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BICOMPLEX NUMBER AND TENSOR PRODUCT SURFACES IN R;

S. O. Karakus' and Y. Yayli2 UDC 514.7

We show that a hyperquadric M in R; is a Lie group by using the bicomplex number product. For our
purpose, we change the definition of tensor product. We define a new tensor product by considering the
tensor product surface in the hyperquadric M. By using this new tensor product, we classify totally real
tensor product surfaces and complex tensor product surfaces of a Lorentzian plane curve and a Euclidean
plane curve. By means of the tensor product surfaces of a Lorentzian plane curve and a Euclidean plane
curve, we determine a special subgroup of the Lie group M. Thus, we obtain the Lie group structure of
tensor product surfaces of a Lorentzian plane curve and a Euclidean plane curve. Moreover, we obtain
left invariant vector fields of these Lie groups. We consider the left invariant vector fields on these groups,
which constitute a pseudo-Hermitian structure. By using this, we characterize these Lie groups as totally
real or slant in Rg.

1. Introduction

In the Euclidean space E”, the tensor product immersion of two immersions of a given Riemannian manifold
was first defined and studied by Chen in [3]. In particular, the direct sum and tensor product of two immersions of
two different Riemannian manifolds were defined by Decruyenaere et al. in [4] in the following way:

Let M and N be two differentiable manifolds and let f: M — E™ and h: N — E” be two immersions.
The direct sum and the tensor product are defined, respectively, as follows:

f®mMxN—->E"™™  (fah)(p.q) = (/i(p) - - fm(p).h1(q), ... hn(q)),

and

f®h:MxN —E", (f ®h) (p.q) = (fi(Ph1(@)..... (1(PDha(@). ... f;n(P)hn(q)).

Under certain conditions obtained in [4], the tensor product f ® & is an immersion in the space E™".

The simplest examples of tensor product immersions are tensor product surfaces. In the Euclidean space E”,
the tensor product surfaces of two Euclidean plane curves and the tensor product surfaces of a Euclidean space
curve and a Euclidean plane curve were investigated in [8] and [1], respectively. Moreover, in the semi-Euclidean
space E?, the tensor product surfaces of two Lorentzian plane curves and the tensor product surfaces of a
Lorentzian plane curve and a Euclidean plane curve were studied in [9] and [10], respectively. Furthermore, the
tensor product surfaces of a Lorentzian space curve and a Euclidean plane curve and the tensor product surfaces of
a Euclidean space curve and a Lorentzian plane curve were studied in [5] and [6], respectively.
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It is often quite difficult to decide if a manifold is parallelizable. S” is parallelizable if and only if n = 1, 3,7.
Is it possible to make a parallelization of any surface? The answer is positive. If M is a Lie group, then M is
parallelizable.

In [12], it was shown that a hyperquadric M in R* is a Lie group by using the bicomplex number product.
In the same paper, the Lie group structure of tensor product surfaces of Euclidean plane curves was also obtained.

In the present paper, we obtain the Lie group structure of a special hypersurface in Rg. By changing the rule
of tensor multiplication in R‘Z‘ given in [3], we give a new definition of tensor product. As a result, the tensor
product surface is obtained as a subset of the hyperquadric M. Hence, we investigate the tensor product surface
as a Lie group. If we change the definition of tensor product given above as

(@ ® B)(t.5) = (@1 ()B1(s). a1 (1) B2 (). —aa () B2(5), a2 (1) B1(5)).

then we can easily obtain the same results as in [10]. By using the new tensor product, we classify totally real
tensor product surfaces and complex tensor product surfaces of a Lorentzian plane curve and a Euclidean plane
curve. Furthermore, we give some theorems for tensor product surfaces to be Lie groups and one-parameter Lie
subgroups. Finally, we give necessary conditions for the Lie group structures of tensor product surfaces to be
totally real or slant in R%.

At the beginning, we recall the notion of bicomplex numbers.

2. Preliminaries

A bicomplex number is defined by a basis {1,i, j,ij}, where i, j, and ij satisfy the conditions i? = —1,
j2 = —1, and ij = ji. Thus, any bicomplex number x can be expressed as x = x11 4+ x2i + X3/ + X4ij
Vx1,X2,x3,x4 € R. We denote the set of bicomplex numbers by C,. Forany x = x11+ x3i + x3j + x4ij and

Yy =y1l 4+ ya2i + y3j + yaij in Cp, the addition of bicomplex numbers is defined as follows:
x+y=1+y)l+ G2+ y2)i+ (x3+y3)j + (xa + ya)ij.
The multiplication of a bicomplex number x = x11 + x2i + x37 + x4Ij by areal scalar A is defined as
Ax = Ax1l + Axai + Ax3j + Axgij.

