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1 | INTRODUCTION

In classical differential geometry, the theory of curves is a quite fundamental work frame for lots of researchers. Moving
frames have been an important concept in differential geometry from the investigation of the Frenet (or Frenet-Serret)
frame [1, 2], which is established for only regular curves with non-zero curvature condition. In the existing literature,
there are many studies with respect to the Frenet frames for regular space curves. In the Euclidean 3-space Ej3, every unit
speed curve C : I — Ej5 can be associated with the orthogonal unit vector fields tangent vector field T, principal normal
vector field N, and binormal vector field B. The planes spanned by {T,N}, {T, B}, and {N, B} are called the osculating
plane, rectifying plane, and normal plane at each point of the curve C, respectively [3]. Osculating, rectifying, and normal
curves, which are determined in Euclidean [3-5] and Minkowski spaces studies [6-8] with different dimensions and
some characterizations of them, are examined in several studies. The curve C for which the position vector of the curve C
always lies in their rectifying plane are called rectifying curves [4]. With the same logic, if the position vector of the curve
C always lies in its osculating plane, the curve is called an osculating curve [3], and also, if the position vector of the curve
C always lies in its normal plane, the curve is called a normal curve [3, 7, 8].

Let us determine some versor fields (viz., a vector field) such as tangent, principal normal, and binormal and also some
plane fields such as rectifying, osculating, and normal planes along the curve C. A versor field and a plane field are repre-
sented by (C, E) and (C, ), respectively. The pair {(C, Z), (C, m)} for Z € rmiscalled a Myller configuration, which is denoted
by IMM(C, E ), in the Euclidean space E;. In 1960, Miron examined some studies with respect to pair {(C, a_f), (C,m)} [9].
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The versor field (C, &) can be represented in an invariant frame, which is an orthonormal and positively oriented frame.
The moving equations, invariants, and fundamental theorem of the Frenet frame of the versor field (C, E) are given in
[10]. Additionally, if the plane = is tangent to the curve C, then we get a tangent Myller configuration which is denoted by
M, (C, E 7) [10, 11]. Then, the geometry of tangent Myller configuration 3,(C, E ) is a special case of the general Myller
configuration 9M(C, &, z). The geometry of versor fields along a curve with Frenet-type frame in Myller configuration for
E; is a generalization of the usual theory of curves with Frenet frame in classical Euclidean space.!

Macsim et al. studied some special curves and characterizations of them [13] in a Myller configuration for E; such as
rectifying-type [11] and Bertrand-type curves [14]. Owing to the special relation that exists between the Frenet-type frame
in Myller configuration for E5 and the classical Frenet frame in E5, Macsim et al. determined the rectifying-type curves
with Frenet-type frame in Myller configuration for E3, and due to the natural construction of the Myller configuration,
the rectifying curves with classical Frenet frame in Ej3 is one of the special cases of rectifying-type curves with Frenet-type
frame in Myller configuration for E;. With the same motivation, Macsim et al. introduced the Bertrand-type curves in
Myller configuration for Ej3 in [14]. Similarly, because of the relationship mentioned above, Bertrand curves with Frenet
frame in E; is one of the special cases of Bertrand-type curves with Frenet-type frame in Myller configuration for E;. Then,
versor fields along a curve in a four-dimensional Lorentz space are studied by Heroiu [12]. Also, osculating-type curves
with Frenet-type frame in Myller configuration for E; is studied [15]. In a similar manner, osculating curves with classical
Frenet frame in Ej is one of the particular cases of osculating-type curves with Frenet-type frame in Myller configuration
for E5. Dogan Yazici and Tosun introduced the osculating curves in Myller configuration with quasi-type frame in [16].

One of the most fundamental and significant notions for mathematics to physics is Lie groups, which are separated as
Abelian Lie groups, SO(3) and S3 . Lie groups contribute to many work frames with respect to the theory and application in
mechanics and physics. Then, incompressible inviscid fluid motion and rigid body motion correspond to the geodesic flow
of left or right invariant metric have been determined on a Lie group [17-19]. Coken and Ciftci scrutinized the degenerate
semi-Riemannian geometry of Lie group in [20]. Moreover, Ciftci examined the generalization of Lancret's theorem and
general helices in [21]. Moreover, characterization of rectifying, osculating, and normal curves in three-dimensional com-
pact Lie groups [22] were introduced. Okuyucu et al. investigated the spinor Frenet equations in the three-dimensional
Lie groups [23]. Mak [24] introduced the natural and conjugate mates of a Frenet curve in three-dimensional Lie group.
Moreover, Dogan Yazici et al. introduced framed curves in the three-dimensional Lie groups [25]. Other interesting studies
on Lie groups with curve, surface, and quaternion approaches are available in [26-30].

