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Abstract. In this study, we determine when the Diophantine equation z2— kxy—+y
0 has an infinite number of positive integer solutions x and y for 0 < n < 10. Moreover, we
give all positive integer solutions of the same equation for 0 < n < 10 in terms of generalized
Fibonacci sequence. Lastly, we formulate a conjecture related to the Diophantine equation
22 — kzy+y2 — 2" =0.
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1. INTRODUCTION
In [8], the authors dealt with the equation
(1.1) 2* —kzy+y*+z=0

and they showed that it has no positive integer solutions x and y for k > 3 but it has
an infinite number of positive integer solutions for k = 3. In [5], Keskin considered
the Diophantine equations

(1.2) 22 —kxy+y’ a2 =0,
(1.3) 2 —kaxy —y? +y =0,
and showed that when k > 3, 22 — kzy +y? + = = 0 has no positive integer solutions
but the equation z? — kzy + y? — 2 = 0 has positive integer solutions and equation

(1.3) has positive integer solutions for k > 1.
In [15], Yuan and Hu determined when the following two equations

(1.4) 2® —kzy +y* + 22 =0
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and
(1.5) 2® —kzy+y° +4z =0

have an infinite number of positive integer solutions x and y. They showed that
equation (1.4) has an infinite number of positive integer solutions if and only if
k = 3,4 and equation (1.5) has an infinite number of positive integer solutions if and
only if k = 3,4,6.

In [6], the authors considered the equation

(1.6) a2 —kxy+y? +2"x =0,

where k is a positive integer and r is a nonnegative integer. In order to determine
when equation (1.6) has an infinite number of positive integer solutions, the authors
investigated when the equation

(1.7) 2 —kzy+y*+2" =0

has an infinite number of positive integer solutions for nonnegative integer n. Also
they found all positive integer solutions of equation (1.7) for 0 < n < 10.
Let us consider the equation

(1.8) 2 — kay +y? — 2"z =0,

where k is a positive integer and r is a nonnegative integer. In order to determine
when equation (1.8) has an infinite number of positive integer solutions, it is sufficient
to determine when the equation

(1.9) 2 —kry+y*—2"=0

has an infinite number of positive integer solutions for nonnegative integer n. Now
assume that equation (1.8) has positive integer solutions z and y. Then it follows
that | y? and thus y? = xz for some positive integer z. A simple computation shows
that ged(x, z) = 27 for some nonnegative integer j. Thus z = 276 and z = 272 for
some positive integers a and b with ged(a,b) = 1. Then it follows that y = 27ab.
Substituting these values of x and y into equation (1.8), we obtain

a® —kab+b*> -2 =0.

Therefore it is sufficient to know when z? — kxy + y2 — 277 = 0 has an infinite
number of positive integer solutions for 0 < j < 7.
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Now, we begin with some well known elementary properties of Pell equations. Let
d be a positive integer which is not a perfect square and N be any nonzero fixed
integer. Then the equation 22 — dy? = N is known as Pell equation. For N = +1,
the equation z2 —dy? = £1 is known as classical Pell equation. We use the notations
(z,y) and x+ yV/d interchangeably to denote solutions of the equation 22 —dy? = N.
If 2 and y are both positive, we say that = + yv/d is a positive solution to the
equation 22 — dy? = N. The least positive integer solution 1 +y;v/d to the equation
2?2 — dy? = N is called the fundamental solution to this equation. If z; + y1V/d
is the fundamental solution to the equation z? — dy? = —1, it is well known that
(z1 +y1V/d)? is the fundamental solution to the equation z> — dy? = 1. Moreover, if
x1 +y1V/d is the fundamental solution to the equation 22 — dy? = 1, then all positive
integer solutions to the equation 2 — dy? = 1 are given by

(1.10) Tn + ynVd = (z1 +y1Vd)"

with n > 1. Also, the solutions (x,,y,) satisfy the following recurrence relations

(1.11) Tpt1 = 221Tp — Tp—1,
and
(1.12) Yntl = 201Yn — Yn—1-

For more information about Pell equations, one can consult [11], [13], and [2].

