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Abstract
This study introduces an alternative geometric framework for analyzing curves in three-dimensional Euclidean
space. By constructing a set of alternative frame vectors and examining their corresponding derivative relations,
a new perspective on the differential geometry of space curves is developed. Utilizing these frame vectors and a
specifically defined Darboux vector, the vectorial moment curves associated with the original curve are derived.
A key contribution of this work is the identification and characterization of the dual directed curves corresponding
to these vectorial moments within the alternative frame structure. This approach offers new insights into the
intrinsic properties of space curves and broadens the analytical tools available for applications in theoretical and
applied geometry.
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1. Introduction

Differential geometry, particularly the study of curves in three-dimensional Euclidean space E3, plays a central role in
understanding the geometric and kinematic properties of space curves. One of the fundamental approaches in this area involves
examining how a position vector of a curve, which varies with a curve parameter (typically arc length), generates what is known
as a vectorial moment curve. This concept explores how the original curve influences the geometry of a newly defined curve,
derived from the moment of the vector with respect to some point or axis. Vectorial moment curves play a crucial role not
only in static and dynamic analyses in engineering but also in various fields such as physics, mathematics and computer-aided
design. In physics, these curves are essential for modeling rotational motion and maintaining moment equilibrium. From a
geometrical perspective, they help us to visualize and analyze the relationships between the points of force application and axes
of rotation. In computer-aided engineering software, these curves enable the simulation of structural responses like torsion,
bending, and rotation in advance, allowing for more precise material optimization and safety analysis. Moreover, in applications
ranging from robotic arm movements to bridge design, the directional effects of moment vectors are considered to create more
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functional and balanced systems. In this way, vectorial moment curves serve both as theoretical constructs and interdisciplinary
tools that directly contribute to design and analysis processes.

In recent years, researchers have extended this idea to the moving frames of a curve, notably the Frenet frame. In [1], the
vectorial moment curves associated with the Frenet vectors tangent (T ), principal normal (N), and binormal (B) of a given
space curve have been investigated. By applying moment operations to these frame vectors, new curves have been defined, and
their Frenet apparatus (including curvature and torsion) has been computed. This method has revealed additional geometric
structures inherent in the evolution of the original curve.

Building on this foundation, Kaya and Önder [2] have proposed an alternative orthonormal frame constructed from the
principal normal vector N, the unit Darboux vector W and a unit vector C, which is defined by the cross product of N and
W . This frame offers a novel perspective for analyzing space curves by providing an alternative to the classical Frenet-Serret
framework, especially in contexts where the original frame becomes degenerate or less informative.

The helix curve, which is one of the well-known curves in geometry, has been studied under various frameworks [3, 4]. The
associated curves between different frameworks and spaces have been investigated in several studies [5–9]. For further studies
on vectorial moment curves, see [10–12]. Fundamental studies on curves can be found in [13, 14].

In this study, we take these investigations a step further. First, we calculate the Frenet vectors, curvatures, and torsions of
the vectorial moment curves derived not from the classical Frenet frame, but from the vectors of the alternative orthonormal
frame proposed by Kaya and Önder [2]. This includes deriving new curves using the moment operation applied to the vectors
N, W , C, and then fully analyzing their geometric properties through the Frenet formulas.

Next, for each of these newly generated moment curves, we construct the corresponding alternative frame vectors. This
allows us to track how the alternative geometric behavior of the original frame propagates through the vectorial moment
transformation. The resulting analysis reveals deeper insights into the intrinsic and extrinsic geometries of the transformed
curves.

Finally, we extend the theory by constructing the dual directed curves associated with these new integral curves. Dual
geometry provides a powerful algebraic tool for analyzing spatial phenomena, particularly in kinematics and screw theory, and
its application here offers a more comprehensive understanding of how curve dynamics evolve under vectorial transformations.

Through this framework, we aim to bridge the concepts of vectorial moments, alternative frames, and dual geometry,
enriching the geometric study of curves in E3 and offering a platform for further research in both theoretical and applied
contexts.

2. Alternative Frame in Euclidean Space

For a unit speed curve α(s), its Frenet apparatus {T,N,B,κ,τ} , where T, N, B, κ , τ respectively are unit tangent vector
fields, principal normal vector field, binormal vector field, the curvature and the torsion, exhibit rotational motion about an axis
that depends on the parameter [15],

T =
α ′

∥α ′∥
, N = B∧T, B =

α ′∧α ′′

∥α ′∧α ′′∥
, κ =

∥α ′∧α ′′∥
∥α ′∥3 , τ =

det(α ′,α ′′,α ′′′)

∥α ′∧α ′′∥2 .

The vector W is called unit Darboux vector and defined by

W =
1√

κ2 + τ2
(τT +κB).