In this paper, our motivation is to bring together the Frenet-type frame in Myller configuration for E; and
three-dimensional Lie groups at the first stage. Namely, we investigate a quite general moving frame, which is called
generalized Frenet-type frame in three-dimensional Lie groups with Myller configurations. We determine the moving
equations, curvatures, and Frenet-type derivative formulas with the help of the Lie curvature and some special cases of
this frame. At the second stage, we construct some special curves such as osculating-type and rectifying-type curves with
Frenet-type frame in three-dimensional Lie groups with Myller configurations. We arrive at a generalization of the classi-
cal curve theory due to the natural structure of the geometry of the versor fields along a curve with a Frenet-type frame in
three-dimensional Lie groups with Myller configuration. Because of this particular relation, osculating-type curves and
rectifying-type curves with Frenet-type frame in three-dimensional Lie groups with Myller configurations include some
special cases.

2 | BASIC CONCEPTS

In this section, we remind some terminology with respect to Frenet-type frame in Myller configuration for Euclidean
3-space E; and three-dimensional Lie groups in the following subsections, respectively.

2.1 | Frenet-type frame in Myller configuration
Let (CE) be a versor field and 7(s) be a position vector of the curve C where s is the arc-length parameter on C. For
Frenet-type frame Rr = {P(s), El ), Ez(s), Z3(s)} of the versor field (C, Z), one can express the following:

Z_Z = PI)T1(S) + ()T () + p3(5)T5(5),

1See also for generalization [10, 12].
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where p3(s) + p3(s) + p3(s) = 1. Also, the following derivative formulas are satisfied:
[ dZ,() .
ﬁ = K1(8)¢5(8),
de,(s - -
1722 = ke F )+ KA0E),
dgs(s) -
ﬁ = —K2(5)C5(5),

L

where K1(s) > 0. Then, K;-curvature and K,-torsion have the same geometrical interpretation as the curvature and
torsion of a curve with Frenet frame in Ej. It can be seen that if the functions p;(s) = 1, p2(s) = 0, and p3(s) = 0, we get

Frenet equations of a curve in Ej3 [1, 2, 10]. The fundamental theorem of invariants for the versor field (C, E) is given as

follows:

Theorem 1 ([10]). If the invariants K1 (s), K2(5), p1(S), p2(8), p3(s), with pf(s) + pj(s) + pg(s) = 1 are smooth functions for
s € [a, b], then there exist a curve C : [a,b] — E; parametrized by arc-length s and a versor field Z(s), s € [a, b], whose
the curvature, torsion, and the functions p;(s) are K1(s), K»(s), and p;(s), i = 1,2, 3. Any two such versor fields (C, 0) differ
by a proper Euclidean motion.

For more detailed information with respect to the Myller configuration, we want to refer to the book [10] by Miron.

2.2 | Three-dimensional Lie groups

Let G be a Lie group with a bi-invariant metric (,) and D be the Levi-Civita connection of Lie group G. If notation g
represents the Lie algebra of Lie group G, then we express that g is isomorphic to T,G where e is the neutral element of
Lie group G. If (, ) is a bi-invariant metric on Lie group G, the following can be written:

(X, 1Y, Z]) =(IX, Y], Z),
and

DyY = %[X, Y],

for every X, Y, Z € g. Also, Lie bracket of any two vector fields W and Z is expressed by
n
W, 2] = Y wiz [X.X;],
i=1

where W = Zle wX; and Z = Z?zl z:X; with the orthonormal basis {X;,X5, ... ,X,} of gandw;,g; : I - R.IfY :
I ¢ R — G is an arc-length regular curve, then the covariant derivative of the vector field W along the curve Y which is
represented with the notation Dy W is written:

DY/W=DTW=W+%[T,W].

3 | FRENET-TYPE FRAME IN THREE-DIMENSIONAL LIE GROUPS WITH
MYLLER CONFIGURATION

In this section, we introduce Frenet-type frame in three-dimensional Lie groups with Myller configuration G and some
properties of it. Then, we give some characterizations of it by the concept of Frenet-type frame in Myller configuration
for Euclidean 3-space E; [10].

Definition 1. Let (C, Z) be a versor field and 7(s) : I — G be a position vector of the curve C in Myller configuration
for three-dimensional Lie group G. The covariant derivative of W along the curve is defined as follows:
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Dy W) = W©) + 5 £, W)
: 1 = 1 = 1 = @
= WO + 3016 [C16. WO + 3209) [£6. WG| + 30350 [E:0.W06)]
and 0
£®) = T = nOTIE) + p29T(8) + pas)3(6). )

where W = Zin=1 ‘;—VSVXi for the orthonormal basis {X;,X;, X3, ... , X, } of g.