With this addition and scalar multiplication operations, C, is a real vector space.
The bicomplex number product, denoted by X, over the set of bicomplex numbers C, is given by the follow-
ing table:

The vector space C, equipped with bicomplex product x is a real algebra [13].
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Since the bicomplex number algebra is associative, it can be considered in terms of matrices. Consider the set
of matrices

X1 —X2 —X3 X4

X2 X1 —X4 —X3
0= xi€R, 1<i<4
X3 —X4 X1 —X2

X4 X3 X2 X1

The set Q equipped with matrix addition and scalar matrix multiplication is a real vector space. Furthermore,
the vector space equipped with matrix product is an algebra.
The transformation

h: C2—>Q

given by

X1 —X2 —X3 X4

X2 X1 —X4 —X3
h(x =x11 4 x2i +X3j +X4ij) =
X3 —X4 X1 —X2

X4 X3 X2 X1

is one-to-one and onto. Moreover, for any x,y € C, and A € R, we have
h(x+y)=h(x)®h(y),

h(Ax) = Ak (x),

h(xxy)=nh(x)h(y).

Thus, the algebras C, and @ are isomorphic.
For further bicomplex number concepts, see [13].

3. Tensor Product Surfaces of a Lorentzian Plane Curve and a Euclidean Plane Curve

In this section, we change the definition of tensor product as follows:

Let o: R — R% (+-) and B:R — R? be a Lorentzian plane curve and a Euclidean plane curve, respectively.
We set a(t) = (a1(2),22(¢)) and B(s) = (B1(s), B2(s)). Let us define their tensor product as

f=a® B: R2—>R‘2‘(—|—+——),
3.1)
f(t,s) = (a1(®)B1(s), o1 (1) B2(s), —a2 (1) f2(s), a2(1) B1(s)).
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By using Eq. (3.1), one can easily compute the canonical tangent vectors of f(z,s) as follows:

0
L (@ 05165). €4 Ba6). a5 0)Ba(5). €401 ).

(3.2)
8f _ / / / /
T (al(f)ﬁl(s)»al(f)ﬁz(s)’—052(1)/32(5),“2(’)51@)),
where o is the derivative of «.
In what follows, we assume that « is a spacelike or a timelike curve with a spacelike or a timelike position
vector and that B is a regular curve. We also assume that the tensor product surface f(¢,s) is a regular surface,
ie., g11822 — g3, # 0.

Hence, relations (3.1) and (3.2) imply that the coefficients of the pseudo-Riemannian metric induced on f(z, s)
by the pseudo-Euclidean metric g of Rg given by g = dx% + dx% — dx% — dxf have the form

af 9

=g (5 ) —a @) e bp).
af 9

g12=2¢8 (—f a—f) = g1 () g2 (8.8,

af ad
822 =¢ (B_J; 8_];) =g1(x,a)g2 (B, B'),

where g1 = dxf — dx% and go = dxf + dx% are the metrics of R% and RZ, respectively. Consequently, an
orthonormal basis for the tangent space of f(z,s) is given by

L
v|g11|81’

€1

. 1 (g aof g Bf)
2 = 115 —81247 |-
\/‘gn(gngzz—g%z)! 0s ot

Recall that the mean curvature vector field H is defined as follows:
1
H = E(slh(el, e1) + exh(es, 62)),

where £ is the second fundamental form of @« ® 8 and &; = g(e;,e;), i = 1,2. In particular, by the Beltrami
formula, we have

1
H=—ZAf.
FAf

Next, recall that a surface M in R‘z‘ is said to be minimal if its mean curvature vector field H vanishes
identically.
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A basis of the normal space of f(z,s) can be calculated as follows: Let J 1:R% — R% and J:R? — R? be
the following maps:

Jl(x’y) = (y,x),

JZ(X’y) = (—y,x).

Note that g1 (X, J1(X)) =0 for X € R? and g, (¥, J2(Y)) =0 for ¥ € R2.
Then the normal space is spanned by

ni(t,s) = Ji(a(?) ® J2 (B(s)) = (a2(1), a1(1)) ® (=P2(s). B1(5))
= (—o2(0B2(). a2()B1 (5). —e1 (B1 (5). —1 ()B2(5)).
na(t.s) = Ji(@ (1) ® Ja('(s)) = (@5(0). 4 (1)) @ (=B3(s). i (s)

= (-4 (), 5 (B} (), —| (DB} (5), —; (DBA(S) ).
4. Totally Real and Complex Lorentzian Immersion and Slant Tensor Product Surface

Let a: R — ]R% (+—) and B:R — R? be a Lorentzian plane curve and a Euclidean plane curve, respectively,
and let f = o ® B be their tensor product. We consider the pseudo-Hermitian structure J given by

J W, v,z,w) = (—v,u,—w,z), u,v,z,w € R.