It is obvious that the Darboux vector is orthogonal to the principal normal vector N. If we define

C =W ∧N =
−κ√

κ2 + τ2
T +

τ√
κ2 + τ2

B,

then {N,C,W} are another orthonormal moving frame along the curve [16]. This frame is called an alternative frame [2].
The relationship between the alternative frame and the Frenet frame can be observed through the relations given below:

C =
−κ√

κ2 + τ2
T +

τ√
κ2 + τ2

B,

W =
τ√

κ2 + τ2
T +

κ√
κ2 + τ2

B.

If we say

β =
√

κ2 + τ2, κ̄ =
κ

β
, τ̄ =

τ

β
,
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Figure 2.1. Alternative frame

then the following relations are obtained{
C =−κ̄T + τ̄B
W =−τ̄T + κ̄B or

{
T =−κ̄C+ τ̄W
B =−τ̄C+ κ̄W ,

which is also accessible in [17].

Theorem 2.1. The relationship between the alternative frame vectors and their derivatives is given by

N′ = βC, C′ =−βN + γW, W ′ =−γC, γ =
κ2

κ2 + τ2 (
τ

κ
)′,

[16].

Theorem 2.2. Let the alternative frame vectors of the curve α be {N,C,W}. The Darboux vector with respect to this frame is
given as [17],

D = γN +βW.

Figure 2.2. Darboux vector

Let {N,C,W} be the alternative frame at the point α(s) of a unit-speed curve α . In this case, it can be expressed as

α(s) = f (s)N(s)+g(s)C(s)+h(s)W (s).

If the derivative is taken,

f ′ = g(s)β (s),

g′ = h(s)γ(s)− f (s)β (s)− κ̄,

h′ = τ̄(s)−g(s)γ(s),

relations between f , g, and h are observed [18].
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Definition 2.3. Let the alternative frame vectors of a unit speed regular curve α be {N,C,W}. The curve traced by the
vectorial moment of the principal vector N, defined as N∗ = α ∧N, is given by the relation, [18],

α1(s) = h(s)C(s)−g(s)W (s).

Figure 2.3. Vectorial moment curve of α1

3. Dual Direction Curves of Vectorial Moments in Euclidean Space with Respect to
Alternative Frames

In this section, some characterizations will be given by defining the N−dual direction curve, C−dual direction curve, and
W−dual direction curve in E3.

Definition 3.1. Let α be an arc-length-parameterized regular curve with nonvanishing curvature and torsion, with parameter s.
If the alternative frame of α is {N,C,W}, then N−dual direction curve of α with arc-length parameter s∗ is defined as

ψ1(s∗) =
∫ s∗

s∗0
(α(s)∧N(s))ds∗. (3.1)

Let ψ1(s∗) be the N−dual direction curve of α . Let’s calculate the Frenet vector fields, curvature and torsion of ψ1.

Theorem 3.2. Let α(s) be a regular curve with unit speed in E3, {N,C,W} be an alternative frame and ψ1(s∗) be N-dual
direction curve of α . Then the Frenet vector fields, curvature and torsion of ψ1(s∗) are given by

Tψ1 =
hC−gW√

h2 +g2
,

Nψ1 =
−hβ (g2 +h2)N +g[gτ̄ +h( f β + κ̄)]C+h[gτ̄ +h( f β + κ̄)]W√

(g2 +h2){h2β 2(g2 +h2)+ [gτ̄ +h(κ̄ + f β )]2}
,

Bψ1 =
(gτ̄ +h(κ̄ + f β ))N +ghβC+h2βW√

h2β 2(g2 +h2)+(gτ̄ +h(κ̄ + f β ))2
,

κψ1 =
σ1
√

h2β 2(g2 +h2)+(gτ̄ +h(κ̄ + f β ))2

(
√

h2 +g2)3
,

τψ1 =
σ1hβ [h( f β )′−ghβ 2 − f gβγ]−σ1( f hβ +hκ̄ +gτ̄)(τ +hβ )′

[(gτ̄ +h(κ̄ + f β ))2 +(ghβ )
2
+(h2β )2]

.
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Proof. Let α be s arc-length parameterized curve and ψ1 be s∗ arc-length parameterized curve. Also, the alternative frame
apparatus of α is {N,C,W,κ,τ} and the Frenet apparatus of ψ1 is {Tψ1 ,Nψ1 ,Bψ1 ,κψ1 ,τψ1}.
If we take the derivative of (3.1) with respect to s∗ in this equation, we get

ψ
′
1(s

∗) = α(s)∧N(s),

= h(s)C(s)−g(s)W (s).

ψ
′′
1 (s

∗) =
dψ ′

1(s)
ds∗

=
dψ ′

1(s)
ds

ds
ds∗

.

If we take
ds
ds∗

= σ1, we obtain

ψ
′′
1 (s

∗) = σ1(−hβN + τ̄C+(κ̄ + f β )W ).