Additionally, derivative formulas of the curve ¥(s) in Myller configuration for three-dimensional Lie groups are satisfied:

D) £1(5) = Ka()E5(5),
Di () = —K1(8)E1(5) + Ka(s)C5(5), 3)

D, £3(5) = —Ka($)L5(5),
Z.0s)

where D is Levi-Civita connection of Lie group G and £;(s) =

Theorem 2. Let ¥(s) : I — G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configuration G. Then, the following equations hold:

0:9.5:0)| = ([619.5:6)] .550)) E5(5) = 2b6T509) “)
[019.50)] = ([£:0.5:0)| . 69)) Ea5) = ~206Eas). ©
069,56 = {[£:0.8:0)| . 610)) ©165) = 2681, ©)

wherebg = 4 ([, 5] &),

Proof. Suppose that ¥(s) : I — G is a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configuration G. Since [El (s),z2 (s)] e Sp {51 (), Zz(s), &(s) }, we can write as follows:

619, 520)| = 1Ei0) + 1Lo(®) + 45L5(6) ™

If we multiply both of sides of Equation (7) by the versors El(S),Ez(S), and &(s), then we obtain the following,
respectively:

([6:0.0:0)].50) = n =0, (s2)
([6:9.5:0) L) = 2 =0, (8b)
([6:0.0:0)].50) = 4. (80)

By using Equations (7) and (8a)-(8c), we get
00,56 = ([£:6.6:6)].5:0) T

Assume that bg = % < [Zl(s), Ez(s)] ,23(s)>. In that case, we have [El (), Zz(s)] = 2bGZ3(s). By using the same manner,

we can continue to prove. Since [El(s), @(s)] € Sp {Zl (s),Ez(s), 53(3) } we have

[£19.5509)| = 4519) + 45T5(9) + 46L5(6) ©
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Then, we obtain

([66.86)].0) = 1 =0, (10a)

([6:0.5:0)].0:0) = 4, (100)

([6:0.56).50) = 4 =0. (100)

Hence, we get
([6190.56)].00) = (66, [66.50)]) = - (66 [66.56)] ) = ([£.6.5:6] &) = 2.

With the help of Equations (9) and (10a)-(10c), we can express [Zl (s), @(s)] = —ZbGZZ(s). With the similar logic, since

[Ez(s), E3(S)] eSp {Zl(s),zz(s),g3(s)}, Wwe can write

|5 550)| = 491(®) + 45Ea(5) + AoL5(6) an
Also, we get
([6:0.8:0)].61) = 4, (122)
([6:9.60)] .50) = 4 =0, (120)
([6:9.6:0)].60) = 29 =0. (120)

Therefore, we have
([£:0.66).50) = (66, [66.56)]) = ([6160.56)] o) = 2.

By Equations (11) and (12a)-(12c), we get [EZ(S), @(s)] = ZbGEI(s). Consequently, we have the desired result. O

Theorem 3. Let 7(s) : I — G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller configura-
tion G. Then, Frenet-type frame derivative formulas in Myller configuration for three-dimensional Lie groups are written

as follows:
L 0 K6 = pshe  palshe N\ [G
5,00 | = K+ ps(s)be 0 Ky(s) = p1(s)hc || &5 |- (13)
Z ©) —p2(s)hc —K(s) + p1(s)hg 0 s
3

where . .
K15) = 35 = (£:0.5:0) = = (L6, 50
K2(9) - m(5o = (09,8500 ) = = (£:6. 80

Proof. By using Equations (1) and (3), we get the following:

Do T4 =61 + 2016 [£10.510)| + 5026 [£200. 5109 + 2050 [£:. 5100 ] = K19E09),
Dy Ea9) = 5x9) + 3015) [619. 59| + 30209 [L:9.Ea9)] + 2050 [£569.5:09)
= ~K1($)£1(8) + Ka($)Z3(5),

Dy Ex9) = 556)+ 3016) [L19. 50| + 5020 [L:9. 56| + 2050 [£:6.550)| = 298,00
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With the help of Equations (4)—(6), we obtain

2,5 = (Kx(5) = p3(8)bg) To(S) + pa(s)boTa(s),
£,(8) = (=Ki(s) + p3()bg) £1(5) + (Ka(s) — pr(s)b) £5(8),
£3(8) = —pa()E1(s) + (=Ka(s) + p1(s)bG) £5(5).

Also, if we use the inner product in the previous equation by El (), Zz(s), and Z3(s), we get the curvature equations.
Therefore, we complete the proof. O

The geometry of versor fields along a curve for Frenet-type frame in three-dimensional Lie groups with Myller config-
urations is a generalization of the usual theory of curves with Frenet frame in classical Euclidean space, Frenet frame in
classical three-dimensional Lie groups for Euclidean space, and Frenet-type frame in Myller configuration for Euclidean
space. Due to this special generalization, the following special cases can be given:

Corollary 1. Let ¥(s) : I — G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configuration G. Then, the following hold:

(1) Ifbg = 0, then we get the Frenet-type frame in Myller configuration for three-dimensional Euclidean space [10].
(i) If p1(s) = 1, p2(s) = p3(s) = 0, then we get the Frenet-type frame in three-dimensional Lie groups [21].
(iii) If p1(s) = 1, pa(s) = p3(s) = 0, and bg = 0, then we get the Frenet frame in Euclidean 3-space [1, 2].

