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Abstract—In computational fracture mechanics, prediction of crack initiation angle is a crucial role on
determining the shape of incrementally growing crack profiles and resulting fatigue lives. In some
fatigue problems, such as containing inclined cracks, depending on the types of loading, boundary
conditions and problem geometry, cracks can grow in a curvilinear form. In this study, fracture behav-
ior of different specimen types made of marble and PMMA are analyzed analytically in terms of pre-
diction of crack initiation angle. Analytical predictions are carried out using a recently developed crack
deflection angle equation for three different problems selected from the literature; a square plate con-
taining an inclined central crack subjected to biaxial loading, a short beam bend (SBB) specimen con-
taining an inclined edge crack subjected to three-point bending and an edge cracked triangular (ECT)
specimen subjected to three-point bending. Comparison of obtained results with the available data
from the literature showed close agreement. Thus, it is concluded that the recently developed criterion
is capable and can be used to predict crack initiation angle for brittle materials with inclined cracks.
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1. INTRODUCTION
In many structures and industrial applications, fracture or fatigue crack problems are encountered due

to many factors such as manufacturing method, material type, environmental conditions or different load
types affecting the structure. Fatigue cracks, one of the fundamental causes of structural damages, are of
great importance in the design and performance of engineering materials. The existing cracks in a struc-
ture can sometimes remain inside the structure up to a safe size or sometimes cause critical damages with
a sudden fracture, and in some cases serious loss of life. To prevent such adverse situations, it is necessary
to calculate and determine the fracture parameters in a precise and accurate manner in order to establish
how long the structure can continue its function safely with the existing cracks, in other words, to establish
the safe-life of the structures containing cracks. Therefore, recent studies with respect to ensuring a safe
operation of the cracked structures have become more significant. Additionally, predicting the resistance
and behavior of the damaged structure under different loading conditions during the design phase and
improvements regarding the design at the preliminary analysis stage by taking into consideration such sit-
uations provide the opportunity to minimize possible damages.

Many studies performed on fracture and crack propagation problems in the literature have focused on
structures subjected to pure mode-I loads in which the initial crack is perpendicular to the loading direc-
tion and propagates straight along its initial plane after loading. However, many cracked structures
encountered in practical applications are subjected to different multi-axial loads i.e., directions of the
loads are not perpendicular to the crack plane and the initial crack can incline or deflect from its initial
plane with an angle. The approaches related to mode-I analysis are insufficient for these kinds of prob-
lems. Although the first studies on deflection of an initial crack from its plane started in the early 1960s
with the study of Erdogan and Sih [1], the problems related to two-dimensional in-plane mixed mode
fracture have been given much attention, especially in recent years. Maximum tangential stress (MTS) [1],
minimum strain energy density (SED) [2, 3], maximum energy release rate (MERR) [4, 5], maximum
tangential strain (MTSN) criteria [6] are some of the most popular and known criteria used to understand
the fracture behavior of materials for in-plane mixed mode loading situations. Furthermore, Tanaka [7],
Pook [8], and Richard [9] also developed different fracture criteria. It is seen from the studies in the liter-
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ature that a wide variety of experimental and numerical analyses have been carried out using different
types of specimens made of different materials for these types of in-plane mixed mode problems. Disc-
type specimens [10–12], three or four-point bending specimens [13, 14], rectangular specimens with an
angled corner or central crack [15, 16] are some of the most commonly used specimens. Moreover, differ-
ent types of specimens were also examined in the literature such as compact tension shear (CTS) specimen
[17–23], butterfly-type specimen [24–28], and T-specimen [19, 29] which are designed with its loading
device to generate any combinations of modes I and II using conventional axial test machine.