In section 2, we determine when equation (1.9) has an infinite number of positive
integer solutions z and y for 0 < n < 10. Then in section 3, we give all positive
integer solutions to equation (1.9) for 0 < n < 10.

2. MAIN THEOREMS

In this section, we determine when equation (1.9) has an infinite number of positive
integer solutions x and y for 0 < n < 10. First, we give the following lemma and
theorem without proof, which will be needed in the proof of the main theorems. The
proof of the lemma can be found in [6], the theorem is given in [11].

Lemma 2.1. Let d > 2. If u; +v1V/d is the fundamental solution of the equation

u?—dv? = +2, then & (uf+dv}) +uyv1V/d is the fundamental solution of the equation
2 2
z° —dy” = 1.
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Theorem 2.1. If z; and y; are natural numbers satisfying the inequality
(2.1) x> =—-1

and if @« = x1 + y1V/d is a solution of the equation x> — dy? = 1, then « is the
fundamental solution of this equation.

Theorem 2.2. The equation x> — kxy + y?> — 1 = 0 has an infinite number of
positive integer solutions x and y if and only if k > 1.

Proof. By Theorem 3.10 given in [5], 22 — kzy + y? — 1 = 0 has an infinite
number of positive integer solutions x and y when k£ > 3. It is clear that the equation
22 — kzy+ 3% — 1 = 0 has an infinite number of positive integer solutions = and y for
k = 2. For k = 3, the equation 22 —32y+y%—1 = 0 has an infinite number of positive
integer solutions (z,y) = (Font2, Fan) with n > 1 (see [5], Theorem 1.5). If k =1,
the equation becomes z2 — zy + y? — 1 = 0, which implies that (2z — y)? + 3y* = 4.
Therefore = 1 and y = 1. This means that the equation 22 — kxy + 3% — 1 = 0 has
not an infinite number of positive integer solutions = and y for k = 1. O

Theorem 2.3. The equation 2% —kxy+1y%—2 = 0 has no positive integer solutions
x and y.

Proof. Assume that 22 —kxy+1y% —2 = 0 for some positive integers z and y. It
is clear that z and y must be odd. Then it follows that k is even. Let k = 2t for some
positive integer ¢. Then 22 — kay +y* — 2 = 0 implies that (z —ty)% — (¢t — 1)y? = 2.
Let u; + v1v/t2 — 1 be the fundamental solution of the equation u? — (2 — 1)v? =
2. Then from Lemma 2.1, it follows that % (uf + (t2 — 1)v?) + uv1 V% — 1 is the
fundamental solution of the equation 2 — (t> — 1)y? = 1. For ¢ > 1, since (t,1) is
the fundamental solution of the equation 22 — (t> — 1)y? = 1 by Theorem 2.1, we get
2(u}+ (t* — 1)v?) = t and uyv; = 1. From this, it follows that ¢ = 2. Substituting
this value of ¢ into (z — ty)? — (t* — 1)y? = 2, we get (z — 3y)? — 3y? = 2. But
this equation has no positive integer solutions since (z — 3y)? = 2 (mod 3) which is
impossible. O

Theorem 2.4. The equation x> — kxy + y?> — 4 = 0 has an infinite number of
positive integer solutions x and y if and only if k > 1. Also, x and y may be odd
only when k = 2.

Proof. Assume that 22 —kry+1y2—4 = 0 for some positive integers = and y. If
x is even, then y is even and thus x = 2a and y = 2b for some positive integers a and
b. Then it follows that a? —kab+b%—1 = 0, which implies that k£ > 1 by Theorem 2.2.
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Now assume that « and y are odd. Then k is even and 4 { k. Therefore k = 2t for
some odd positive integer . Completing the square gives (z — ty)? — (t* — 1)y* = 4.
Since 4 | t? — 1, it follows that # —ty = 2m and thus m? — i(ﬁ2 —1)y?>=1.Fort > 1,
(t,2) is the fundamental solution of the equation 2% — 1(¢*—1)y? = 1 by Theorem 2.1.
From equation (1.12), if (z,,, y,) is the solution of the equation 2% — i(tQ —-1)y? =1,
then y,, is even. But this is impossible since y is odd. When ¢t = 1, i.e., k = 2, it
is clear that the equation z? — kxy 4+ y?> — 4 = 0 has an infinite number of positive
integer solutions x and y. O

Theorem 2.5. The equation x> — kxy + y*> — 8 = 0 has an infinite number of
positive integer solutions x and y if and only if k = 6.

