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Abstract. In this paper we give a new definition of harmonic curvature
functions in terms of B> and we define a new kind of slant helix which
we call quaternionic Bz—slant helix in 4—dimensional Euclidean space
E* by using the new harmonic curvature functions. Also we define a
vector field D which we call Darboux quaternion of the real quaternionic
By—slant helix in 4—dimensional Euclidean space E* and we give a new
characterization such as:

“a: 1 C R — E*is a quaternionic Bs-slant helix < Hy — KH;, =07
where Ho, H1 are harmonic curvature functions and K is the principal
curvature function of the curve a.
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1. Introduction

The quaternion was introduced by Hamilton. His initial attempt to generalize
the complex numbers by introducing a three-dimensional object failed in
the sense that the algebra he constructed for these three-dimensional object
did not have the desired properties. On the 16th October 1843 Hamilton
discovered that the appropriate generalization is one in which the scalar(real)
axis is left unchanged whereas the vector(imaginary) axis is supplemented by
adding two further vector axis.

In [4], Ozdamar and Hacisalihoglu defined harmonic curvature func-
tions. They generalized the inclined curves in E® to E™, n > 3, and then

gave a characterization for them: “If a curve « is an inclined curve then
n—2

> H: = constant”. And then many studies have been reported on gener-
i=1

alized helices, inclined curves by using Hacisalihoglu’s harmonic curvature
functions [1], (2], [3],[7].

) Birkhauser
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After them, Izumiya and Takeuchi defined a new kind of helix (slant
helix) and they gave a characterization of slant helices in Euclidean 3-space
E?[13], Kula and Yayh investigated spherical images; the tangent indicatrix
and binormal indicatrix of a slant helix [10]. In 2008, Onder et al. defined a
new kind of slant helix in Euclidean 4-space E* which they called Bs-slant
helix and they gave some characterizations of this slant helices in Euclidean
4-space E*[12]. And then in 2009, Gk et al. defined a new kind of slant
helix in Euclidean n-space E™, n > 3, which they called V,,-slant helix and
they gave some characterizations of this slant helices in Euclidean n-space
E"™[7].

The theory of the Serret-Frenet formulas for quaternionic curves in R3
and R* are given by Baharathi and Nagaraj [9]. And then, a lot of stud-
ies have been published by using this study. One of them is Karadag and
Sivridag’s study [11] where they gave many characterizations for quater-
nionic inclined curves in the Euclidean space E*, another one is Coken and
Tuna’s study [1] which they gave for quaternionic inclined curves in the semi-
Euclidean space E3 and the others.

In this study, we define a new kind of slant helix in Euclidean 4-space
E*, where we use the constant angle ¢ in between a unit and constant real
quaternion X which has fixed direction and the last Frenet vector field By of
the curve, that is,

h(Bg,X)=cosp, p# g , @ = constant,

where h is symmetric, real valued, non-degenerate, bilinear quaternion inner
product. Since Frenet vector field By of a curve makes a constant angle with
the real quaternion X which is fixed direction, we call this curve quater-
nionic By-slant helix in Euclidean 4-space E*. In this paper, at first, we give,
Hacisalihoglu’s harmonic curvature functions for the real quaternionic Bs-
slant helix and we give some characterizations for the quaternionic Bs-slant
helices in terms of the harmonic curvatures. In this case we define a new
Darboux vector field D, and we give some new characterizations for Bs-slant
helices. Finally, we show that if any quaternionic curve is ccr-curve (constant
curvature ratio), the curve can’t be quaternionic Bs-slant helix.