Soda lime glass [16, 30], ceramic [31–33], polycrystalline graphite [34, 35], polymethyl methacrylate
(PMMA) [36–40], concrete [41, 42], marble [43–45], aluminum alloys [46–48] and steels [49–51] are
some kind of materials used as a specimen. Biner [52] carried out experimental tests on fatigue crack
growth behavior of CTS specimen made of AISI-304 stainless steel and experimental crack deflection
angles were compared with the predictions obtained using the SED criterion and the MERR criterion for
different mode mixity cases. Although similar predictions were obtained for both criteria under low load
mixities, the SED criterion considerably over-estimated the experimental crack deflection angle under
high load mixities. Saghafi et al. [43] assessed the mixed mode fracture toughness of a marble rock using
a semi-circular specimen with a vertical edge crack under a three-point bending test. Experimental data
were compared with the MTS criterion and a modified maximum tangential stress (MMTS) criterion was
proposed to predict the mixed mode fracture toughness since there was a high difference between the
experimental results and the predictions made by the MTS criterion. Zafosnik et al. [53] performed
numerical and experimental crack growth tests of AlMgMn4,5-W32 alloy using a CTS specimen under
different in-plane mixed mode loading angle and crack propagation angles obtained from the experiments
were compared with numerical predictions performed using the MTS and the SED criteria. It was seen
from the comparisons that, the SED criterion was less accurate than the MTS criterion with respect to the
determination of experimental crack kinking angle under high load mixities. Furthermore, with crack
growth, the predictions by MTS criterion deviated from experimental results. Theoretical investigations
on prediction of mixed mode fracture behavior of different materials such as soda lime glass, PMMA, rock
materials, etc. were carried out in different studies by Mirsayar et al. [30, 38, 54] and by evaluating the
existing traditional fracture criteria in the literature, an extended version of the MTSN criterion was pro-
posed. It was reported from the studies that the proposed criterion by the authors provided more accurate
predictions than the conventional fracture criteria. Similarly, mixed mode fracture toughness test results
performed for the materials such as marble stone and PMMA were compared with the traditional fracture
criteria by Hou et al. [39] and a new modified maximum energy release rate criterion was developed.

It should be noted that, although there have been numerous fracture criteria in the literature, there is
no standard criterion for in-plane mixed mode loading and many of them are not sufficient for all mode
mixities. Qian and Fatemi [55] and Ren et al. [56] surveyed various widely accepted mixed mode fracture
criteria and they reported by referring to reviewed studies that discrepancies between the criteria and
experimental findings were remarkable under high mode mixities in which mode-II component was dom-
inant. In a previous study performed by the author et al. [29], in-plane mixed mode fracture experiments
and numerical analyses were carried out, and similarly, it was observed from the results that, as is the case
with the reports of the reviewed articles mentioned above, most traditional mixed mode fracture criteria
deviated from experimental data under high mode mixity loading. Thus, an empirical mixed mode frac-
ture criterion was developed in the study [29].

In computational fracture mechanics, the fracture criterion to be used to predict crack initiation angle
has a key parameter on successive incrementally growing crack path and resulting fatigue life. This paper
deals with the analytical investigations on fracture behavior of different specimen types made of marble
and PMMA. In this context, crack initiation angle predictions are performed using a recently developed
crack deflection angle equation for three different problems; a plate with an inclined central crack under
biaxial loading, a short beam bend (SBB) specimen with an inclined edge crack under three-point bending
and an edge cracked triangular (ECT) specimen under three-point bending.

2. ANALYTICAL MODEL

2.1. Traditional Crack Initiation Angle Equations

The crack initiation angle (θ0) equation developed as part of maximum tangential stress (MTS) crite-
rion by Erdogan and Sih [1] is one of the most widely used Eq. (2.1) for mixed mode fracture problems.
Based on the criterion, crack extends from the crack tip radially and if the tangential stress reaches or
exceeds a critical value, crack growth becomes unstable.
MECHANICS OF SOLIDS  Vol. 56  No. 6  2021
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Table 1. Coefficients of the crack initiation angle equation (2.7)

a b c d

0.1723 5.1062 –2.7483 –1.1636
(2.1)

where, θ0 is the crack initiation angle, KI and KII are the mode-I and mode-II stress intensity factors,
respectively.