Theorem 4. Let ¥(s) : I +— G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configuration G. Then, the Lie group curvature bg is written as follows:

_ 1
262K (5) + 2(pa(s)b) Ka(s)
< — 20,(9K;(5) + 292(5) (p3(8)06) = 2031 () () — 293(3)(,02(5)1’6)/) 2
G

bg

(6. [f0.00])

| —20@Ki0)K0) — 2K50)n () (14)
2KC2(5)Ka(5) + 2(p2()b) K1 (5)
 (2039K205) + 2019p3OK1(S) + 2030)K1(5)) b, = (=2p1(5)p3(5) = 2p1(90P3(9)) Y,
2KC2(5)K(5) + 2(p2(9)b) Kr(5)
Proof. From Equation (1), we can write
= = 1 = = 1 = = 1 = =
D;o &1 = Eu(9) + 50() [T, 50| + 3020 [£:00. 80| + 559 [ £, Tat0)
Then, we have [£,(5).Z,(5)] =0, [£,69).8,9)] = ~26Z5(5) and |5, T1(5)] = 206Z1(). Also, we get
5 = Dy ©1® = 5020 [0, 50| + 3059 [E5060. 519
= (K1(5) = p3(9)bc) & + pa(s)beLs.
Also, we can write the following:
D89 = 619+ 5 [0, 80| + 3 [£:0.800)] + 3 [E60. 8060
6© = D61 — 5 [661.5:0)| - 5 [0.8:0)] - 5 [6:0. 06
If some calculations are completed, we get the desired Equation (14); for the sake of brevity, we omit them. O
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Corollary 2. We examine the equations of the Lie curvature bg with the help of the orthonormal frame
{ El (s), Ez(s), @(s) } inspired by the study [21], in which the equations of 7 are presented in some Lie groups. The following

three special cases hold:
() IfGis Abelian (viz, { [£,6).5:9)] . T:) = ([€19.55®)| .Ea(5) ), then we getbg = 0,
(ii) If G is SO(3) with the bi-invariant metric which is written as K(X,Y) = —%trace(XY ) foreach X,Y € 30(3). From
30(3) with the (R, A), we have

o=} ([si0] 200) =} (FonEanzio) = Lo zo) -}

1
2

for a curve with Frenet-type frame in Myller configuration in SO(3).
(iii) IfGis S3, let us consider Lie group homeomorphism S* = SU(2), the basis of su(2) are 9,, 85, 83 which are written as

01 0 -1 i 0
n=(10) 2= (19) 2= (s2):
Thanks to the study [21], we have [91, 5] = 283, [92, 93] = 28 and [93, 9] = 29, then we obtain

1/ ,.5..] = 1/.7 .73
o =5 {[60.60)].56)) = 5 (28:6.50) =1,
for a curve with respect to Frenet-type frame in Myller configuration in SU(2).

4 | OSCULATING-TYPE CURVES IN THREE-DIMENSIONAL LIE GROUPS
WITH MYLLER CONFIGURATIONS

In this section, we investigate the osculating-type curves with the Frenet-type frame in three-dimensional Lie groups with
Myller configurations. As is known, since the Frenet-type frame in three-dimensional Lie groups with Myller configu-
rations is a generalized version for both Frenet-type frame in Myller configuration for Euclidean 3-space, Frenet frame
in three-dimensional Lie groups for Euclidean 3-space and also Frenet frame in Euclidean 3-space, the osculating-type
curves are a generalization for osculating curves with both Frenet-type frame in Myller configuration for Euclidean space,
Frenet frame in three-dimensional Lie groups for Euclidean 3-space and Frenet frame in Euclidean 3-space, as well.

Definition 2. Let (s) : I — G is defined as an osculating-type curve with Frenet-type frame in three-dimensional
Lie groups with Myller configuration if

7(s) = 1(S)E1(5) + w($)55(5), (1s)
where #7(s) and w(s) are smooth functions.