If the third derivative is taken

ψ
′′′
1 (s∗) =

dψ ′′
1 (s)

ds∗
,

=
dψ ′′

1 (s)
ds

ds
ds∗

,

= P1N +R1C+S1W,

is found, where

P1 = −σ
2
1 τ −σ1hβσ

′
1 −σ

2
1 (hβ )′,

R1 = −σ
2
1 hβ

2 −σ
2
1 γ f β +σ1τ̄σ

′
1,

S1 = σ
2
1 ( f β )′+σ1κ̄σ

′
1 +σ1 f βσ

′
1.

Since it is

ψ
′
1(s

∗) = hC−gW,

∥ψ
′
1(s

∗)∥=
√

g2 +h2,

is found.

ψ
′
1(s

∗)∧ψ
′′
1 (s

∗) = (hC−gW )∧ (σ1(−hβN + τ̄C+(κ̄ + f β )W )),

= (σ1gτ̄ +σ1h(κ̄ + f β ))N +σ1ghβC+σ1h2
βW.

∥ψ
′
1(s

∗)∧ψ
′′
1 (s

∗)∥ =
√

(σ1gτ̄ +σ1h(κ̄ + f β ))2 +(σ1ghβ )2 +(σ1h2β )2,

= σ1

√
(gτ̄ +h(κ̄ + f β ))2 +h2β 2(g2 +h2),

is found.

det(ψ ′
1,ψ

′′
1 ,ψ

′′′
1 ) =

∣∣∣∣∣∣
0 h −g

−σ1hβ σ1τ̄ σ1(κ̄ + f β )
P1 R1 S1

∣∣∣∣∣∣ ,
= σ

3
1 hβ [h( f β )′−ghβ

2 − f gβγ]−σ
3
1 ( f hβ +hκ̄ +gτ̄)(τ +hβ )′.

Using these equations, the expressions

Tψ1 =
hC−gW√

h2 +g2
,

Nψ1 =
−hβ (g2 +h2)N +g[gτ̄ +h( f β + κ̄)]C+h[gτ̄ +h( f β + κ̄)]W√

(g2 +h2){h2β 2(g2 +h2)+ [gτ̄ +h(κ̄ + f β )]2}
,

Bψ1 =
(gτ̄ +h(κ̄ + f β ))N +ghβC+h2βW√

h2β 2(g2 +h2)+(gτ̄ +h(κ̄ + f β ))2
,
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κψ1 =
σ1
√

h2β 2(g2 +h2)+(gτ̄ +h(κ̄ + f β ))2

(
√

h2 +g2)3
,

τψ1 =
σ1hβ [h( f β )′−ghβ 2 − f gβγ]−σ1( f hβ +hκ̄ +gτ̄)(τ +hβ )′

[(gτ̄ +h(κ̄ + f β ))2 +(ghβ )
2
+(h2β )2]

,

can be obtained.

Definition 3.3. Let α be an arc-length-parameterized regular curve with nonvanishing curvature and torsion, with parameter s.
If the alternative frame of α is {N,C,W}, then C−dual direction curve of α with arc-length parameter s∗ is defined as

ψ2(s∗) =
∫ s∗

s∗0
(α(s)∧C(s))ds∗. (3.2)

Let ψ2(s∗) be the C−dual direction curve of α . Let’s calculate the Frenet vector fields, curvature and torsion of ψ2.

Theorem 3.4. Let α(s) be a regular curve with unit speed in E3, {N,C,W} be an alternative frame and ψ2(s∗) be C-dual
direction curve of α . Then the Frenet vector fields, curvature and torsion of ψ2(s∗) are given by

Tψ2 =
−hN + fW√

f 2 +h2
,

Nψ2 =
f [ghβ − f (τ̄ −gγ)]N − (hβ + f γ)( f 2 +h2)C+h[ghβ − f (τ̄ −gγ))]W√

( f 2 +h2){(hβ + f γ)2( f 2 +g2)+ [ghβ − f (τ̄ −gγ)]2}
,

Bψ2 =
f (hβ + f γ)N +(hgβ − f (τ̄ −gγ))C+(h(hβ + f γ))W√

(hβ + f γ)2( f 2 +g2)+ [ghβ − f (τ̄ −gγ)]2
,

κψ2 =
σ2
√

(hβ + f γ)2( f 2 +g2)+ [ghβ − f (τ̄ −gγ)]2

(
√

f 2 +h2)3
,

τψ2 =

 σ2h(hβ + f γ)(gβ )′−σ2hγ(hβ + f γ)2 +σ2 f (τ̄ −gγ)(hβ + f γ)′

+ f (τ̄ −gγ)(hβ + f γ)σ ′
2 +σ2β τ̄(τ̄ −gγ)−σ2h(hβ + f γ)(τ̄ −gγ)′

−h(hβ + f γ)(τ̄ −gγ)σ ′
2 +σ2hβ (hβ + f γ)2 −σ2ghβ (hβ + f γ)′−σ2ghβ 2τ̄


{(hβ + f γ)2( f 2 +g2)+ [ghβ − f (τ̄ −gγ)]2}

.