In the next theorem, by using the new product, we classify totally real tensor product surfaces in the semi-Euclidean
space R%, i.e., at each point, the pseudo-Hermitian structure J transforms the tangent space to the surface into
the normal space.

Theorem 1. The tensor product immersion [ = o ® B of a Lorentzian plane curve and a Euclidean plane
curve is a totally real Lorentzian immersion with respect to the pseudo-Hermitian structure J on Ré if and only
if o is a Lorentzian circle centered at O or B is a straight line passing through the origin.

0 0 0
Proof. Im f is atotally real surface if and only if J (8_];) is orthogonal to 8_f and J (B_f) is orthogonal
s s
of

to —.
ot
We have

5
/ (a_{) = (<0} ()B2(5). 4 (DB1(5). ~ah (1)B1 (5), —e5 (D2 (s) ).

By a straightforward calculation, we establish that

(15 D=0 %)
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af\ of
J|=—]),—]=0
§ ( (az) as)
if and only if (a1} — a2a) =0 or (B1B5 — B} B2) = 0. Integrating these equations, we find that either § isa

straight line passing through the origin or « is a Lorentzian circle centered at 0.
Theorem 1 is proved.

Theorem 2. The tensor product immersion f = o ® B of a Lorentzian plane curve and a Euclidean plane
curve is a complex Lorentzian immersion with respect to the pseudo-Hermitian structure J on Rg if and only if
« is a straight line passing through the origin and B is a Euclidean plane curve.

Proof. By definition, the following equations are satisfied:

@) (@) e

We have

0
! ( a_J: ) = (—e4()B2(5). 4 (D1 (5). b ()P (5), —5 ()2 (s) )

a
J (%) = (—a1(t),3§(S),ot1(t)ﬂ’l(s),—az(z)ﬁ’l(s),_az(t)lgé(s))

By a straightforward calculation, we obtain
af af
J1—], = J1—1, =0,
g( (ar) ”2) g( (a) ’“)

d
g (J (a_{) ’ nl) = (a1 (a5 (1) — &) (N2 (1)) (BT () + B5(s)) (4.2)

0
¢(1(5) m2) = @O0 - aaas0) (576) + B760).
Using Egs. (4.1) and (4.2), we get

o} (e (1) — a1 (1)t (1) = .

This implies that « is straight line passing through the origin.
Theorem 2 is proved.

Recall the definition of a slant surface with respect to the pseudo-Hermitian structure J on Rg. Let M bea
surface with respect to the pseudo-Hermitian structure J on R‘Z‘. One says that M is a proper slant surface if [3]

g(J (e1).e2) =4, AeR,

along M for a given orthonormal basis {e1,e2} of T,M (p € M) thatis independent of the choice of {ey, ez} .
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Let o: R — R% (+-) and B:R — R? be a Lorentzian plane curve and a Euclidean plane curve, respectively.
We consider polar coordinates on « and S. Then

a(t) = p1(t) (cosht,sinht),

B (s) = p2 (s) (coss,sins) .
A straightforward computation leads to

P/l P2 '
V102 = 02) (07 + p3) — 207

g(J (e1),e2) =

If pp = const, then p; = are?’, a; € R, by € R. Hence, « is a hyperbolic spiral and B is a circle centered

at the origin. If p, # const, then we set

Pk _ e, k=1,2.

/

Pl

Then

JN@G+ya-a)—1]

Therefore, Im f is a proper slant surface if and only if

g(J (e1),e2) =

2
) — 32

G- -1

Hence,

2 2
¢y + A 2 2

=1 (1—- )
3 +1 (1=c1)

This means that c;(¢f) and cz(s) must be constant functions, which implies that p;(t) = aebit

bys

and py(s) =
aze®®’, ay,by,az,by € R. Consequently, « is a hyperbolic spiral and § is a logarithmic spiral. Thus, we have
proved the following theorem:

Theorem 3. The tensor product immersion [ = o ® B of a Lorentzian plane curve and a Euclidean plane

curve is a slant surface with respect to the pseudo-Hermitian structure J on R‘Z‘ if and only if a is a hyperbolic
spiral and B is either a circle centered at O or a spiral curve.