Firstly, let us obtain some preliminary preparations before starting the relevant theorems. Differentiating Equation (15)
and by using Equations (2) and (13), we get

PL(E1(8) + pa(S)E(S) + p3()C3(8) = 1 (S)E1(8) + n(s) (K1() = p3()bG) E5(8) + M($)pa(h L5 + @' (5)C5(5)

+a(s) (—K1(9) + p3()hc) £1(8) + w(s) (Kals) — pr(s)bg) E3(). (o)
In that case, we have
7' (8) + w(s) (—K1(8) + p3()bc) = p1(s), (17a)
'(5) + n(s) (K1(s) = p3(s)bg) = pa(s). (17b)
o(s) (Ka(s) = p1(8)ha) + 1(s)pa()h = p3(s). (17c)

Now, we examine the solutions of Equation (17c) according to the cases p;(s) = 0 or p3(s) # 0. First of all, let us study
the situation p5(s) # 0. Since p1(s) = 1, p2(s) = p3(s) = 0is accepted for Frenet frame in Euclidean space, the case p;(s) # 0
will be a new classification that does not correspond to Frenet frame for three-dimensional Lie groups.
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Theorem 5. Let ¥(s) : I — G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations. Then, 7(s) is an osculating-type curve if and only if

=) ps) 1 p3(8) — n(s)p2(s)c > '> = <p3(5) - n(S)pz(S)bG> = 18
" <1c1<s> —pashe  Ki®) - pasha ( &6 -nwbe ) )9O e -neee )0

where p3(s) # 0.

Proof. Assume that r(s) is an osculating-type curve with p3(s) # 0 with Frenet-type frame in three-dimensional Lie
groups with Myller configurations. By using Equations (17a)-(17c), we have w(s) # 0 and K»(s) — p1(s)bg # 0. Then,
we get
w(s) = 22O~ 1&p2he. (19)
Ka(s) = p1(s)hc

and since K1(s) — p3(s)hg > 0, we obtain

(20)

= —> 1 ( p3(s) = n(s)pa(s)hg )’_
K1(s) — p3(s)hg  K1(5) — p3(s)hg \  Ka(s) — p1(s)hg

Hence, if Equation (15) is considered, what is desired is proved. Conversely, suppose that Equation (18) is satisfied
when p3(s) # 0. Then, we have

(21a)

o E N s 1 P3(S)—'7(S)ﬂz(5)bc>/
(F9.5.0) = K1(5) — pa(&)bo lcl(s)—m(s)bG( Ka(8) — pr(8)ha

- T _ p3(s) = n(s)pa(s)hg
(760-50) = S e @D

Differentiating Equation (21b), we obtain

- _z o\ [ 3) = n®)pase
p2(8) + (—J1(5) + p3(516) (F9. 819 + (Ka(9) = p19)6) {79, E5(5) ) = < O ) -
By using Equation (21a), since K»(s) — p1(s)bg # 0, we get <?(s),z3(s)> = 0. Consequently, 7(s) is an osculating-type
curve. O

Corollary 3. Let 7(s) be an osculating-type curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations.

@) If p1(s) = 1, pa(s) = p3(s) = 0 and bg = 0, we have the osculating curves in Euclidean space E; which is determined
by Ilarslan and Nesovié [3].
(i) If p1(s) = 1, p2(s) = p3(s) = 0, we get the osculating curve in compact Lie groups which is determined by Bozkurt
etal [22].
(iii) Ifbs = 0, we have the osculating-type curves with Frenet-type frame in Myller configuration for Euclidean space
E3 which is determined by Isbilir and Tosun [15].

Theorem 6. Let ¥(s) : I — G is a curve with Frenet-type frame in three-dimensional Lie groups with Myller configu-
rations where p3(s) # 0. Then, 7(s) is an osculating-type curve if and only if the KC1(s)-curvature, X,(s)-torsion and the
functions p;1(s), p2(s), p3(s) hold the following relation:

< ps) 1 <p3(s> — n(8)pa(s)g >>

K1(s) = p3()bg  K1(s) = p3(s)hg \  Ka(s) — p1(s)he (22)
p3(s) = n(s)p2(s)hc _
< X,6) — p1(5)ha ) (lcl(S) + P3(S)bG) —p1(s) =0.
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Proof. Let 7(s) be an osculating-type curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations where ps(s) # 0.

By means of Equations (17a), (19), and (20), we get Equation (22). On the other hand, suppose that r(s) is a curve
satisfying the relation written in Equation (22). According to these, we can write

7o~ ( pa(s) 1 <p3(S) - n(S)pz(S)bc> ) Z.)
0.

K1(5) — p3()bg  Ka(s) — pas)ha \ Ka(s) — ()

ds p3(s) = n(S)pz(S)bc> =
< Ka(s) = pr(s)be $2(6)
Hence, 7(s) is an osculating-type curve. O

Since p3(s) # 0, some special solutions of differential equation (22) where pf(s) + p%(s) + pg(s) =1 are as follows:

Corollary 4. Let ¥(s) : I — G is a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations where p3(s) # 0. If p1(s) = 0 and p3(s) + p3(s) = 1, we have

ps) 1 pa(S)—n(S)pz(S)ba>'>' <P3(S)—VI(S)P2(S)|76> © b} =0 23
<Icl<s>—p3<s)ba Jcl(s>—p3(s>ba< >(s) + 0 (K1(s) + p3(s)bg) =0,  (23)

where Equation (23) is a homogeneous differential equation with variable coefficients.