Proof. Let α be s arc-length parameterized curve and ψ2 be s∗ arc-length parameterized curve. Also, the alternative frame
apparatus of α is {N,C,W,κ,τ} and the Frenet apparatus of ψ2 is {Tψ2 ,Nψ2 ,Bψ2 ,κψ2 ,τψ2}.
If we take the derivative of (3.2) with respect to s∗ in this equation, we get

ψ
′
2(s

∗) = α(s)∧C(s),

= −h(s)N(s)+ f (s)W (s),

ψ
′′
2 (s

∗) =
dψ ′

2(s)
ds∗

=
dψ ′

2(s)
ds

ds
ds∗

.

If we take
ds
ds∗

= σ2, we obtain

ψ
′′
2 (s

∗) = σ2(−(τ̄ −gγ)N − (hβ + f γ)C+gβW ).

If the third derivative is taken

ψ
′′′
2 (s∗) =

dψ ′′
2 (s)

ds∗
,

=
dψ ′′

2 (s)
ds

ds
ds∗

,

= P2N +R2C+S2W,
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is found, where

P2 = −σ2σ
′
2(τ̄ −gγ)−σ

2
2 (τ̄ −gγ)′+σ

2
2 β (hβ + f γ),

R2 = −σ2σ
′
2(hβ − f γ)−σ

2
2 (hβ + f γ)′−σ

2
2 β τ̄,

S2 = σ2σ
′
2gβ −σ

2
2 γ(hβ + f γ)+σ

2
2 (gβ )′.

Since it is

ψ
′
2(s

∗) =−hN + fW,

∥ψ
′
2(s

∗)∥=
√

f 2 +h2,

is found.

ψ
′
2(s

∗)∧ψ
′′
2 (s

∗) = σ2 f (hβ + f γ)N +(σ2hgβ −σ2 f (τ̄ −gγ))C+σ2h(hβ + f γ)W,

∥ψ
′
2(s

∗)∧ψ
′′
2 (s

∗)∥ = σ2

√
(hβ + f γ)2( f 2 +h2)+ [hgβ + f (τ̄ −gγ)]2,

is found.

det(ψ ′
2,ψ

′′
2 ,ψ

′′′
2 ) =

∣∣∣∣∣∣
−h 0 f

−σ2(τ̄ −gγ) −σ2(hβ + f γ) σ2gβ

P2 R2 S2

∣∣∣∣∣∣ ,
= σ

3
2 h(hβ + f γ)(gβ )′−σ

3
2 hγ(hβ + f γ)2 +σ

3
2 f (τ̄ −gγ)(hβ + f γ)′

+σ
2
2 f (τ̄ −gγ)(hβ + f γ)σ ′

2 +σ
3
2 β τ̄(τ̄ −gγ)−σ

3
2 h(hβ + f γ)(τ̄ −gγ)′

−σ
2
2 h(hβ + f γ)(τ̄ −gγ)σ ′

2 +σ
3
2 hβ (hβ + f γ)2 −σ

3
2 ghβ (hβ + f γ)′−σ

3
2 ghβ

2
τ̄.

Using these equations, the expressions

Tψ2 =
−hN + fW√

f 2 +h2
,

Nψ2 =
f [ghβ − f (τ̄ −gγ)]N − (hβ + f γ)( f 2 +h2)C+h[ghβ − f (τ̄ −gγ))]W√

( f 2 +h2){(hβ + f γ)2( f 2 +g2)+ [ghβ − f (τ̄ −gγ)]2}
,

Bψ2 =
f (hβ + f γ)N +(hgβ − f (τ̄ −gγ))C+(h(hβ + f γ))W√

(hβ + f γ)2( f 2 +g2)+ [ghβ − f (τ̄ −gγ)]2
,

κψ2 =
σ2
√

(hβ + f γ)2( f 2 +g2)+ [ghβ − f (τ̄ −gγ)]2

(
√

f 2 +h2)3
,

τψ2 =

 σ2h(hβ + f γ)(gβ )′−σ2hγ(hβ + f γ)2 +σ2 f (τ̄ −gγ)(hβ + f γ)′

+ f (τ̄ −gγ)(hβ + f γ)σ ′
2 +σ2β τ̄(τ̄ −gγ)−σ2h(hβ + f γ)(τ̄ −gγ)′

−h(hβ + f γ)(τ̄ −gγ)σ ′
2 +σ2hβ (hβ + f γ)2 −σ2ghβ (hβ + f γ)′−σ2ghβ 2τ̄


{(hβ + f γ)2( f 2 +g2)+ [ghβ − f (τ̄ −gγ)]2}

,

can be obtained.