5. Lie Groups and a Special Subgroup

In this section, we deal with the hyperquadric

M = {x = (Xl,X2,X3,X4)I X1X3 + x2x4 =0, g (x,x) # 0},
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M = {x = (xl,X2,X3,)C4)2 X1x3 + x2x4 = 0, x% + x% —x% —xi % 0}.
We consider M as a set of bicomplex numbers:
M = {x =x11 + x20 +x3] +x4ij € Ca: x1x3 +x2x4 =0, g(x,x) # 0}.

The components of M are easily obtained by representing the bicomplex number multiplication in the matrix
form:

X1 —X2 —X3 X4

X2 X1 —X4 —X3

0
Il
><
I

T x1x3+x2x4 =0, g(x,x)#0
X3 —X4 X1 —X2

X4 X3 X2 X1

Theorem 4. The set M equipped with bicomplex number product is a Lie group.

Proof. M is a differentiable manifold and, at the same time, a group with group operation given by the matrix
multiplication. The group function

SMxM—M

defined by (x, y) — x.y isdifferentiable. Therefore, (M, x) can be made a Lie group so that / is a isomorphism.
Theorem 4 is proved.

Consider the group M; of all unit bicomplex numbers x = x;1 + x2i + x3j + x4ij on M with the group
operation of bicomplex multiplication, namely,

My ={xeM: g(x,x) =1},

M, = {x eEM: x? +x5—x5—x7= 1}.
Lemma 1. M, is a 2-dimensional Lie subgroup of M.
6. Lie Algebra of the Lie Group M and M;
M is a Lie group of dimension three. Let us find its Lie algebra. Thus, let
a(t) =a1(t)] +az()i + az(t)j + as(t)ij

be a curve on M such that « (0) = 1, i.e., o1 (0) = 1 and a4, (0) = 0 for m = 2, 3, 4. The differentiation of
the equation

a1 (t)az(t) + aa(t)aa(r) =0
yields the equation

ap(Das(t) + a1 (t)as (1) + ay(t)aa(t) + az(t)ay(t) = 0.
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Substituting ¢ = 0, we obtain o (0) = 0. The Lie algebra thus consists of vectors of the form

()

where m = 1,2,4. The vector { can formally be written as ¢ = {1 + {27 + {4ij. Let us find the left invariant
vector field X on M for which X ’a=1 = ¢. Let B(¢) be acurve on M such that 8(0) =1 and B’ (0) = ¢.
Then L (B(t)) = xB(¢) is the left translation of the curve B(¢) by a bicomplex number x, and its tangent vector
is xB’ (0) = x¢. In particular, let X,, denote the left invariant vector fields on M for which

’

a=1

a0
Xm |a=1: W s
mlg=1

where m = 1,2,4. These three vector fields are represented in the bicomplex notation at the point o = 1 by the
bicomplex units 1, i, and ij. For the components of these vector fields at the point x = x11 4 xpi + x3] + x4i],
we have (X1)x = x1, (X2)x = xi, (X3)x = xij, and

X1 = (x1,x2,x3,X4),

Xy = (—x2,X1,—X4,Xx3),

X4 = (x4, —x3,—x2,x1),

where all partial derivatives are taken at the point x.
M is a Lie group of dimension two. Its Lie algebra can easily be found, and

Xy = (—x2,X1,—X4,Xx3),

X4 = (-x4a —X3, _x27-x1) .

Theorem 5. M is parallelizable.

Proof. 1If we set

X1 = p1cosg,

X2 = 01 sin¢,

X3 = pacosB,

X4 = p2sin b,
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then the relation x;x3 + x2x4 = 0 yields

cos ¢ = sin 6, singg = —cos 8
or

cos¢p = —sinf, sing = cos 6.

Furthermore, it follows from the condition x% + x% — x% — xi # 0 that pf — pg # 0. We have the parametric
representation of one component of M with vector position r(p1, p2,¢), where

r = (p1 cos ¢, p1 sing, —pa sing, pr cos @) .
Hence, we have three vectors tangent to coordinate curves:

rp, = (cos¢,sing,0,0),
o, = (0,0, —sin¢,cos @),

r¢ = (—p1sing, p1 cos P, —p2 cos P, —p2 sin¢) .

These vectors are obviously orthogonal to each other and form a parallelization of M.
Theorem 5 is proved.

7. Tensor Product Surfaces and Lie Groups

In this section, by using the tensor product surfaces of a Lorentzian plane curve and a Euclidean plane curve,
we define a special subgroup of the Lie group M. Thus, we obtain the Lie group structure of tensor product
surfaces of a Lorentzian plane curve and a Euclidean plane curve. We also obtain the left invariant vector fields of
these Lie groups.