Corollary 5. Let r(s) : I — G is a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations where p3(s) # 0. If p,(s) = 0 and pf(s) + pg(s) =1, we get

( 1 < p3(8) > > + <”3—(S)> (K1(8) + p3(8)bg) — pa(s) = 0.

_/Cl(S) — p3(S)hg \ Ka(s) — p1(S)hg K>(s) — p1(s)hg

1

. p3(8) _ —
Since p3(s) # 0, K1(5) — p1(8)bg # 0, and K1(s) — p3(s)hg # 0, assume that Eorp e = y(s) and o = p(s), we
have
(s)
Y () + 22 = —py(s).
(p$)y'(5)) o5 =)

Hence, an inhomogeneous differential equation is constructed from the second order. This differential equation is first
solved with respect to the homogeneous part, then special solutions are generated depending on the function p;(s).

Corollary 6. Let r(s) : I — G is a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations where p3(s) # 0. If p1(s) = 0, po(s) = 0, and p3(s) = 1, we get

1 1 \\ 1 )
<_]C1(S) —bg <IC2(S)> > + (m) (K1(9) + bg) =0.

1

Suppose that KL@) = y(s) and — = p(s), where denominators are not zero, we write
2

K (5)+g
y(s)
V) +===0
(PO + 565
Ifwe apply thet = [ lljds, we obtain
d2
d_ﬂy +y=0. (24)
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The solution of the differential Equation (24) is y = c; cost + ¢, sin t where ¢y, ¢; are constants. Since ]CL(S) = y(s) and
2

t=/ lljds, we have

= C; COS / K1(s)ds + ¢, sin/ K1(s)ds.

Kas)
Therefore, we have as follows:
w(s) = 1 = C; COS / K1(s)ds + ¢, sin / K1(s)ds, (25a)
Ky (s)
n(s) = _IC1(S)1— > (lCzl(s)> = ¢y sin / K1 (s)ds — ¢, cos / K1(s)ds. (25b)

From Equations (25a) and (25b), the following is written:
(F©). 7)) = 1*(5) + 0*(s) = ¢ + 2,

where c; and c, are constants. That is, the osculating-type curve r(s) is a spherical curve when py(s) = 0, p2(s) = 0, and
p3(s) =1L
Now, we express the characterizations for the case of p3(s) = 0.

Proposition 1. Let ¥(s) be a curve with Frenet-type frame in Myller configuration for three-dimensional Lie groups. Ifr(s)
is an osculating-type curve where p3(s) = 0, the functions n(s) = <7(s),zl(s)> , @(s) = <17(s),22(s)>, and p1(8), p2(s), p3(s)
satisfy the following equation:

n*(s) + w*(s) = 2 / (p1()N(S) + p2()()) ds, (26)

where w(s) (K2(s) = p1(9)hg) = —n(s)p2(s)be-

Proof. Let 7(s) be a curve with p3(s) = 0, then from Equation (17c), we have w(s) (lCz(s) - pl(s)bG) = —n(s)p2(s)bg.
From Equations (17a) and (17b), we have

7' (8) + @(s) (=K1(5) + p3(s)b ) = p1(S), (272)
@'(s) +1(s) (K1(5) = p3(s)bG) = pa(s). (27b)

If each side of Equations (27a) and (27b) are multiplied by #(s) and w(s), respectively, and then summing the two
equations obtained, the following equation holds:

0’ (s) + ()@’ (s) = n(s)p(s) + w(s)pa(s). (28)
Integrating both sides of Equation (28), Equation (26) is constructed. O

Proposition 2. Let 7(s) be a curve with Frenet-type frame in Myller configuration for three-dimensional Lie groups. If
7 (s) + @*(s) = 2 / (n($)p1(s) + @(5)pa(s)) ds, (29)

one of the expressions

() if Ka(s) — pr(s$)hg = 0, then p3(s) = 0;
(i) w(s) = 0, that is, p3(s) = 0 and ¥(s) is a rectifying-type curve;
(iii) 7(s) is an osculating-type curves,

is satisfied.
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Proof. Suppose that 7(s) is a curve with Equation (29). In that case, we get as follows:

(' (s) + ()’ (s) = n()p1(s) + w(s)pa(s).

Also, we have
1) = (F&.519) = 16 = p1(s) + (7). (K2(5) = p3()b6) To(s) + p2(s6s )

and

o(s) = (F9).5:)) = 0/(5) = p2(9) + (), (~1(5) + 3T (5) + (C2(5) = pr(HE() )
After some geometric interpretations, we get the desired results. O

Corollary 7. Let ¥(s) be an osculating-type curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations. If p1(s) = 1, p2(s) = p3(s) = 0 for Equation (26), we get

72(s) + w*(s) = 2 / 7(s)ds. (30)

The expression (30) is a characterization of osculating curves in Euclidean space according to Frenet frame [3] for
be = 0, and it is a characterization of osculating-type curves with Frenet frame in Myller configuration for Euclidean
space [15].