Definition 3.5. Let α be an arc-length-parameterized regular curve with nonvanishing curvature and torsion, with parameter s.
If the alternative frame of α is {N,C,W}, then W−dual direction curve of α with arc-length parameter s∗ is defined as

ψ3(s∗) =
∫ s∗

s∗0
(α(s)∧W (s))ds∗. (3.3)

Let ψ3(s∗) be the W−dual direction curve of α . Let’s calculate the Frenet vector fields, curvature and torsion of ψ3.
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Theorem 3.6. Let α(s) be a regular curve with unit speed in E3, {N,C,W} be an alternative frame and ψ3(s∗) be W-dual
direction curve of α . Then the Frenet vector fields, curvature and torsion of ψ3(s∗) are given by

Tψ3 =
gN − fC√

f 2 +g2
,

Nψ3 =
f (hγ − κ̄)N +g(hγ − κ̄)C− γ( f 2 +g2)W√

( f 2 +g2)(( f γ)2 +(gγ)2 +(hγ − κ̄)2)
,

Bψ3 =
f γN +gγC+(hγ − κ̄)W√
( f γ)2 +(gγ)2 +(hγ − κ̄)2

,

κψ3 =
σ3 f

√
( f γ)2 +(gγ)2 +(hγ − κ̄)2√

( f 2 +g2)3
,

τψ3 =
σ3 f 2γ(hγ − κ̄)′+σ3 f gβγ(hγ − κ̄)+σ3 f 2gγ3 −σ3 f (hγ − κ̄)( f γ)′

f 2[( f γ)2 +(gγ)2 +(hγ − κ̄)2]
.

Proof. Let α be s arc-length parameterized curve and ψ3 be s∗ arc-length parameterized curve. Also, the alternative frame
apparatus of α is {N,C,W,κ,τ} and the Frenet apparatus of ψ3 is {Tψ3 ,Nψ3 ,Bψ3 ,κψ3 ,τψ3}.
If we take the derivative of (3.3) with respect to s∗ in this equation, we get

ψ
′
3(s

∗) = α(s)∧W (s),

= g(s)N(s)− f (s)C(s),

is found.

ψ
′′
3 (s

∗) =
dψ ′

3(s)
ds∗

=
dψ ′

3(s)
ds

ds
ds∗

.

If we take
ds
ds∗

= σ3, we obtain

ψ
′′
3 (s

∗) = σ3(hγ − κ̄)N −σ3 f γW.

If the third derivative is taken

ψ
′′′
3 (s∗) =

dψ ′′
3 (s)

ds∗
,

=
dψ ′′

3 (s)
ds

ds
ds∗

,

= P3N +R3C+S3W,

is found, where

P3 = σ3σ
′
3(hγ − κ̄)+σ

2
3 (hγ − κ̄)′,

R3 = σ
2
3 β (hγ − κ̄)+σ

2
3 f γ

2,

S3 = −σ3σ
′
3 f γ −σ

2
3 ( f γ)′.

Since it is,

ψ
′
3(s

∗) = gN − fC,

∥ψ
′
3(s

∗)∥=
√

f 2 +g2,

is found.

ψ
′
3(s

∗)∧ψ
′′
3 (s

∗) = (gN − fC)∧ (σ3(hγ − κ̄)N −σ3 f γW ),

= σ3 f 2
γN +σ3 f gγC+σ3 f (hγ − κ̄)W,
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∥ψ
′
3(s

∗)∧ψ
′′
3 (s

∗)∥ =
√
(σ3 f 2γ)2 +(σ3 f gγ)2 +(σ3 f (hγ − κ̄))2,

= σ3 f
√

( f γ)2 +(gγ)2 +(hγ − κ̄)2,

is found.

det(ψ ′
3,ψ

′′
3 ,ψ

′′′
3 ) =

∣∣∣∣∣∣
g − f 0

+σ3(hγ − κ̄) 0 −σ3 f γ

P3 R3 S3

∣∣∣∣∣∣ ,
= σ

3
3 f γ(hγ − κ̄)′+σ

3
3 f gγβ (hγ − κ̄)+σ

3
3 f 2gγ

3 −σ
3
3 f (hγ − κ̄)( f γ)′.

Using these equations, the expressions

Tψ3 =
gN − fC√

f 2 +g2
,

Nψ3 =
f (hγ − κ̄)N +g(hγ − κ̄)C− γ( f 2 +g2)W√

( f 2 +g2)(( f γ)2 +(gγ)2 +(hγ − κ̄)2)
,

Bψ3 =
f γN +gγC+(hγ − κ̄)W√
( f γ)2 +(gγ)2 +(hγ − κ̄)2

,

κψ3 =
σ3 f

√
( f γ)2 +(gγ)2 +(hγ − κ̄)2√

( f 2 +g2)3
,

τψ3 =
σ3 f 2γ(hγ − κ̄)′+σ3 f gβγ(hγ − κ̄)+σ3 f 2gγ3 −σ3 f (hγ − κ̄)( f γ)′

f 2[( f γ)2 +(gγ)2 +(hγ − κ̄)2]
,

can be obtained.