Proof. Assume that 22 — kay + y? — 8 = 0 for some positive integers = and ¥.
If z is even, then y is even and thus x = 2a and y = 2b for some positive integers
a and b. Thus we get a® — kab + b> — 2 = 0. By Theorem 2.3, this equation has
no positive integer solutions. Now assume that x and y are odd. Then k is even
and 4t k. Thus k = 2t for some odd positive integer t. Completing the square gives
(x —ty)? — (t* — 1)y? = 8, which implies that x — ty = 2m for some positive integer
m. Thus we get m? — 1 (2 — 1)y? = 2. Let d = 1(t> — 1) and assume that u; + nVd
is the fundamental solution of the equation u? — dv? = 2. Then by Lemma 2.1,
%(u% + dv?) 4+ u1v1V/d is the fundamental solution of the equation z? — dy? = 1.
For t > 1, since (¢,2) is the fundamental solution of the equation 22 — dy? = 1 by
Theorem 2.1, we get 5(u? + dv}) + u1v1Vd = t + 2V/d. From this, it follows that
uiv; = 2 and u% + %(t2 — 1)11% = 2t. Solving these equations, we see that ¢t = 3 and
t = 5, and thus we get £ = 6 and k£ = 10. But it can be seen that the equation
2% — kxy 4+ y? — 8 = 0 has no positive integer solutions for k = 10. O

The proofs of the following theorems are similar to those of the above theorems
and therefore we omit them.

Theorem 2.6. The equation 22 — kxy + y?> — 16 = 0 has an infinite number of
positive integer solutions  and y if and only if k > 1. Also, x and y may be odd
only when k = 2, 14.

Theorem 2.7. The equation 2> — kxy + 3% — 32 = 0 has an infinite number of
positive integer solutions x and y if and only if k = 6, 30.

Theorem 2.8. The equation x2 — kxy + y?> — 64 = 0 has an infinite number of
positive integer solutions x and y if and only if k > 1. Also, x and y may be odd
only when k = 2,18, 62.
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Now, we consider the equation
(2.2) z? —dy? = N,

where N # 0 and d is a positive integer which is not a perfect square. If u?> —dv? = N,
then we say that a = u+ vV/d is a solution to equation (2.2). Let a7 and a3 be any
two solutions to equation (2.2). Then «; and asy are called associated solutions if
there exists a solution a to 2 — dy? = 1 such that

a1 = aas.

The set of all solutions associated with each other forms a class of solutions to
equation (2.2). If K is a class, then K = {u — vV/d; u+vVd € K} is also a class.
We say that the class K is ambiguous if K = K.

Now, we give the following definition and theorem from [1].

Definition 2.1. Assume that N > 0. Let ug + vov/d be a solution to equation
(2.2) given in a class K such that ug is the least positive value of u which occurs
in K. If K is not ambiguous, then the number vy is uniquely determined. If K
is ambiguous we get an uniquely determined vy by prescribing that vg > 0. Then
o + voV/d is called the fundamental solution in its class K.

Theorem 2.9. If u+v+/d is a solution in nonnegative integers to the Diophantine
equation u? —dv? = N, where N > 1, then there exists a nonnegative integer m such
that

u+vVd = (ug +v1Vd)(z1 +y1Vd)™

where w1 +v1V/d is the fundamental solution to the class of solutions of the equation
u2 — dv? = N to which u+ vv/d belongs and z1 + y1V/d is the fundamental solution
to the equation % — dy? = 1.

In [11], Nagell gives the fundamental solution in a given class K in a different way.
We give the following theorem from [11].

Theorem 2.10. Let N > 0 and z1 + ylx/a be the fundamental solution to
22 —dy? =1.If up+ voV/d is the fundamental solution to the equation u? — dv? = N
in its class, then

yl\/ﬁ

1
and 0 < |ug| <4/=(z1 +1)N.
2(z1 + 1) fuol < 4/ 5 @1 +1)

0<w <
Now we can give the following theorems.
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Theorem 2.11. The equation 2% — kxy + y? — 128 = 0 has an infinite number of
positive integer solutions x and y if and only if k = 6,30, 126.