5 | RECTIFYING-TYPE CURVES IN THREE-DIMENSIONAL LIE GROUPS
WITH MYLLER CONFIGURATIONS

In this section, we also examine the rectifying-type curves with Frenet-type frame in three-dimensional Lie groups with
Myller configurations. As is known, because of the fact that Frenet-type frame in three-dimensional Lie groups with
Myller configurations is a generalized version for both Frenet frame in Myller configuration for Euclidean space and
Frenet frame in Euclidean space, the rectifying-type curves are a generalization for rectifying curves with both Frenet
frame in Myller configuration for Euclidean space and Frenet frame in Euclidean space, as well.

Definition 3. 7(s) : I — G is defined as a rectifying-type curve with Frenet-type frame in three-dimensional Lie
groups with Myller configurations if

7(s) = n($)1(5) + () 5(), (1)
where #7(s) and w(s) are smooth functions.

Let us write also some preliminary preparations in order to get some required equations. If we take derivative of
Equation (31) and by using Equations (2) and (13), we have

ST + p2OT5) + p3OT5(5) = 161 +16) | (K1(5) = p35)06) T + p2(6T5(9)] + @' (E5(9)

_ B (32)
+008) [~2(56E1(5) + (~Ka(8) + p1(5)6) Lo
Then, we obtain
7'(5) — w($)pa(S)hc = p1(s), (33a)
1(s) (KC1(5) — ps(s)b) + () (—Ka(s) + pr(8)hg) = pas). (33b)
n($)p2(s)bg + @' (s) = p3(s). (330)
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Theorem 7. Let ¥(s) : I — G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations. Then, 7(s) is a rectifying-type curve if and only if the following are satisfied:

® £ (F9.59)) = m(s) + 05,
(i) < (7(s),23(s)> = p3(s) — 1(8)pa(s)bG where —Ko(s) + p1(s)hg # 0.

Proof. Suppose that (i) is satisfied. We can write the following equation:

(76.2:) = n®). (34)

Differentiating Equation (34) with respect to the parameter s, we can write
<%,El(s)> +(F9.0.00) =1'®.
Then, we have with the help of Equations (2), (13), and (33a):
(POTLS) + P22 + 353, Ta(®)) + (FO), (K1(5) = p3(5)06) Ea(5) + p2(506T5(8) ) = p1() + 0(s)pa(9)s.  (35)

From Equation (35), we get <?(s),Z3(S)> = w(s) and <7"(s),52(s)> = 0 where K1(s) — p3(s)hg # 0. Therefore, we
obtain the desired result. In the same manner, assume that (ii) holds. We have

(F6.5:0) = o5, (36)

Differentiating Equation (36) with respect to the parameter s, we have

<%,23@> +(F9.50)) = /(5.

By using Equations (2), (13), and (33a), the following equation can be written:
(POELS) + 2To(5) + 2365, Tx(®) ) + (F. p2(D6Er(5) + (—Ka() + P T9)) = p3(8) = n©pa(sh.  (37)

From Equation (37), we get <?(s),52(s)> = 0 where —K,(s) + p1(s)hg # 0 and <17(s),21(s)> = n(s). Also, we have
in both cases (i) and (ii) imply that 7(s) is the rectifying-type curve with Frenet-type frame in three-dimensional Lie
groups with Myller configurations. Conversely, if the curve 7(s) is a rectifying-type curve, then we have the equations
written in (i) and (ii) of Theorem 7, this is obvious. O

Corollary 8. Let r(s) : I — G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations.

@) If p1(s) = 1, p2(s) = p3(s) = 0, and b = 0, we have the rectifying curves in Euclidean space E; which is determined
by Chen [4].
(i) If p1(s) = 1, pa(s) = p3(s) = 0, we get the rectifying curves in compact Lie groups which is determined by Bozkurt
etal [22].
(iii) Ifbs = 0, we have the rectifying-type curves with Frenet-type frame in Myller configuration for three-dimensional
Euclidean space which is determined by Macsim et al. [11].
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Now, let us give a classification with respect to curvatures as follows:

% (F9) = 1698, (5) = 0659 ) = pIEO) + 2 + p3O)T5(9)
= [ + 16 (K26 = p3(56) Ea(5) + p2(9E30) )]
= & OT) = @) (=pa(D6T4(®) + (~Ka(s) + m(ba) T:(9))
= (p1(8) = 7' (8) + w($)p2($)bc) &

+ (p2(8) — n(s) (K1(5) — p3($)b) — a(s) (=K2(8) + p1(9)) ) {2

+ (p3(s) = n(S)p2()hg — @' (5))
=0.