2. Preliminaries

Let Qg denote a four dimensional vector space over a field H whose charac-
teristic grater than 2. Let e;(1 < i < 4) denote a basis for the vector space.
Let the rule of multiplication on Q gy be defined on e;(1 < ¢ < 4) and extended
to the whole of the vector space by distributivity as follows:

A real quaternion is defined by g = ae_l> +bes + ce_3> + de4 where a, b, ¢, d
are ordinary numbers. Such that

eq =1, e? =e3=e3=—1,

erex = eg, €ge3 = €1, e€z€] = €3, (1)
€2€1 = —€3, €362 = —€1, €1€3 = —€2.
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If we denote S; = d and 7(1 = ae_1>+be_2>+ce_3,>, we can rewrite a real quaternion

whose basic algebraic form is ¢ = S + ?q where S, is scalar part and ?q is
vectorial part of ¢. Using these basic products we can now expand the product
of two quaternions as

pxq=5p5;— <?p7 2) +Sp?q+sq@+?w?q for every p,q € Qu, (2)
where we have used the inner and cross products in Euclidean space E* [6].
There is a unique involutory antiautomorphism of the quaternion algebra,
denoted by the symbol v and defined as follows:

vq = —ae_1>—be_2>—ce_3>+de4 for everyq:ae_1>+be_2>+ce_3,>+de4 €Qu

which is called the “Hamiltonian conjugation”. This defines the symmetric,
real valued, non-degenerate, bilinear form h as follows:

1
h@,®=§Ivam+qxwﬂﬁwnq6Qn

And then, the norm of any ¢ real quaternion denoted

lall” = h(g,q) = q x vq. (3)

The concept of a spatial quaternion will be made use of throughout our
work. ¢ is called a spatial quaternion whenever ¢+ vq =012].

The Serret-Frenet formulae for quaternionic curves in E2 and E* are as
follows:

Theorem 2.1. The three-dimensional Euclidean space E® is identified with the
space of spatial quaternions {p € Qg | p+yp =0} in an obvious manner.
Let I =0, 1] denote the unit interval in the real line R. Let

a:ICR— Qg

3
s — afs) = Zai(s)e_z?, 1<4¢<3.
i=1

be an arc-lenghted curve with nonzero curvatures {k, r} and {t(s), n(s), b(s)}
denote the Frenet frame of the curve a. Then Frenet formulas are given by

t 0 k0 t
n|l=|-k 0 r n
v 0 —r O b

where k is the principal curvature, r is torsion of a[9].

Theorem 2.2. The four-dimensional Fuclidean spaces E* are identified with
the space of unit quaternions. Let I = [0,1] denote the unit interval in the
real line R and

B:ICR— Qp

4
sﬁﬂ(s):Zai(s)E}, 1<i<d4, e =1.
i=1
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be a smooth curve in E* with nonzero curvatures {K, k, r — K} and
{T(s), N(s), Bi(s), Ba2(s)} denotes the Frenet frame of the curve . Then
Frenet formulas are given by

’

T 0 K 0 0 T
N | | -K o0 k 0 N
B, | | 0 -k 0 (r—K) By
B} 0 0 —(r—K) 0 By

where K is the principal curvature, k is torsion of B and (r — K) is bitorsion

of B 9]

Definition 2.1. Let oo : I C R — E* be a unit speed curve with nonzero
curvatures ki(s),ka(s) and ks(s) and {T, N, B;, B2} denotes the Frenet
frame of the curve o in E*. Onder et al. defined a(s) as By-slant helix if
its second binormal unit vector Bs makes a constant angle ¢ with a fixed
direction on a unit vector U; that is, for all s € I,

(Bo,U) =cosg , ¢ # g , (o = constant

along the curve [12].

3. Quaternionic B;—Slant Helix and Its Harmonic Curvature
Functions

In this section, we give some characterizations for quaternionic Bs-slant helix
in Euclidean space E3 and E* in terms of harmonic curvature function of
quaternionic curve.

Definition 3.1. Let o : I C R — E3 be a regular real spatial quaternionic
curve with arc length parameter s and {t(s), n(s), b(s)} denotes the Frenet
frame of the curve . We call a as a real spatial quaternionic b-slant helix
in £3 if the last Frenet vector field b makes a constant angle ¢ with a fixed
direction X, that is,

h(b,X) =cosp , p# g , ¢ = constant (4)
where X is a unit and constant real spatial quaternion for all s € I.