Proof. Assume that 22 —kay+y% — 128 = 0 for some positive integers = and y.

If x is even, then y is even and thus x = 2a and y = 2b for some positive integers a

and b. Substituting these values of = and y into the equation z? — kzy+y? —128 = 0,

we get a® — kab + b> — 32 = 0, which implies that k = 6,30 by Theorem 2.7. Now

assume that « and y are odd. Then k is even and 4 { k. Thus k£ = 2¢ for some

positive odd integer t. Completing the square gives (z — ty)? — (t2 — 1)y? = 128.
1

Since 8 | t* — 1, we see that  — ty = 4m and thus we get m? — 7= (t* — 1)y* = 8.

Now we consider the equation

2 -1
16

(2.3) u? — v? =8,

Let up + voV/d be the fundamental solution to equation (2.3) in a given class K.
Since (t,4) is the fundamental solution to the equation z? — =(t* — 1)y? = 1 for
t > 7 by Theorem 2.1, we get

44/8 44/8
O<w< V2(t+1) S V2(9+1) <3

by Theorem 2.10. If (m,y) is a solution in the class K, then since y is odd, also vg
is odd. This implies that vg = 1. Substituting this value of vy into equation (2.3),
we get (du — t)(4du +¢) = 127. A simple computation shows that ¢ = 63 and thus
k = 126. Now assume that 1 <t < 7. Since %(tQ —1) is not an integer for 1 < ¢ < 7,
we get ¢t = 7. But when t = 7, it follows that m? — 3y? = 8, which is impossible since
y is odd. Also when ¢t =1, it can be easily seen that equation (2.3) has no positive
integer solutions. This completes the proof. ([

Theorem 2.12. The equation x2 — kxy + 3% — 256 = 0 has an infinite number of
positive integer solutions x and y if and only if k > 1. Also, x and y may be odd
only when k = 2,46, 82,254.

Proof. Assume that 22 —kzy+ 3% — 256 = 0 for some positive integers = and y.
If x is even, then y is even and thus x = 2a and y = 2b for some positive integers a
and b. Substituting these values of 2 and ¥ into the equation 22 — kxy+y* —256 = 0,
we get a? — kab+4b? — 64 = 0, which implies that k£ > 1 by Theorem 2.8. Now assume
that = and y are odd. Then k is even and 4 1 k. Thus k = 2¢ for some positive odd
integer t. Completing the square gives (x — ty)% — (t> — 1)y? = 256. Since 8 | t? — 1,
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we see that = — ty = 4m and thus we get m? — %(tQ —1)y? = 16. Now we consider

the equation

2 -1
16

(2.4) u? — v? = 16.

Let ug + vov/d be the fundamental solution to equation (2.4) in a given class K.
Since (t,4) is the fundamental solution to the equation 2? — (12 — 1)y? = 1 for
t > 7 by Theorem 2.1, we get

41 4v/1
0< v < V16 < V16 <4
V2(t+1) 1209+ 1)

by Theorem 2.10. If (m,y) is a solution in the class K, then, since y is odd, also vg
is odd. This implies that vg = 1 or vy = 3. Substituting the value of vg = 1 into
equation (2.4), we get (du — t)(4u + t) = 255. A simple computation shows that
t =23,t =41 or t = 127. Thus we get k = 46,k = 82, or k = 254. Now assume that
1<t< 7 But %(tQ — 1) is not an integer for 1 <t < 7. When t = 7, we get

-3 =16

from equation (2.4). Thus it follows that u? — 3v? = 0 (mod 4), which is impossible
since v is odd. When ¢ = 1, i.e., k = 2, it can be easily seen that equation (2.4) has
an infinite number of positive integer solution x and y. Substituting the value of
vo = 3 into equation (2.4), we get (4u — 3t)(4u + 3t) = 247. A simple computation
shows that ¢t = 41, or t = 1 and thus k& = 82, or k = 2. This completes the proof. [

Since the proofs of the following theorems are similar to those of the above theo-

rems, we omit them.