Definition 3.7. Let α be an arc-length-parameterized regular curve with nonvanishing curvature and torsion, with parameter s.
If the alternative frame of α is {N,C,W}, then D−dual direction curve of α with arc-length parameter s∗ is defined as

ψ4(s∗) =
∫ s∗

s∗0
(α(s)∧D(s))ds∗. (3.4)

Let ψ4(s∗) be the D−dual direction curve of α . Let’s calculate the Frenet vector fields, curvature and torsion of ψ4.

Theorem 3.8. Let α(s) be a regular curve with unit speed in E3, {N,C,W} be an alternative frame and ψ4(s∗) be D-dual
direction curve of α . Then the Frenet vector fields, curvature and torsion of ψ4(s∗) are given by

Tψ4 =
gβN +(hγ − f β )C−gγW√
(gβ )2 +(hγ − f β )2 +(gγ)2

,

Nψ4 =



{
−gγ[gβ (gγ)′−gγ(gβ )′]− (hγ − f β )[g2β 3 +gβ (hγ − f β )′

+g2βγ2 − (hγ − f β )(gβ )′+β (hγ − f β )]

}
N

+

{
gβ [g2β 3 +gβ (hγ − f β )′+g2βγ2 − (hγ − f β )(gβ )′+β (hγ − f β )]
+gγ[γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ +gγ(hγ − f β )′+g2γ3]

}
C

+

{
(hγ − f β )[γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ

+gγ(hγ − f β )′+g2γ3]−gβ [gβ (gγ)′−gγ(gβ )′]

}
W


√√√√√ [(gβ )2 +(hγ − f β )2 +(gγ)2]{[γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ

+gγ(hγ − f β )′+g2γ3]2 +[gβ (gγ)′−gγ(gβ )′]2 +[g2β 3 +gβ (hγ − f β )′g2βγ2

−(hγ − f β )(gβ )′+β (hγ − f β )]2},

,
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Bψ4 =

 [γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ +gγ(hγ − f β )′+g2γ3]N
+[gβ (gγ)′−gγ(gβ )′]C

+[g2β 3 +gβ (hγ − f β )′g2βγ2 − (hγ − f β )(gβ )′+β (hγ − f β )]W


√√√√√ [γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ +gγ(hγ − f β )′+g2γ3]2

+[gβ (gγ)′−gγ(gβ )′]2 +[g2β 3 +gβ (hγ − f β )′g2βγ2 − (hγ − f β )(gβ )′

+β (hγ − f β )]2

,

κψ4 =

σ4

√√√√√ [γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ +gγ(hγ − f β )′+g2γ3]2

+[gβ (gγ)′−gγ(gβ )′]2 +[g2β 3 +gβ (hγ − f β )′g2βγ2 − (hγ − f β )(gβ )′

+β (hγ − f β )]2

(
√
(gβ )2 +(hγ − f β )2 +(gγ)2)3

,

τψ4 =

 {gγ(gβ 2 +(hγ − f β )′+gγ2)+(hγ − f β )(γ(hγ − f β )− (gγ)′)}P4
+[gβ (gγ)′−gγ(gβ )′]R4

+{gβ (gβ 2 +(hγ − f β )′+gγ2)− (hγ − f β )((gβ )′−β (hγ − f β ))}S4


σ2

4


[γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ +gγ(hγ − f β )′+g2γ3]2

+[gβ (gγ)′−gγ(gβ )′]2 +[g2β 3 +gβ (hγ − f β )′g2βγ2 − (hγ − f β )(gβ )′

+β (hγ − f β )]2


.

Proof. Let α be curve with arc lenght parameter s and ψ4 be s∗ arc-length parameterized curve. Also, the alternative frame
apparatus of α is {N,C,W,κ,τ} and the Frenet apparatus of ψ4 is {Tψ4 ,Nψ4 ,Bψ4 ,κψ4 ,τψ4}.
If we take the derivative of (3.4) with respect to s∗ in this equation, we get

ψ
′
4(s

∗) = α(s)∧D(s),

= gβN +(hγ − f β )C−gγW,

is found.

ψ
′′
4 (s

∗) =
dψ ′

4(s)
ds∗

=
dψ ′

4(s)
ds

ds
ds∗

.

If we take
ds
ds∗

= σ4, we obtain

ψ
′′
4 (s

∗) = σ4{[(gβ )′−β (hγ − f β )]N +[gβ
2 +(hγ − f β )′+gγ

2]C+[γ(hγ − f β )− (gγ)′]W}.

If the third derivative is taken

ψ
′′′
4 (s∗) =

dψ ′′
4 (s)

ds∗
,

=
dψ ′′

4 (s)
ds

ds
ds∗

,

= P4N +R4C+S4W,

is found, where

P4 = σ4[(gβ )′−β (hγ − f β )]σ ′
4 +−σ

2
4 [(gβ )′−β (hγ − f β )]′−σ

2
4 β [gβ

2 +(hγ − f β )′+gγ
2],

R4 = σ4[gβ
2 +(hγ − f β )′gγ

2]σ ′
4 +σ

2
4 [gβ

2 +(hγ − f β )′gγ
2]′+σ

2
4 β [(gβ )′−β (hγ − f β )]

−σ
2
4 γ[γ(hγ − f β )− (gγ)′],

S4 = σ4[γ(hγ − f β )− (gγ)′]σ ′
4 +σ

2
4 γ[gβ

2 +(hγ − f β )′+gγ
2]+σ

2
4 [γ(hγ − f β )− (gγ)′]′.