Definition 3.2. Let o : I ¢ R — E? be a regular real spatial quaternionic
curve with arc length parameter s and nonzero curvatures {k, r}. In that
case harmonic curvature function of the curve « is

H:I—R
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Theorem 3.1. Let o : I C R — E3 be a regular real spatial quaternionic
curve in E® with arc length parameter s and {t(s), n(s), b(s)} denotes the
Frenet frame of the curve a. If the curve « is a real spatial quaternionic
b-slant heliz with X as its azis then we have

h(t, X)= H.h(b, X) (6)
where H is harmonic curvature function of the curve a.

Proof. Let ¢ # 5 be a constant angle between the X real spatial quaternion
and the binormal vectors of the curve « real spatial quaternionic b-slant helix
in F3. So, we have

h(b(s), X)=cosp , forall s €I, (7)
then differentiating Eq. (7), with respect to s, we obtain
h(b (s), X)=0
or from Serret-Frenet formulas of o we have
h(=rn, X) =0
where r # 0, then
h(n, X)=0. (8)

Again, differentiating Eq. (8), with respect to s, and by using the Serret-
Frenet formulas of o we have

h(t, X) = —.h(b, X)

Enl

and then Eq. (5) gives us
h(t, X) = H.h(b, X). O
Theorem 3.2. Let o : I C R — E? be a reqular real spatial quaternionic
curve with arc length parameter s and {t(s), n(s), b(s)} denotes the Frenet
frame of the curve a. If the curve « is a real spatial quaternionic b-slant heliz
in E3, the axis of o is
X = (H(s)t(s) + b(s))h(b, X)
or
X = (H(s)t(s) +b(s)) cos . (9)
where H(s) is harmonic curvature function of the curve a.
Proof. If the axis of « real spatial quaternionic b-slant helix « is X, then we
can write
X = )\1t + )\27L =+ )\3b
Then by using Theorem (3.1)
A1 = Hh(b, X),
Ay =0,
Az = h(b, X).
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Thus it is easy to obtain
X = (H(s)t(s) + b(s)) cos . O

Definition 3.3. Let o : I C R — E3 be a regular real spatial quaternionic
curve with arc length parameter s and {t(s), n(s), b(s)} denotes the Frenet
frame of the curve aw and H denote the harmonic curvature function at the
point a(s). The quaternion

D = H(s)t(s) + b(s) (10)
is called a Darboux quaternion of the real spatial quaternionic b-slant helix
ain E3.

Theorem 3.3. Let o : I C R — E? be a reqular real spatial quaternionic
curve with arc length parameter s and {t(s), n(s), b(s)} denotes the Frenet
frame of the curve a and H denotes the harmonic curvature function at the
point a(s). Then the curve  is a real spatial quaternionic b-slant heliz in E3
if and only if D is a constant real spatial quaternion.

Proof. (=) Let a be a real spatial quaternionic b-slant helix in E? and X be
the axis of a.. From Theorem (3.2), we have
X = (H(s)t(s) + b(s))cosp = D cosp
where ¢ and X are constant and hence D is a constant real spatial quaternion.
(<) Suppose that D is a constant vector field, then we have | D|* =
h(D, D) is constant. By using Theorem (3.2) we can write
2 2
X" = lD cos ¢
= h(D cos p, D cos p)
= cos? p.h(D, D).
Since X is a unit real quaternion and || D|| is constant, we have cos ¢ = m =

h(b(s), X) is constant. So, « is a real spatial quaternionic b—slant helix. This
completes the proof. O

Theorem 3.4. Let o : I C R — E? be a regular real spatial quaternionic
curve with arc length parameter s and {t(s), n(s), b(s)} denotes the Frenet
frame of the curve a and H denotes the harmonic curvature function at the
point a(s). If the curve « is a real spatial quaternionic b-slant heliz in E3,
then H?(s) is constant.