Theorem 2.13. The equation x2 — kxy + 3% — 512 = 0 has an infinite number of
positive integer solutions x and y if and only if k = 6,30, 66,126, 510.

Theorem 2.14. The equation x> — kxy + y?> — 1024 = 0 has an infinite number
of positive integer solutions x and y if and only if k > 1. Also x and y may be odd
only when k = 2, 46, 66, 82, 338, 1022.

Now, if » > 0 is an even integer, then we see that the equation 22 —kxy+3%2—2" = 0
has an infinite number of positive integer solutions x and y for k = 2. Also, if r > 1 is
an odd integer, then we see that the equation z? — kxy 4+ 3% — 2" = 0 has no positive
integer solutions x and y for k = 2. Therefore, from now on, we will assume that

k2.
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3. SOLUTIONS OF SOME OF THE EQUATIONS 22 — kxy +y2 — 27 =0

In this section, we will give solutions of the equation =2 — kxy + y?> — 2" = 0 for
0 < n < 10. Solutions of the equation z? — kay + 1% — 2" = 0 are related to the gener-
alized Fibonacci and Lucas numbers. We briefly introduce the generalized Fibonacci
and Lucas sequences (U, (k,s)) and (V,(k,s)). Let k and s be two integers with
k? + 4s > 0. Generalized Fibonacci sequence is defined by Uy (k, s) = 0, Uy (k,s) = 1
and Up41(k, s) = kUp(k, s) + sUn—1(k, s) for n > 1 and generalized Lucas sequence
is defined by Vo(k,s) = 2, Vi(k,s) = k and V,41(k,s) = kV,(k,s) + sV,_1(k, s) for
n > 1. Generalized Fibonacci and Lucas numbers for negative subscript are defined
as

_Un(k7 5)
(=s)"
for n > 1. We will use U,, and V,, instead of U, (k, s) and V,,(k, s), respectively. For
s = —1, we represent (Uy,) and (V,,) by (un(k, —1)) and (v, (k, —1)) or briefly by (u,)

and (vy, ), respectively. We see from equation (3.1) that

(3.1) U_n(k,s) = and V_,(k,s)=

U_py = —un(l{)7 —1) and V_n = vn(kv _1)

for all n € Z. For k = s = 1, the sequences (U,,) and (V;,) are called Fibonacci and
Lucas sequences and they are denoted as (F,) and (L,,), respectively. For k = 2 and
s =1, the sequences (Uy,) and (V},) are called Pell and Pell Lucas sequences and they
are denoted as (P,,) and (@), respectively. Let o and 3 be the roots of the equation
22 — kx — s = 0. Then it is well known that

_Ozn—ﬁ"

(3.2) Un==—5

where o = 2 (k+V/k?2 + 4s) and 3 = & (k— k2 + 4s). The above identities are known
as Binet’s formulae. Clearly o+ =k, a — 3 = vk2 + 4s, and o3 = —s. Moreover,
it is well known that

and V, =a" + 6"

(3.3) U2 — kU, Uy — U2, = (—1)" 1,

Up = Un41 — Up—1,
and

(3.4) ufb — kuptn_1 +u?_, =1,

n—1 —

where U,, = Uy, (k,1) and u,, = u,(k,—1). For more information about generalized
Fibonacci and Lucas sequences, one can consult [14], [4], [12], [7], [9], and [10].

791



Now, we give the following theorem that help us to find solutions of some of the
equations 22 — kxy + y? — 2" = 0. Since the proof of this theorem can be found in
[5], [7], [9], [10], and [3], we omit it here. Before giving the theorem, we have to state
that some of the following equations have positive odd integer solutions or positive
even integer solutions. By the positive odd integer solutions x and y of the equation
2% — kxy + y?> — 2" = 0 we mean that z and y are solutions of this equation and
x and y are both odd. The positive even integer solutions x and y of the equation
2?2 — kxy + y? — 2" = 0 are defined similarly.

Theorem 3.1. Let k > 3. Then all positive integer solutions of the equation
2?2 — kxy +y?> — 1 = 0 are given by (x,y) = (un,un_1) with n > 1, where u, =
un(k, —1).

The proof of the following corollary can be done by induction on 7.