Since it is

ψ
′
4(s

∗) = gβN +(hγ − f β )C−gγW,

∥ψ
′
4(s

∗)∥ =
√
(gβ )2 +(hγ − f β )2 +(gγ)2,
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is found.

ψ
′
4(s

∗)∧ψ
′′
4 (s

∗) = σ4{[γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2
β

2
γ +gγ(hγ − f β )′+g2

γ
3]N

+[gβ (gγ)′−gγ(gβ )′]C+[g2
β

3 +gβ (hγ − f β )′+g2
βγ

2 − (hγ − f β )(gβ )′

+β (hγ − f β )]W},

∥ψ
′
4(s

∗)∧ψ
′′
4 (s

∗)∥= σ4

√√√√√ [γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ +gγ(hγ − f β )′

+g2γ3]2 +[gβ (gγ)′−gγ(gβ )′]2 +[g2β 3

+gβ (hγ − f β )′+g2βγ2 − (hγ − f β )(gβ )′+β (hγ − f β )]2
,

is found.

det(ψ ′
4,ψ

′′
4 ,ψ

′′′
4 ) =

∣∣∣∣∣∣
gβ hγ − f β −gγ

(gβ )′−β (hγ − f β ) gβ 2 +(hγ − f β )′+gγ2 γ(hγ − f β )− (gγ)′

P4 R4 S4

∣∣∣∣∣∣ ,
= {gγ(gβ

2 +(hγ − f β )′+gγ
2)+(hγ − f β )(γ(hγ − f β )− (gγ)′)}P4

+{gβ (gγ)′−gγ(gβ )′}R4

+{gβ (gβ
2 +(hγ − f β )′+gγ

2)− (hγ − f β )((gβ )′−β (hγ − f β ))}S4.

Using these equations, the expressions

Tψ4 =
gβN +(hγ − f β )C−gγW√
(gβ )2 +(hγ − f β )2 +(gγ)2

,

Nψ4 =



{
−gγ[gβ (gγ)′−gγ(gβ )′]− (hγ − f β )[g2β 3 +gβ (hγ − f β )′

+g2βγ2 − (hγ − f β )(gβ )′+β (hγ − f β )]

}
N

+

{
gβ [g2β 3 +gβ (hγ − f β )′+g2βγ2 − (hγ − f β )(gβ )′+β (hγ − f β )]
+gγ[γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ +gγ(hγ − f β )′+g2γ3]

}
C

+

{
(hγ − f β )[γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ

+gγ(hγ − f β )′+g2γ3]−gβ [gβ (gγ)′−gγ(gβ )′]

}
W


√√√√√ [(gβ )2 +(hγ − f β )2 +(gγ)2]{[γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ

+gγ(hγ − f β )′+g2γ3]2 +[gβ (gγ)′−gγ(gβ )′]2 +[g2β 3 +gβ (hγ − f β )′g2βγ2

−(hγ − f β )(gβ )′+β (hγ − f β )]2},

,

Bψ4 =

 [γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ +gγ(hγ − f β )′+g2γ3]N
+[gβ (gγ)′−gγ(gβ )′]C

+[g2β 3 +gβ (hγ − f β )′g2βγ2 − (hγ − f β )(gβ )′+β (hγ − f β )]W


√√√√√ [γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ +gγ(hγ − f β )′+g2γ3]2

+[gβ (gγ)′−gγ(gβ )′]2 +[g2β 3 +gβ (hγ − f β )′g2βγ2 − (hγ − f β )(gβ )′

+β (hγ − f β )]2

,

κψ4 =

σ4

√√√√√ [γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ +gγ(hγ − f β )′+g2γ3]2

+[gβ (gγ)′−gγ(gβ )′]2 +[g2β 3 +gβ (hγ − f β )′g2βγ2 − (hγ − f β )(gβ )′

+β (hγ − f β )]2

(
√
(gβ )2 +(hγ − f β )2 +(gγ)2)3

,

τψ4 =

 {gγ(gβ 2 +(hγ − f β )′+gγ2)+(hγ − f β )(γ(hγ − f β )− (gγ)′)}P4
+[gβ (gγ)′−gγ(gβ )′]R4

+{gβ (gβ 2 +(hγ − f β )′+gγ2)− (hγ − f β )((gβ )′−β (hγ − f β ))}S4


σ2

4


[γ(hγ − f β )2 − (hγ − f β )(gγ)′+g2β 2γ +gγ(hγ − f β )′+g2γ3]2

+[gβ (gγ)′−gγ(gβ )′]2 +[g2β 3 +gβ (hγ − f β )′g2βγ2 − (hγ − f β )(gβ )′

+β (hγ − f β )]2


.
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Example 3.9. A circular helix is considered as given by α1(s) =
(

cos
s√
3
,sin

s√
3
,

s√
3

)
. One can calculate N(s), N−dual

direction curve ψ1(s) as follows:

N(s) =
(
−cos

s√
3
,−sin

s√
3
,0
)
,ψ1(s) =

∫
α1(s)∧N(s)ds.