(38)

If p2(s) = 0, Ka(s)—p1(s)hg # 0, and K1(s)—p3(s)hg # 0, we get the following classification with respect to the curvatures:

nes) _ K5(s) — p1(s)hg
w(s)  Ki(s) — ps(s)bg

Theorem 8. Let ¥(s) : I — G be a curve with Frenet-type frame in three-dimensional Lie groups with Myller
configurations. Then, 7(s) is congruent to a rectifying-type curve if and only if the following equation holds:

[91(5) = 1 (8) + 0(8)p2()b6] &1 + [p2(8) = n(s) (K1(5) = p3()PG) — 0(s) (=KCa(8) + pr($)b6)] s
+ [p3(8) = n()p2(s)bG — @' (8)] &3 = 0.

Proof. By using Equation (38), we can complete the proof easily. O

Theorem 9. Let r(s) : I — G be a rectifying-type curve with Frenet-type frame in three-dimensional Lie groups with
Mpyller configurations. Then, the following holds:

r(s) = 6 sec(tyy (t),

where 6 € R and y = w(t) is a constant speed curve on the sphere S*.

Proof. Let us denote the distance function of the rectifying-type curve r(s) by o(s). That is, o(s) = ||7(s)||. Also, let us
determine a unit speed curve as follows:
r(s)
w(s) = ——
()]
0
o(s)”

(39)

Since the curve 7(s) is a rectifying-type curve and the curve w(s) is a unit speed curve, we get

o(s) = Vn?(s) + *(s) and ||y (s)|| = 1.

In that case, we can write the following by using Equations (33a) and (33c):

n' ($)n(s) + @' (s)w(s)

VA (s) + @*(s)

n(s) (p1(5) + w(8)p2($)b) + ax(s) (p3(s) — n(s)p2(s)hg)

VIR(S) + oX(s) '

Jd) =
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Since the curve y(s) is a unit speed curve, we have (y’(s), w(s)) = 0. By using Equation (39), we can write 7(s) =
w(s)o(s). Then, by taking the derivative of the equation 7(s) = w(s)o(s), we get

dr(s)

I = v (8)0(s) + w ()0’ ().
S

dr(s)

=1, we obtain
ds

Now, let us denote the speed of the curve y(s) by v(s) = ||w’(s)||, and since ‘

(0/©®)* + >V = 1.

Also, we can write
’ 2
. 1-(0®) '
02(s)

Then, by using Equations (33a) and (33c) if p»(s) = 0, we have

_ [1()p3(s) + o($)p1(5)|
V= .
n*(s) + w*(s)

Additionally, if p1(s) and ps(s) are constants and p,(s) = 0, we can express the 7(s) and w(s) as follows:
nis) =¢1s+y1 and w(s) = ¢S + s,

where p1(s) = ¢1 and ps(s) = ¢,. Then, we have

= | (@15 + 71) p3(S) + (28 + 12) p1(S)| .
(@15 +71)° + (25 +72)°
Also, we express:
V= Q .
S2+2(in + dar2)s+rp + 722
Therefore, we can write the following equation:

Q
S+ +on)’ +ri+r2—(in+ ba12)*

Vv

Q
52462

s [° s 7 Q 5Q s
t=— wdu = = —du:——arctan(—) =arctan(
Q/OV() Q/o NNy Qs d

Moreover, we can write

Now, we want to use a translation as v = where 6 > 0. Then, let us denote:

).

Qlw

s(t) = o arctan(f),

and

() = r(s(t))
= o(s())w (1))
= V20 + 6%y (s(D)

= \/ 82tan?(t) + 52w (s(t))

= 6 sec(Hw(s(t))
= 6 sec(Hy(b).
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In addition to these, since y'(t) = v’ (s)j—i, then the following holds:

ds ds Q
,t = ! —_=yY— = —,
[y (O] IIW(S)IIdt Ty

6 | CONCLUSION

In this paper, we introduced the generalized Frenet-type frame in three-dimensional Lie groups with Myller configu-
rations and some special cases. Then, we constructed derivative formulas by Lie curvature. Also, we determined some
special type curves such as osculating-type and rectifying-type curves with Frenet-type frame in three-dimensional Lie
groups with Myller configurations. From the natural structure of Myller configuration, we get a new generalization for
the moving frames. The geometrical theory of versor fields along a curve with Frenet-type frame in three-dimensional Lie
groups with Myller configurations is a generalization of the geometry of the usual theory of curves in classical Euclidean
space, in classical three-dimensional Lie groups for Euclidean space, and in Myller configuration for Euclidean space.
Also, we obtained some special curves such as osculating-type and rectifying-type curves in three-dimensional Lie groups
with Myller configuration. Due to this particular relation, the osculating-type and rectifying-type curves with Frenet-type
frame in three-dimensional Lie groups with Myller configurations include some special cases for osculating and rectifying
curves in different spaces.
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