, we have with the help of Equations (2), (13), and (33a):

⟨
𝜌1(s)𝜁1(s) + 𝜌2(s)𝜁2(s) + 𝜌3(s)𝜁3(s), 𝜁1(s)

⟩
+
⟨

r(s),
(1(s) − 𝜌3(s)♭G

)
𝜁2(s) + 𝜌2(s)♭G𝜁3(s)

⟩
= 𝜌1(s) + 𝜔(s)𝜌2(s)♭G. (35)

From Equation (35), we get
⟨

r(s), 𝜁3(s)
⟩

= 𝜔(s) and
⟨

r(s), 𝜁2(s)
⟩

= 0 where 1(s) − 𝜌3(s)♭G ≠ 0. Therefore, we
obtain the desired result. In the same manner, assume that (ii) holds. We have⟨

r(s), 𝜁3(s)
⟩
= 𝜔(s). (36)

Differentiating Equation (36) with respect to the parameter s, we have

⟨
dr(s)

ds
, 𝜁3(s)

⟩
+
⟨

r(s), 𝜁
′
3(s)
⟩
= 𝜔′(s).

By using Equations (2), (13), and (33a), the following equation can be written:

⟨
𝜌1(s)𝜁1(s) + 𝜌2(s)𝜁2(s) + 𝜌3(s)𝜁3(s), 𝜁3(s)

⟩
+
⟨

r(s), 𝜌2(s)♭G𝜁1(s) + (−2(s) + 𝜌1(s)♭G)𝜁2(s)
⟩
= 𝜌3(s) − 𝜂(s)𝜌2(s)♭G. (37)

From Equation (37), we get
⟨

r(s), 𝜁2(s)
⟩

= 0 where −2(s) + 𝜌1(s)♭G ≠ 0 and
⟨

r(s), 𝜁1(s)
⟩

= 𝜂(s). Also, we have
in both cases (i) and (ii) imply that r(s) is the rectifying-type curve with Frenet-type frame in three-dimensional Lie
groups with Myller configurations. Conversely, if the curve r(s) is a rectifying-type curve, then we have the equations
written in (i) and (ii) of Theorem 7, this is obvious. □

Corollary 8. Let r(s) ∶ I → G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations.

(i) If 𝜌1(s) = 1, 𝜌2(s) = 𝜌3(s) = 0, and ♭G = 0, we have the rectifying curves in Euclidean space E3 which is determined
by Chen [4].

(ii) If 𝜌1(s) = 1, 𝜌2(s) = 𝜌3(s) = 0, we get the rectifying curves in compact Lie groups which is determined by Bozkurt
et al. [22].

(iii) If ♭G = 0, we have the rectifying-type curves with Frenet-type frame in Myller configuration for three-dimensional
Euclidean space which is determined by Macsim et al. [11].
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İŞBILIR ET AL.

Now, let us give a classification with respect to curvatures as follows:

d
ds

(
r(s) − 𝜂(s)𝜁1(s) − 𝜔(s)𝜁3(s)

)
= 𝜌1(s)𝜁1(s) + 𝜌2(s)𝜁2(s) + 𝜌3(s)𝜁3(s)

−
[
𝜂′𝜁1(s) + 𝜂(s)

((1(s) − 𝜌3(s)♭G
)
𝜁2(s) + 𝜌2(s)♭G𝜁3(s)

)]
− 𝜔′(s)𝜁1(s) − 𝜔(s)

(
−𝜌2(s)♭G𝜁3(s) +

(
−2(s) + 𝜌1(s)♭G

)
𝜁2(s)

)
=
(
𝜌1(s) − 𝜂′(s) + 𝜔(s)𝜌2(s)♭G

)
𝜁1

+
(
𝜌2(s) − 𝜂(s)

(1(s) − 𝜌3(s)♭G
)
− 𝜔(s)

(
−2(s) + 𝜌1(s)♭G

))
𝜁2

+
(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G − 𝜔′(s)

)
𝜁3

= 0.

(38)

If 𝜌2(s) = 0, 2(s)−𝜌1(s)♭G ≠ 0, and1(s)−𝜌3(s)♭G ≠ 0, we get the following classification with respect to the curvatures:

𝜂(s)
𝜔(s)

= 2(s) − 𝜌1(s)♭G

1(s) − 𝜌3(s)♭G
.

Theorem 8. Let r(s) ∶ I → G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations. Then, r(s) is congruent to a rectifying-type curve if and only if the following equation holds:

[
𝜌1(s) − 𝜂′(s) + 𝜔(s)𝜌2(s)♭G

]
𝜁1 +

[
𝜌2(s) − 𝜂(s)

(1(s) − 𝜌3(s)♭G
)
− 𝜔(s)

(
−2(s) + 𝜌1(s)♭G

)]
𝜁2

+
[
𝜌3(s) − 𝜂(s)𝜌2(s)♭G − 𝜔′(s)

]
𝜁3 = 0.

Proof. By using Equation (38), we can complete the proof easily. □

Theorem 9. Let r(s) ∶ I → G be a rectifying-type curve with Frenet-type frame in three-dimensional Lie groups with
Myller configurations. Then, the following holds:

r(s) = 𝛿 sec(t)𝜓(t),

where 𝛿 ∈ R
+ and 𝜓 = 𝜓(t) is a constant speed curve on the sphere S2.

Proof. Let us denote the distance function of the rectifying-type curve r(s) by 𝜚(s). That is, 𝜚(s) = ||r(s)||. Also, let us
determine a unit speed curve as follows:

𝜓(s) = r(s)||r(s)||
= r(s)
𝜚(s)

.