The minimum strain energy density criterion (SED) which is based on the elastic energy density is an
another common criterion developed by Sih [2, 3]. This criterion assumes that crack propagates in the
direction of minimum strain energy density factor and the density factor reaches a critical value, crack
propagation becomes unstable. Substituting the stress intensity factor, kI and kII into the following Eqs.
(2.2) and (2.3), crack initiation angle, θ0, can be obtained:

(2.2)

(2.3)

where, κ = 3 – 4  or κ = (3 – )/(l + ) for plane strain or plane stress conditions, respectively.
The maximum energy release rate (MERR) criterion based on Griffith’s theory [57] was expressed in

several different forms by Nuismer [4] and Hussain [5]. Based on the criterion, crack extends in the direc-
tion of maximum strain energy release rate and becomes unstable if the rate exceeds a critical value. Crack
initiation angles obtained from the MTS and the MERR criteria are identical.

Koo and Choy [58] developed the maximum tangential strain energy density (MTSE) criterion which
is based on the tangential strain energy. According to the criterion, when the MTSE factor exceeds a crit-
ical value, crack initiation occurs in the direction of the density factor, C, which is defined by:

(2.4)

in which coefficients are defined as follows;

(2.5)

where, κ = 3 – 4ν and κ = (3 – ν)/(1 + ν) for plane strain or plane stress conditions, respectively, ν is
Poisson’s ratio and μ is the shear modulus. The crack initiation angle, θ0 can be obtained by:

(2.6)

2.2. The Recently Developed Crack Initiation Angle Equation

In a previous study [29], in-plane mixed mode fracture tests and computational analyses were carried
out using different types of specimens such as CTS and T-specimen and obtained results from the exper-
imental and numerical analyses were compared with the predictions by traditional fracture criteria and
improved empirical fracture criteria were proposed. The recently developed empirical equation (2.7) to
determine the crack initiation angle (θ0) is given by;
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Fig. 1. Typical ECT specimen under three-point bending load.
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Fig. 2. Normalized mode-I and mode-II variations for different mode mixity ratios [45].
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(2.7)

Table 1 summarizes the coefficients of Eq. (2.7).

3. CRACK INITIATION PREDICTIONS
In this section, crack initiation predictions are carried out and obtained results are compared with the

data from the literature. Aliha et al. [45] performed experimental and numerical mixed mode fracture tests
on Neiriz marble rock material using edge cracked triangular (ECT) specimen containing an inclined edge
crack. Figure 1 shows a typical ECT specimen under a three-point bending load. The initial crack angle
(α) shown in the figure affects the mode mixity ratio of loading condition. By changing the specimen base
length, the initial crack length, the distance between the two bottom supports and the initial crack angle,
any combinations of modes-I and -II can be generated on the ECT specimen. Figure 2 represents the vari-
ation of normalized mode-I and mode-II values for different loading ratios obtained from experimental
tests [45] in which obtained fracture toughness (KIc) value under pure mode-I loading (α = 0°) was 1.23
MPa*m1/2. The crack initiation angles corresponding to the crack deflection angles of initial cracks after
loading are predicted using the mode-I and mode-II stress intensity factors. Figure 3 shows the variation
of crack initiation angles as a function of mode mixity parameters, Me, which is given by;

(2.8)

It is seen from Fig. 3 that the predictions made by the Demir and Ayhan [29] and the MTS [1] criteria
are almost identical for up to the highest level of mode mixity. Closer predictions are obtained between

 + + +θ = −   + 
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Fig. 3. Crack initiation angle vs. mode mixity parameter.
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Fig. 4. A square plate containing an inclined central crack subjected to biaxial loading.
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the criteria and the experimental data for lower mixed mode loading situations and the difference between
the predictions and experimental measurements [45] increases with increasing the mode mixity ratio.