Proof. Let o be a real spatial quaternionic b-slant helix. Since the axis of
o is X = H(s)cos pt(s) + cos ob(s) unit real spatial quaternion, || X|* = 1.
Hence, using Eq. (3) we have

IX[1* = h(X, X) =X x7X,
1 = [H(s) cosgt(s) 4 cos pb(s)] x v [H(s) cos pt(s) + cos pb(s)],
= H?(s) cos? o ||t(s)||> — H(s) cos? ot(s) x b(s)
— H(s)cos? gb(s) x t(s) + cos? o b(s)]?,
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where since t(s) x b(s) = —b(s) x t(s), we can write
X = 1= (1+ H*(s)) cos
and then
H?(s) = tan® ¢ = constant. O

Corollary 3.5. Let a : I € R — E® be a reqular real spatial quater-
nionic curve with arc length parameter s and nonzero curvatures {k, r}.
Then the curve « is a real spatial quaternionic b-slant heliz in E3 if and only

if (53) =0
Proof. Tt is obvious from Theorem (3.3) O

Definition 3.4. Let 8 : I C R — Qg be an arc-lengthen real quaternionic
curve with nonzero curvatures K, k,r — K and {T'(s), N(s), Bi(s), Ba(s)}
denotes the Frenet frame of 5. We call 8 as a quaternionic Bs-slant helix in
Qp if the last unit vector field By makes a constant angle ¢ with a fixed
direction X, that is

h(Bs, X)=cosp, ¢ # g, = constant.

where X is a unit and constant real quaternion which is the axis of « for all
sel.

Theorem 3.6. Let o : I C R — E3 be a regular real spatial quaternionic
b-slant heliz, such that a(s) = o (s)eq +az(s)es +as(s)es, B(s) = ai(s)eq +
ao(s)ed 4 as(s)es + ay(s) be obtained from o. Then B is a real quaternionic
inclined curve in Qg.

Proof. Let p: 1 C R — Qg be an arc-lengthen real quaternionic curve and
X be a unit and constant real spatial quaternion which is the axis of « such
that {T'(s), N(s), B1(s), B2(s)} be Frenet apparatus at the point §(s) of §.
Then we have

WT(s), X) = = [T(s) x 7 X + X x /T(s)], T(s) = Sree) + V 1s)

DN | =

1
=3 [(ST(S) + 771(3)) X ¥ X + X x y(S(s) + VT(S))}

where since X is a unit and constant real spatial quaternion, Sx = 0 and
vX = —X. Eq. (2) gives us that

1
h(T(s), X) = 3 {—ST(S)X + <7T(s)7 X) - 7T(s) ANX + S7(s)-X
+ <7T(s)7 X)—XA 7:/1(3)}
= <7T(s)7X>

Since, « is a real spatial quaternionic b-slant helix, h(b(s), X) = constant
and then h(t(s), X) = (V 1(s), X) =constant. So, 3 is a quaternionic inclined
curve in Q. O
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Definition 3.5. Let 8 : I C R — Qg be an arc-lengthen real quaternionic
curve with nonzero curvatures K, k,r — K. In that case harmonic curvature
functions in terms of By of 8 are defined by

H:ICR—R

Ho =0,
Hy ==K, , (11)
Hy =l =~ (5)

where K is the principal curvature, k is the torsion of 8, (r — K) is the
bi-torsion of f.

Theorem 3.7. Let f: I C R — Qg be an arc-lengthen real quaternionic
curve and X be a unit and constant quaternion of Qg .

{T(s), N(s), Bi(s), Ba(s)}

denotes the Frenet frame of the curve 8, {Hy, Hs} denotes the harmonic
curvature functions of the quaternionic curve 8. If 8 : 1 C R — Qg is a
quaternionic Bs-slant helixz and X as its axis then we have

h’(T(S)a X) :H2h(32(8)7 X): h(N(S)a X) :th(B2(8)7 X)7
h(Bi(s), X) = Hoh(Ba(s), X), h(Ba(s), X) = cose. )
12

Proof. Let ¢ # 5 be a constant angle between the quaternion X and the last
Frenet vector of the curve  quaternionic Bs-slant helix in Q. So, we have

h(Ba(s), X)=cosgp, forall se T
then differentiating the equation above, with respect to s, we obtain
h (B;(s), X) =0
or from Serret-Frenet formulas of 8 we have
h(—=(r—K)Bi(s), X)=0
where (r — K) # 0, then
h(Bi(s), X)=0= Hoh(Ba(s), X). (13)
By taking the derivate of Eq. (13) and applying the Frenet formulas we obtain
h (B;(s), X) =0
h(=kN(s)+ (r— K) By(s), X)=0
=0