Corollary 3.1. Letr > 1 be an integer. Then all positive even integer solutions of
the equation x> —kxy-+y*—22" = 0 are given by (z,y) = (2"un(k, —1),2"u,_1(k, —1))
with n > 1.

Theorem 3.2. Let » > 2 be an integer. Then all positive integer solu-
tions of the equation x? — (22" — 2)zy + y? — 22" = 0 are given by (z,y) =
(unt+1(27,—1),up—1(2",—1)) withn > 1.

Proof. Assume that 22 — (22" — 2)xy + y? — 22" = 0 for some positive integers
x and y. It is easily seen that 2" | x + y. Let u = (z + y)/2" and v = y. Then we
get = 2"u — v and y = v. Substituting these values of x and y into the equation
2?2 — (22" — 2)ay + y? — 22" = 0, we obtain

(27w — )2 — (22" — 2)(2"u — v)v + 02 — 22" =0

and this implies that u? — 2"uv + v? — 1 = 0. Therefore, by Theorem 3.1, we get
u=un(2",—1) and v = u,_1(2", —1) with n > 1. Thus & = 2"uy,, — up—1 = Up4+1 and
Yy = Up—1. That is, (2,y) = (unt+1(2", —1),un—1(2", —1)) with n > 1. Conversely, if
(z,9) = (Unt1, Un—1), then from identity (3.4), it follows that 2 — (22" — 2)zy +y? —
221 = (. O

Corollary 3.2. All positive integer solutions of the equation x> — 14xy+y?>—16 =
0 are given by (z,y) = (Un+t1,Un—1) with n > 1, where u, = un (4, —1).

Corollary 3.3. All positive integer solutions of the equation 2% —62zy +y? — 64 =
0 are given by (z,y) = (Un+t1,Un—1) with n > 1, where u, = un, (8, —1).

792



Corollary 3.4. All positive integer solutions of the equation 2% — 254y + y? —
256 = 0 are given by (z,y) = (un41,Un—1) with n > 1, where u,, = u, (16, —1).

Corollary 3.5. All positive integer solutions of the equation 2% — 1022zxy + y? —
1024 = 0 are given by (z,y) = (Un+t1,Un—1) With n > 1, where u,, = u,, (32, —1).

Theorem 3.3. Let r > 1 be an odd integer. Then all positive integer solutions of
the equation z2 — (2" —2)xy +y? —2" = 0 are given by (x,y) = (Un+1 +Un, Un +Up—1)
with n > 1, where u,, = u,(2" — 2, —1).

Proof. Assume that 2 — (2" — 2)ay + y? — 2" = 0 for some positive integers
x and y. We see that = and y have the same parity. Without loss of generality, we
may suppose x > y. It can be easily shown that 2("+1)/2 | z 4- . Moreover, it can be
seen that

i G (R

T YN g1 ( z+y )2_
() - =9(gmmm) =t
Since oo = (2“1 —1420=1/2y/ar—1 _ 2) is the fundamental solution to the equation
22 — (2771 — 2)y? = 1 by Theorem 2.1, it follows from (1.10) that

This implies that

T+y
otz Yn

r—y
2

=z, and

for some n > 1, where

Ty +yYnV2I—1 —2=0a".

It is easily seen that z, = 2v,,(2" — 2,—1) and y,, = 2(r=1/2y,, (2" — 2, —1). Then
we get © = %(vn + 2"uy,) and y = %(Tun — Uy ). Since vy, = Up41 — Up—1, it follows
that z = %(unﬂ —Up—1+2"u,) = %(unﬂ + Unt1 + 2Up) = Upy1 + Up. In a similar
way, we see that y = u, + u,—1. This shows that (z,y) = (upt1 + Un, Up + Up—1)
with n > 1. Conversely, if (z,y) = (Unt1 + Un, Un + Un—1), then from identity (3.4),

it follows that 22 — (2" — 2)ay + y> — 2" = 0. 0

Corollary 3.6. All positive integer solutions of the equation % —6zxy+y>—8 =0
are given by (x,y) = (Un+1 + Un, U, + Un—1) With n > 1, where u, = u,(6,—1).