Then the Frenet vector fields, curvature and torsion of ψ1,

Tψ1 =

(
cos

s√
3
,sin

s√
3
,0
)
, Nψ1 =

(
−sin

s√
3
,cos

s√
3
,0
)
, Bψ1 = (0,0,1) ,

κψ1 =

√
3

9
, τψ1 = 0,

can be found.

Figure 3.1. Plot of the helix curve α1(s) (blue) and its moment curve ψ1(s) (red) over the interval s ∈ [−6.5, 6.5].

Example 3.10. A circular helix is considered as given by α2(s) =
(

cos
s√
3
,sin

s√
3
,

s√
3

)
. One can calculate C(s), C−dual

direction curve ψ2(s) as follows:

C(s) =
(

sin
s√
3
,cos

s√
3
,0
)
,ψ2(s) =

∫
α2(s)∧C(s)ds.

Then the Frenet vector fields, curvature and torsion of ψ2,

Tψ2 =

cos
s√
3

2
,

sin
s√
3

2
,−1

2

 , Nψ2 =

(√
3+1
4

sin
s√
3
,−

√
3+1
4

cos
s√
3
,0

)
,

Bψ2 =

√
3

2

(
cos

s√
3
,sin

s√
3
,

√
3

3

)
, κψ2 =

1
4
, τψ2 =−

√
3

4
,

can be found.

Example 3.11. A circular helix is considered as given by α3(s) =
(

cos
s√
3
,sin

s√
3
,

s√
3

)
. One can calculate W (s), W−dual

direction curve ψ3(s) as follows:

W (s) =
(

sin
s√
3
,cos

s√
3
,0
)
,ψ3(s) =

∫
α3(s)∧W (s)ds.

Then the Frenet vector fields, curvature and torsion of ψ3,
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Tψ3 =

cos
s√
3

2
,

sin
s√
3

2
,−1

2

 , Nψ3 =

(√
3+1
4

sin
s√
3
,−

√
3+1
4

cos
s√
3
,0

)
,

Bψ3 =

√
3

2

(
cos

s√
3
,sin

s√
3
,

√
3

3

)
, κψ3 =

1
4
, τψ3 =−

√
3

4
,

can be found.

Example 3.12. A circular helix is considered as given by α4(s) =
(

cos
s√
3
,sin

s√
3
,

s√
3

)
. One can calculate D(s), D−dual

direction curve ψ4(s) as follows:

D(s) =
(

sin
s√
3
,cos

s√
3
,0
)
,ψ4(s) =

∫
α4(s)∧D(s)ds.

Then the Frenet vector fields, curvature and torsion of ψ4,

Tψ4 =

cos
s√
3

2
,

sin
s√
3

2
,−

√
3

6

 , Nψ4 = (0,0,0) , Bψ4 =

√
3

2

(
cos

s√
3
,sin

s√
3
,

√
3

3

)
,

κψ4 =

√
2

4
, τψ4 =−

√
6

4
,

can be found.

4. Conclusion
In this study, we have constructed and analyzed the vectorial moment curves of space curves with respect to an alternative

orthonormal frame in Euclidean 3-space. By deriving the Frenet apparatus of these moment curves, and further extending the
framework to their associated dual directed curves, we have demonstrated how alternative frames enrich the classical geometric
perspective. This approach not only provides new insights into the intrinsic and extrinsic properties of space curves but also
establishes connections between vectorial moments, dual geometry, and alternative frame theory.

The results highlight that the alternative frame, compared to the traditional Frenet frame, can offer more robust tools in
situations where the classical structure degenerates or loses descriptive power. Thus, the study underscores the necessity of
adopting alternative frameworks for a deeper and more comprehensive understanding of curve dynamics in both theoretical and
applied contexts. In future work, one may extend these results to higher-dimensional settings, non-Euclidean geometries, or
applied areas such as kinematics, robotics, and computer-aided geometric design.
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[8] S. K. Nurkan, İ. A. Güven, M. K. Karacan, Characterizations of adjoint curves in Euclidean 3-space, Proc. Natl. Acad. Sci.

India Sect. A Phys. Sci., 89(1) (2019), 155–161. https://doi.org/10.1007/s40010-017-0425-y
[9] S. Yılmaz, Characterizations of some associated and special curves to type-2 Bishop frame in E3, Kırklareli Univ. J. Eng.

Sci., 1 (2015), 66–77.
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