The study on a square plate made of PMMA containing an inclined central crack subjected to biaxial
loading is considered as a second case study. In a previous study, theoretical investigations were performed
and an extended version of the maximum tangential strain (EMTSN) criterion was proposed by Mirsayar
[38] using the experimental data available in the literature [59, 60]. Figure 4 exhibits the loading configu-
ration of the specimen. The central crack angle (β) shown in the figure is the primary component that
determines the mode mixity ratio of loading condition together with the other loading and geometry
parameters. The central crack is subjected to uniform far-field stresses and λ, shown in the figure symbol-
izes the lateral load ratio. Figure 5 illustrates the variation of normalized stress intensity factors for mode-
I and mode-II obtained from the experiments [59, 60] under different mode mixity ratios. Analytical
investigations are carried out using both of these experimental data given in the figure for PMMA. Com-
parison of crack initiation angle predictions according to the Demir and Ayhan [29] and the EMTSN cri-

teria [38] with experimental findings are shown as a function of mode mixity parameter (Me) in Fig. 6. As
is seen from the figure that both of the criteria are in close agreement with the experimental measurements

for up to pure mode-II loading condition (Me = 0).

A short beam bend (SBB) specimen made of PMMA containing an inclined edge crack subjected to
three-point bending load for which in-plane mixed mode experiments were performed by Mousavi et al.
[40] is considered as a final case study. Figure 7 exhibits a general loading configuration of the SBB spec-
imen. As is the previous case studies analyzed in this study, mixed mode load ratios can be changed by
changing the angle of initial crack. Normalized mode-I and mode-II stress intensity factors obtained from
the experiments [40] for different mode mixity ratios and using those of mixed mode stress intensity fac-
tors, comparison of crack initiation angle predictions with experimental data are given in Figs. 8 and 9,
respectively. In Figure 9, a comparison graph is plotted as a function of precrack inclination angle which
MECHANICS OF SOLIDS  Vol. 56  No. 6  2021
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Fig. 5. Variations of normalized mode-I and mode-II stress intensity factors for different mode mixity ratios [38].
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Fig. 6. Crack initiation angle predictions as a function of mode mixity parameter, Me.
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Fig. 7. Loading configuration of a short beam bend (SBB) specimen containing an inclined edge crack.
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determines the ratio of mode mixity. According to the specimen configuration shown in Fig. 7, the loading

situation is described as pure mode-I loading in case of α = 0° and pure mode-II loading is generated with

the configuration for α = 39°. It is seen from Fig. 9 that as is the case with the first case study closer pre-

dictions are obtained from the Demir and Ayan [29] and the MTS criteria [1] for up to the highest level of

mode mixity. Similar results are also observed from the criteria considered in the second case study. The

existing and the recently developed criteria predict the experimental measurements for pure mode-II

loading with an average error rate of about 10–15% for all considered case studies. It should be noted that

in practice, it is rare to encounter cracks subjected to pure mode-II loading.
MECHANICS OF SOLIDS  Vol. 56  No. 6  2021
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Fig. 8. Normalized mode-I and mode-II stress intensity factor variations for different mixed mode loading [40].
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Fig. 9. Crack initiation angle predictions as a function of initial crack inclination angle.
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4. CONCLUSIONS

The paper presents an analytical investigation for prediction of crack initiation angle of structures con-
taining cracks. Fracture behavior of different specimen types made of marble and PMMA are analyzed in
terms of crack initiation angle predictions. The applicability of the crack deflection angle equation which
was recently developed using aluminum specimens by our research group is evaluated and discussed.
Three different in-plane mixed mode problems selected from the literature; a square plate with an inclined
central crack, a short beam bend (SBB) specimen containing an inclined edge crack and an edge cracked
triangular (ECT) specimen with an inclined edge crack, all of which are subjected to different loading con-
figuration and situations are studied.

Comparison of obtained results from these applications shows that the existing and the recently devel-
oped criteria are in excellent agreement with each other for up to highly mixed mode loading conditions.
Remarkable differences exist between the predictions and the experimental findings for pure mode-II
loading which is rare to encounter such these types of loading situations in engineering applications. It is
concluded that the recently developed equation using aluminum specimens is also convenient for marble
and PMMA and can be used to predict crack initiation angle for brittle materials with inclined cracks.
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