Corollary 3.7. All positive integer solutions of the equation x> —30xy+y?>—32 =
0 are given by (z,y) = (Up4+1 + Un, Un + Un—1) With n > 1, where u,, = u,(30,—1).
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Corollary 3.8. All positive integer solutions of the equation x> — 126zy + y? —
128 = 0 are given by (z,y) = (Un+1 + Un,Un + Up—1) With n > 1, where u,, =
U, (126, —1).

Corollary 3.9. All positive integer solutions of the equation x> — 510zy + y? —
512 = 0 are given by (z,y) = (Unt1 + Un,Un + Up—1) With n > 1, where u, =
(510, —1).

In order to find all positive odd integer solutions of the equations

z® — 1(2" = 10)zy + y* — 2" =0,
z® — 1(2" = 26)zy +y* — 2" =0,
x? — %(QT —50)zy +y? —2" =0,

and

? — £ (2" —122)ay +y* —2" =0,
we need Theorem 2.9.

Theorem 3.4. Let r > 4 be an even integer. Then all positive odd integer

solutions of the equation x> — 1(2" — 10)zy + y* — 2" = 0 are given by (z,y) =
(Unt2 + BUpnt1, Unt1 + 3uy,) withn = 0 or (z,y) = (Bunt1 + Un, 3Un + Up—1) with

n > 0, where u, = un(3(2" — 10), —1).

Proof. Assume that 2% — %(QT —10)zy + y? — 2" = 0 for some positive integers
x and y. Completing the square gives

(0= 5@ =B -3 -8 fE -2 =

Without loss of generality, we may suppose x > %(2“1 —5)y . Since r > 4, we get
T — %(2’“‘1 — 5)y = 4m for some positive integer m. Rearranging the equation gives
2 '-8)@2 -2 ,

(3.5) m? — 144 yr =24

Let d = (2771 — 8)(2"~! — 2)/144. Then we get
(3.6) m® —dy® = 2"

It can be seen from Theorem 2.10 that equation (3.6) has two solution classes. The
fundamental solutions of these classes are

271 +4 271 +4
T—F\/E and T—\/E
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By Theorem 2.9, all positive integer solutions of equation (3.6) are given by

27144

with n > 0 or

entdid = (X V) v

with n > 1, where 22 — dy2 = 1. Since the fundamental solution of this equation is
a=3(2"'-5)+ 4V/d, we get x, + yn/d = o” and therefore z,, = 1(a™ 4+ ") and
Yn = %(a”—ﬁ”)\/a, where 3 = (27! —5)—4+/d. Thus we get b, = @2 )y, +
tn and dp = (277! + 4)y, — 2. We see that z, = 2v,(3(2" — 10),—1) and
Yn = 4un(%(2r —10), —1). This shows that b,, = %(2'“’1 + 4)u, + %vn = Upy1 + 3uy,
with n > 0 and d,, = %(2’“‘1 + du, — %vn = 3uy, + Up_1 Wwith n > 1. Substituting
the values of y into equation (3.5), we get (x,y) = (Unt2 + 3Unt1, Unt1 + 3uy,) With
n > 0or (z,y) = Bupt1 + Un, 3un + up—1) with n > 0. Conversely, if (z,y) =
(Unt2 + 3Unt1, Unt1 + 3uy,) with n > 0 or (z,y) = (Bupt1 + Un, 3u, + up—1) with

n > 0, then from identity (3.4), it follows that 2% — $(2" — 10)zy +y*> — 2" =0. O

Corollary 3.10. All positive odd integer solutions of the equation x> — 18xy +
y? — 64 = 0 are given by (z,y) = (Uni2 + 3Uni1,Unt1 + 3uy,) with n > 0 or
(,y) = (Bun+1 + tn, 3up + up—1) with n > 0, where u, = u,(18,—1).

Corollary 3.11. All positive odd integer solutions of the equation x* — 82y +
y? — 256 = 0 are given by (z,y) = (Uni+2 + 3Uni1,Unt1 + 3u,) With n > 0 or
(,y) = (Bunt1 + tn, 3Uup + tp—1) with n > 0, where u, = u,(82,—1).