— ( , X
—kh(N(s), X)+ (r — K)h(Ba(s), X)

and from Eq. (11), we have
h(N(s), X)= Hyh(Ba(s), X). (14)
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If we take the derivative of the last equation, we get
h(N'(s), X) = H,h(Ba(s), X)
h(—=KT(s) + kBi(s), X)= H,h(Ba(s), X)
—Kh(T(s), X)+ kh(Bi(s), X)= H,h(Bs(s), X)
and by using Eq. (13) and Definition (3.5) give us that
h(T(s), X) = Hyh(Ba(s), X). (15)
So, from Eq. (13), Eq. (14), Eq. (15) the proof is completed. O

Corollary 3.8. Let 8 : I C R — Qg be an arc-lengthen parameter real
quaternionic curve and X be a unit and constant real quaternion of Qg . Let
{T(s),N(s),Bi(s), B2(s)},{H1, Ha} denote the Frenet frame and the har-
monic curvature functions of the quaternionic curve, respectively. If 5 : 1 C
R — Qg is a quaternionic Bo-slant helix, the axis of B is

X = {HoT(s) + HiN(s) + By(s)} h(Ba(s), X)

X = {H,T(s) + HiN(s) + Ba(s)} cos p.

Proof. If X is the axis of a quaternionic Bs-slant helix in g, then we can
write

X = MT(s) + AaN(s) + A3B1(s) + Ay Ba(s)
and then by using Theorem (3.7), we get
A= NWT(s), X) = Hah(Bs(s), X) ,
Ao = h(N(s), X) = Hih(Ba(s), X),
A3 = h(Bi(s, X) = Hoh(Ba(s), X),
A1 = h(Ba(s), X).
Thus we easily obtain that
X = {H2T(s) + H1N(s) + Ba(s)} cos p. O

Definition 3.6. Let § : I C R — Qg be an arc-lengthen quaternionic
curve. Let {T(s), N(s), B1(s), B2(s)} denote the Frenet frame of the curve
B, {H1, H2} denotes the harmonic curvature functions of the quaternionic
curve 3. The quaternion

D = HQT(S) + HlN(S) + BQ(S)
is called the Darboux quaternion of the quaternionic Bs-slant helix 5.

Theorem 3.9. Let B : I C R — Qg be an arc-lengthen real quaternionic
curve. Let {T(s),N(s), B1(s), B2(s)} denote the Frenet frame of the curve 3,
{H1, H2} denotes the harmonic curvature functions of the quaternionic curve
B. Then B is a quaternionic Ba-slant heliz if and only if D is a constant real
quaternion.
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Proof. (=) Suppose that 3 is a quaternionic Bo—slant helix in Qg and X is
the axis of 8. From Corollary (3.8), we have that

X ={H2T(s) + HiN(s) + Ba(s)} cosp = Dcos ¢

where ¢ and X are constant and hence D is a constant real quaternion.
(<) Let D be a constant real spatial quaternion. From Definition (3.6) and
Corollary (3.8), we can write

X = Dcos . (16)
Derivating of Eq. (16) with respect to s, we get
X' = D'cosp + D(cos¢)'
from the hypothesis, D is a constant real spatial quaternion and
D(cosp)' = 0 where D # 0,
or we get
cos ¢ = constant.
We can define a unique axis of the quaternionic Bs-slant helix where,
h(Ba(s), X) = h(Ba(s), Dcosyp)
= cos ph(Bz(s), D).
From Definition (3.6), we get
h(Ba(s), X) =cosy
Thus X is a constant real quaternion and 3 is a quaternionic Bs—slant helix

in Q. Which completes the proof. (I

Theorem 3.10. Let 5 : I C R — Qg be an arc-lengthen real quaternionic
curve. Let {T(s), N(s), B1(s), B2(s)} denote the Frenet frame of the curve j3,
{H1, Hy} denotes the harmonic curvature functions of the quaternionic curve
B. Then B is a quaternionic Ba-slant helix if and only if

KH, =0. (17)

’

H,
Proof. (=) If we differentiate D along the curve 3, we get
D' = H,T + HyT' + HN + HiN' + B,.
The Serret-Frenet formulas and Eq. (11) give us
D = (H; - KHl) T. (18)

Since [ is a quaternionic Bs-slant helix, D is a constant real quaternion. Thus
we can write D' =0 or (Hy — KH;) = 0.