Theorem 6. Let o: R — R% be a hyperbolic spiral and let B: R — R? be a spiral with the same parameter,
ie, a(t) = e*(cosht,sinht) and B(r) = eP'(cost,sint), a,b € R. Then their tensor product is a one-
parameter subgroup in the Lie group M.

Proof. We obtain
y(t) = a(t) ® B(t) = @FD) (cosht cost, cosht sint, —sinh sinz, sinh 7 cos 7) .

It is easy to see that

y(t1) xy(2) =y (11 + 12)

for all #; and #,. Hence, (y(¢), X) is a one-parameter Lie subgroup of (M, x).
Theorem 6 is proved.
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Corollary 1. Let o:R — R% be a hyperbolic spiral and B:R — R? be a circle centered at O with the
same parameter, i.e., a(t) = e%!(cosht,sinht), a € R, and B(t) = (cost,sint). Then their tensor product is a
one-parameter subgroup in the Lie group M.

Proof. Taking b = 0 in Theorem 6, we establish that § is a circle centered at O. Then their tensor product
is a one-parameter subgroup in the Lie group M.

Corollary 2. Let a:R — R% be a Lorentzian circle centered at O and B:R — R? be a circle centered
at O with the same parameter, i.e., «(t) = (cosht,sinht) and B(t) = (cost,sint). Then their tensor product is
a one-parameter subgroup in the Lie group M.

Proof. Since |la(t) ® B(t)||; = 1, we have a(t) ® B(t) C M;. Taking a = b = 0 in Theorem 6, we
establish that o« is a Lorentzian circle centered at O and f is a circle centered at O. Then their tensor product is
a one-parameter subgroup in the Lie group M.

Theorem 7. Let a:R — R% be a Lorentzian circle centered at O, let B:R — R? be a circle centered
at O with the same parameter, i.e., a(t) = (cosht,sinht) and B(t) = (cost,sint), andlet y(t) = a(t) ® B(t)
be their tensor product. Then the left invariant vector field on y(t) is X = X2 + X4, where X5 and X4 are the
left invariant vector fields on M.

Proof. Let us find the left invariant vector field on y(¢) for the vector

_ 4

dt e=0'
n(t) = (1,1,0,t) is a curve with tangent vector u. Its image under Lg is the curve

Le(n(t)) = gn(t) = (x11 4+ x2i + x3j + xaij) x (1 +ti +tij)

= (x1 — X2t + x41) + 1 (x1t + X2 — x3t) + j (—x2f + x3 — x48) +ij (x1t + x31 + X4).
Its tangent vector is

Le(m@))(@) = (—x2 4+ x4) +1i (x1 —x3) + J (—x2 — x4) + 1] (X1 + x3).

For the left invariant vector X, we have

d 0 d 0
X =(x2+x4) 57— +(x1 —x3) 7— + (—x2—x4) 7— + (x1 +x3) 7—.
dx1 0x2 0x3 dx4

Theorem 7 is proved.

Conclusion 1. Let a: R — R% be a hyperbolic spiral (or a Lorentzian circle centered at O) and let B:R —
R2 be a spiral (or a circle centered at Q) with the same parameter. Then their tensor product is the maximal
integral curve.

We now want to classify these Lie groups as totally real or slant in the semi-Euclidean space Rg. For this
purpose, we consider the left invariant vector field on these groups, which constitute the pseudo-Hermitian structure
givenby J = X».
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Corollary 3. Let «:R — R% be a Lorentzian circle centered at O, let B:R — R? be either a spiral or
a circle centered at O, andlet f = a ® B be their tensor product immersion. Then the Lie group f(t,s) is a
totally real Lorentzian immersion with respect to the pseudo-Hermitian structure J.

Proof. We know from Theorem 1 that if « is a Lorentzian circle centered at O, then f = o ® B is a totally
real surface with respect to the pseudo-Hermitian structure J.

Corollary 4. Let a:R — R% be a hyperbolic spiral, let B:R — R? be either a circle centered at O or
a spiral, and let f = o ® B be their tensor product. Then the Lie group f(t,s) is a proper slant surface with
respect to the pseudo-Hermitian structure J on R‘Z‘.

Proof. We know from Theorem 3 that if « is a hyperbolic spiral and S is either a circle centered at O or a
spiral curve, then f = «a ® B is a proper slant surface with respect to the pseudo-Hermitian structure J.
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