Corollary 3.12. All positive odd integer solutions of the equation x> — 338zy +
y? — 1024 = 0 are given by (z,y) = (Unt2 + 3Unt1,Unt1 + 3uy,) with n > 0 or
(,y) = (Bunt1 + tn, 3Up + tp—1) with n > 0, where u,, = u,(338,—1).

We will give the following theorems without proof since their proofs are similar to
that of Theorem 3.4.

Theorem 3.5. Let r > 8 be an integer and 4 | r. Then all positive odd integer
solutions of the equation z2 — %(2" — 26)zy + y* — 2" = 0 are given by (z,y) =
(Unt2 + BUpt1, Unt1 + Duy) with n > 0 or (z,y) = (Bunt1 + Un, DUy + Up—1) with
n > 0, where u, = u,(1(2" —26),—1).
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Corollary 3.13. All positive odd integer solutions of the equation x> — 46xy +
y? — 256 = 0 are given by (z,y) = (Uni2 + DUni1,Unt1 + DUu,) With n > 0 or
(,y) = (Bun+1 + tn, DUy + Up—1) with n > 0, where u,, = u,(46,—1).

Theorem 3.6. Let r > 9 be an integer and 3 | r. Then all positive odd integer
2 — £(2" = 50)wy + y? — 2" = 0 are given by (z,y) =
(Unt2 + TUnt1, Unt1 + Tuy,) withn 2 0 or (z,y) = (Tupt1 + Un, TU, + Up—1) With

n > 0, where u, = un(%(2" — 50), —1).

solutions of the equation x

Corollary 3.14. All positive odd integer solutions of the equation x> — 66xy +
y? — 512 = 0 are given by (z,y) = (Uns2 + TUni1,Unt1 + Tu,) with n > 0 or
(,y) = (Tupst1 + tn, TUp + up—1) with n > 0, where u,, = u,(66,—1).

Theorem 3.7. Let r > 10 be an integer and 10 | r. Then all positive odd integer

2 — L2 —122)zy + y* — 2" = 0 are given by (z,y) =

solutions of the equation x
(Unt2 + 11Upt1, Uns1 + 11uy) with n > 0 or (z,y) = (1lupg1 + tn, 110y + Up—1)

with n > 0, where u,, = un(1—11(2'“ —122),-1).

Corollary 3.15. All positive odd integer solutions of the equation x> — 82xy +
y? — 1024 = 0 are given by (z,y) = (unt2 + 1lupi1, Upr1 + 11u,) with n > 0 or
(z,y) = (1upg1 + wn, 11wy + up—1) with n > 0, where u, = u,(82,—1).

Theorem 3.8. All positive odd integer solutions of the equation x> — 46zy +
y? — 1024 = 0 are given by (z,y) = (3upio + TUuni1,3Uni1 + Tu,) with n > 0 or
(,y) = (Tupt1 + 3tn, Tup + 3un—1) with n > 0, where u,, = u, (46, —1).

Theorem 3.9. All positive odd integer solutions of the equation x> — 66zy +
y? — 1024 = 0 are given by (z,y) = (3upt2 + Stuni1,3Uns1 + du,) with n > 0 or
(x,y) = (Bunt1 + 3tn, Sy, + 3un—1) with n > 0, where u,, = u, (66, —1).

Since all positive integer solutions of the equations

2 —kxy+y* —32=0, ke {6},

22 —kzy+y? —128=0, ke {6,30},
and

2 —kaxy +9y* —512=0, k€ {6,30,126}
can be given easily by using the previous theorems, we do not give their solutions.

From the above theorems, we see that when r is odd (r is even) and k > 2" —2, the

equation 22 — kxy + y? = 2" has no positive integer (odd positive integer) solutions.
At this point, we can give the following conjecture.
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Conjecture 3.1. (i) Let r be an odd integer and r > 2. If k > 2" — 2, then the

equation 22 — kxy + y? = 2" has no positive integer solutions. If k < 2" — 2 and the

equation z? — kxy + 3% = 2" has a solution, then k is even.

(ii) Let r be an even integer. If k > 2" —2, then the equation x> —kxy+y> = 2" has

no positive odd integer solutions. If k < 2" — 2 and the equation x> — kxy +y> = 27

has a positive odd integer solution, then k is even.
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