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On the evolution of framed curves in Euclidean 3-space
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Department of Mathematics, Bilecik Seyh

Edebali University, Bilecik, Turkey In this paper, we study the evolution of framed curves, which may have singu-
lar points. We express flows of framed curves in Euclidean 3-space. We obtain
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1 | INTRODUCTION

Curve theory is a classical object in differential geometry. There are numerous studies in the literature on Frenet curves
that are useful to investigate geometric properties of the regular curves. However, recently, curves with singular points,
whose Frenet frame cannot be constructed, are frequently appeared in applications. Honda and Takahashi established
the notion of framed curves to investigate the geometric properties of curves with singular points.! Framed curves are
a natural generalization of Frenet curves. After that, Honda and Takahashi introduced framed immersion.? For more
details on the notion of framed curves and framed surface, see several studies.>®

The time evolution of geometric locus is investigated by using its flow. So, flow is used to examining the evolution of
geometric locus. There have been various studies on flows of curves. If arclength of curve is preserved, its flow is said
to be inextensible. Physically, inextensible flows of curves and surfaces can be described by motions in which no strain
energy is induced. For example, the swinging motion of a cord of fixed length or of a piece of paper carried by a storm can
be described by inextensible flows of curves and surfaces. There are many physical applications concerning flows.> 2 The
time evolution of a curve or surface has been studied by mathematicians,'3!° but firstly, Kwon and Park introduced inex-
tensible flows of plane curves.'® Then, Kwon and Park introduced inextensible flows of curves and developable surfaces.!”
After that, inextensible flows were studied in many different spaces.'8-2

In this paper, we define the flow of curve with singular points, which is a generalization of Kwon and Park.1® We give
necessary and sufficient conditions for the inextensible flow of framed curve. Also, we obtain the evolution equation of
framed curvatures. Finally, we give examples of the evolution equation of framed curvatures.

2 | PRELIMINARIES

In this section, we introduce a brief summary of the notion of framed curves. Let R® be the three-dimensional Euclidean

space with inner product given by
3

<Xy >= )Xy

i=1
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where x = (x1,X2,%3), ¥y = (1, 2, ¥3) € R3, and norm of x € R3 is given by ||x|| = 1/< x,x >.
Let V3 , be a three-dimensional smooth manifold as follows:

Vip = {'7 =(n,m) € R*XR®| < my,m; >= 65,1, j = 1,2}-

By using n = (11, 12) € V32, we can define a unit vector v = iy X 1, such that det (¢, 71, #2) = 1.

Definition 1. (y,7) : I — R3 X V3, is said to be a framed curve if < y'(s), n:(s) >= 0 for all s€ I and i = 1, 2. If there
exists n: 1 — V3 , such that (y, ) is a framed curve, y : I — R3 is called as a framed base curve.!

Let (y,n) be a framed curve. There exists v(s) = #7,(s) X #2(s). Then we can write the Frenet-Serret-type formula as

follows:
n1(8) = ()2 (5) + m(s(s),

15(s) = =l(s)ny (s) + n(s)v(s),
V'(s) = —=m(s)m(s) — n(s)naA(s),
where I(s) =< 1;(s), 72(s) >, m(s) =< n; (s) ,v(s) > and n(s) =< n75(s), v(s) > .
There exists a smooth mapping @ : I — R such that y'(s) = a(s)v(s). (I(s), m(s), n(s), a(s)) are called curvatures of y at

y(s). Clearly, s, is a singular point of y if and only if a (so) = 0. (I(s), m(s), n(s), a(s)) are useful to investigate the framed
curve and its singularities.

Theorem 1. Let (I(s), m(s), n(s), a(s)) : I — R3 be a smooth mapping. There exists a framed curve (y,n) : I - R3x V3,
whose associated curvature of the framed curve is (I(s), m(s), n(s), a(s)).!

Theorem 2. Given framed curves (y,n) and (7, ;7/), they are congruent as framed curves, if their curvatures coincide.!

Let (v,n) : I — R3 x V3, be a framed curve with (I(s), m(s), n(s), a(s)). § = (71, #1,) is defined by

i | _ [cosels) —singes) | [
i sin ¢(s) cos ¢(s) |’
where ¢(s) is a smooth function.
If
m(s) sin @(s) = —n(s) cos (s),
m(s) = —p(s) cos @(s)
and
n(s) = p(s) sin ¢g(s)
are satisfied for given smooth functions ¢(s) and p(s), the Frenet-Serret formula of (y, #;, 72) is given by

V(s) 0 p@s) O v(s)
@) =] -ps) 0 g || ) |,
i (S) 0 —q@s) 0 2(8)

where p(s) = [[V/(s)|| and gq(s) = I(s) — ¢’ (5). (p(s), q(s), a (s)) are called framed curvatures of (y,#) and the following

equations
_ PG _ 90
O e T we

hold.!