(<) If Eq0 Hy, — KH; = 0 we can easily see that D' = 0 or D is a
constant real quaternion, and then from Theorem (3.9), we have that 5 is a
quaternionic By-slant helix in @ g. Which completes the proof. O
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Corollary 3.11. Let §: I C R — Qg be an arc-lengthen real quaternionic
curve with nonzero curvatures K, k,r— K. Let {T(s), N(s), B1(s), Ba(s)} and
{Hy, Hy} be the Frenet frame and the harmonic curvature functions of the
quaternionic curve, respectively. Then B is a quaternionic Bo-slant helix if

and only if
1 (r— K / r—K
— K =0 19
= (5 (5) w
Proof. (=) Let 8 be a quaternionic Bs-slant helix in Q gy, then from Theorem
(3.10) we have H, — K H; = 0. By using Definition (3.5) we have

(Y] e () o

(<) We suppose that the equation [ L (T_K),} + K (%) = 0 holds, then

K\ %k 2
from Theorem (3.10) and Definition (3.5), it is obvious that S is a quater-
nionic Bs-slant helix in @@y which completes the proof. ([l

Corollary 3.12. Let §: I C R — Qg be an arc-lengthen real quaternionic
curve with nonzero curvatures K, k,r — K. If B is ccr-curve (constant curva-
ture ratio), the curve can’t be quaternionic Bo-slant helix.

Proof. Let 3 be real quaternionic ccr-curve; that is, ¢ and ’”*kK are constant.

So, from Theorem (3.10) and Definition (3.5), it is obvious that the curve g
can’t be a quaternionic Bs-slant helix. ([

Theorem 3.13. Let §: I C R — Qg be an arc-lengthen real spatial quater-
nionic curve with nonzero curvatures K, k,r — K. If 8 is a quaternionic Bs-
slant helixz then the following condition is satisfied,

H? + HZ = tan® p = constant

where @ is the constant angel between the last Frenet vector Bo and a constant
unit real quaternion X.

Proof. Let B be a real quaternionic Bs-slant helix. Since the axis of 8 is X =
Hj cos ¢T(s) + Hy cos pN(s) + cos pBa(s) unit real quaternion, ||XH2 = 1.
Hence, using Eq. (3) we have

IX|? = h(X, X) = X x7X,
1 =[Hzcos T (s) + HycospN(s) + cos pBa(s)]
x 7 [Hy cos T(s) + Hy cos pN(s) + cos ¢Ba(s)],
= H2(s)cos® pT(s) x ¥T'(s) + HyHy cos® oT(s)
x YN (s) 4+ Hy cos? ¢T(s) x yBa(s) + Hy Hy cos® pN (s)
x YT (s) + H2(s) cos? oN(s) x vN(s) + Hy(s) cos® pN(s)
x ¥By(s) + Hy cos® pBy(s) x vT'(s) + Hi cos® pBy(s)
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x YN (s) 4 cos? pBs(s) x vBa(s)
where by using the properties of quaternion product we can easily write that
IXIP = 1= (1+ H2(s) + HY(s)) cos?
and then we get
H?(s) + H3(s) = tan” p = constant. O

Corollary 3.14. Let 8 : I € R — Qg be an arc-lengthen quaternionic
Bsy-slant heliz with nonzero curvatures K, k,r — K. Let {Hy, Ha} be the har-
monic curvature functions. By using Theorem (3.10) and Definition (3.5) the
derivatives of harmonic curvatures are as follows:
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