(39)

Since the curve r(s) is a rectifying-type curve and the curve 𝜓(s) is a unit speed curve, we get

𝜚(s) =
√
𝜂2(s) + 𝜔2(s) and ||𝜓(s)|| = 1.

In that case, we can write the following by using Equations (33a) and (33c):

𝜚′(s) = 𝜂′(s)𝜂(s) + 𝜔′(s)𝜔(s)√
𝜂2(s) + 𝜔2(s)

=
𝜂(s)

(
𝜌1(s) + 𝜔(s)𝜌2(s)♭G

)
+ 𝜔(s)

(
𝜌3(s) − 𝜂(s)𝜌2(s)♭G

)√
𝜂2(s) + 𝜔2(s)

.
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İŞBILIR ET AL.

Since the curve 𝜓(s) is a unit speed curve, we have ⟨𝜓 ′(s), 𝜓(s)⟩ = 0. By using Equation (39), we can write r(s) =
𝜓(s)𝜚(s). Then, by taking the derivative of the equation r(s) = 𝜓(s)𝜚(s), we get

dr(s)
ds

= 𝜓 ′(s)𝜚(s) + 𝜓(s)𝜚′(s).

Now, let us denote the speed of the curve 𝜓(s) by 𝜈(s) = ||𝜓 ′(s)||, and since |||||| dr(s)
ds
|||||| = 1, we obtain

(
𝜚′(s)

)2 + 𝜚2(s)𝜈2 = 1.

Also, we can write

𝜈2 =
1 −

(
𝜚

′ (s)
)2

𝜚2(s)
.

Then, by using Equations (33a) and (33c) if 𝜌2(s) = 0, we have

𝜈 = |𝜂(s)𝜌3(s) + 𝜔(s)𝜌1(s)|
𝜂2(s) + 𝜔2(s)

.

Additionally, if 𝜌1(s) and 𝜌3(s) are constants and 𝜌2(s) = 0, we can express the 𝜂(s) and 𝜔(s) as follows:

𝜂(s) = 𝜙1s + 𝛾1 and 𝜔(s) = 𝜙2s + 𝛾2,

where 𝜌1(s) = 𝜙1 and 𝜌3(s) = 𝜙2. Then, we have

𝜈 = | (𝜙1s + 𝛾1) 𝜌3(s) + (𝜙2s + 𝛾2) 𝜌1(s)|
(𝜙1s + 𝛾1)2 + (𝜙2s + 𝛾2)2 .

Also, we express:

𝜈 = Ω
s2 + 2 (𝜙1𝛾1 + 𝜙2𝛾2) s + 𝛾2

1 + 𝛾2
2
.

Therefore, we can write the following equation:

𝜈 = Ω
(s + 𝜙1𝛾1 + 𝜙2𝛾2)2 + 𝛾2

1 + 𝛾2
2 − (𝜙1𝛾1 + 𝜙2𝛾2)2 .

Now, we want to use a translation as 𝜈 = Ω
s2+𝛿2 where 𝛿 > 0. Then, let us denote:

t = 𝛿

Ω ∫
s

0
𝜈(u)du = 𝛿

Ω ∫
s

0

Ω
u2 + 𝛿2 du = 𝛿

Ω
Ω
𝛿

arctan
( s

d

)
= arctan

( s
d

)
.

Moreover, we can write
s(t) = 𝛿 arctan(t),

and
r(t) = r(s(t))

= 𝜚(s(t))𝜓(s(t))

=
√

s2(t) + 𝛿2𝜓(s(t))

=
√
𝛿2tan2(t) + 𝛿2𝜓(s(t))

= 𝛿 sec(t)𝜓(s(t))
= 𝛿 sec(t)𝜓(t).
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İŞBILIR ET AL.

In addition to these, since 𝜓 ′(t) = 𝜓 ′(s) ds
dt

, then the following holds:

||𝜓 ′(t)|| = ||𝜓 ′(s)||ds
dt

= 𝜈
ds
dt

= Ω
𝛿
.

□

6 CONCLUSION

In this paper, we introduced the generalized Frenet-type frame in three-dimensional Lie groups with Myller configu-
rations and some special cases. Then, we constructed derivative formulas by Lie curvature. Also, we determined some
special type curves such as osculating-type and rectifying-type curves with Frenet-type frame in three-dimensional Lie
groups with Myller configurations. From the natural structure of Myller configuration, we get a new generalization for
the moving frames. The geometrical theory of versor fields along a curve with Frenet-type frame in three-dimensional Lie
groups with Myller configurations is a generalization of the geometry of the usual theory of curves in classical Euclidean
space, in classical three-dimensional Lie groups for Euclidean space, and in Myller configuration for Euclidean space.
Also, we obtained some special curves such as osculating-type and rectifying-type curves in three-dimensional Lie groups
with Myller configuration. Due to this particular relation, the osculating-type and rectifying-type curves with Frenet-type
frame in three-dimensional Lie groups with Myller configurations include some special cases for osculating and rectifying
curves in different spaces.
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11707

 10991476, 2024, 14, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10149 by B

ilecik Seyh E
debali, W

iley O
nline L

ibrary on [05/12/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://orcid.org/0000-0001-5414-5887
https://orcid.org/0000-0001-5414-5887
https://orcid.org/0000-0001-5690-4840
https://orcid.org/0000-0001-5690-4840
https://orcid.org/0000-0002-4888-1412
https://orcid.org/0000-0002-4888-1412
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