3 | EVOLUTION OF FRAMED CURVES BY FLOW

Let (y,7) : I xJ — R3x V3, be a one-parameter family of framed curve. The speed of y and arclength variation function
of y are given, respectively
dy

o =
‘du
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u
d
w2
0

Definition 2. Given a framed curve y, any flow of framed curve can be represented as

and
u

du = /a(u, H)du. @

0

Then ‘;—Z =12 and ds = odu.

9
o ou

ay ~
— = fv+gij + hn,
m Sv+gih + hn

where f, g, and h are smooth and called scalar speeds of y.

Example 3. Let the framed curve (y, 71, 7,) : I —» R3x V3, be

mu) = (-u,1,0)
1+ u?
and
() = ! (-, —u’,1+u?),
V1 +w2) (1402 +u?)
then
vu) = - (Lu,u?).

V1+u2+ut

For given f = u?, g=u?, and h=u?, the graph of flow of initial framed curve is in Figure 1.
For given f = cosu, g = sin’u, and h = cos u sin u, the graph of flow of initial framed curve is in Figure 2.
For given f = cosu, g = sinu, and h = cos u, the graph of flow of initial framed curve is in Figure 3.

The requirement that a framed curve not to be subject to any elongation or compression can be expressed by the

condition
u

%s(u, t) = /aa(u, t)du =0,u el.

ot
0

3210

O —

FIGURE 1 The flow of initial framed curve for —2 <t <2 [Colour
-4 -2 0 2 figure can be viewed at wileyonlinelibrary.com]
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FIGURE 2 The flow of initial framed curve for —2 <t <2 [Colour
figure can be viewed at wileyonlinelibrary.com]

FIGURE 3 The flow of initial framed curve for —2 <t <2 [Colour 1.0
figure can be viewed at wileyonlinelibrary.com]
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Definition 3. Given a framed curve y, its flow is said to be inextensible if
a2
dt || ou
Lemma 1.
oo of
9o _ 9 e, 2
5 = o ( s gp) ()

Proof. Since % and % are commutative and ¢? = <g—£, Z—Z> we get

Jdo 0 /ady oy
208 =2 (L 2
ot ot \ du ou
dy 0 . N
—2<£,%(ﬁ+gm+hnz)>

0 a 5 oh\ .
=202a<v,<a—£—gp>v+(fp+a—‘§—hq> m + <gq+£> 112>.
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do _ _(9f _
ot as SP -

Theorem 4. The flow of framed curve y is inextensible if and only if

Thus, we obtain

of

s = 8p-

Proof. Assume that the flow of framed curve is inextensible. By using Equations (1) and (2), we obtain

—s(u = /—du =

This clearly forces

% = 8p-
Conversely, by following a similar way as above, the proof is complete. O
Lemma 2.
% % (fp+g—‘§—hq> i+ = (gq+%>m,
% —% <fp+% —hq>v+‘Pnz,
Y P P

where ¥ = <%,ﬁ2> dir.

Proof. By con51der1ng (‘;:) = : <‘Z> we get

o 1 og oh
e 2 _h =
Fri <fp+ s q) i+ = <gq+ s >nz

and ‘;—‘: = 0. Now, differentiating of (v, #;) and (v, 7j,) with respect to ¢, we obtain

o

praiaie a(fp ——hq>V+‘Pnz

and

o2 1 oh N
h _ 1 9y — wi.
o a<gq+0s>v n

From proof of Lemma 2, we have the following corollary:

Corollary 1. Curvature « is preserved; that is, 0 % is always zero.
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Theorem 5. Assume that the flow of framed curve y is inextensible. Then, the evolutions of the curvatures are

op

or

aq
ot

Yp

ot \ 0s ds \ ot

o g
- = _h
" <fp 3s q>

of dzg 20h aq
R - L h— -
+= ( f o2 s g7’

w1 +@
=2+~ (gpa+ 5P ).
oq | h ok
(qu+2 q - he? +g—q+ﬁ>—a—2<gq+—>-
S

Proof. Since 2 <@> =2 (Q),We have

2 (&) _2
ds \ot/) ot
1
a

+

(
(-5
.

and
i

Then, we obtain

and

¥Yp

. i @ _ 0 o
Noting that = ( ~ ) == ( ”

(&

og
-fp*- <P hpq) v

og oh
% _n on
(fp+ s Q>’11+ (g‘J+ s )712)

oh Jq

o 9
(fp+——hq> l<f f— ;25,4 ho -8

98 _g
0s2
og Jq 2,
2= — —hq
(1pa+22q+63 28) -2 (sa+2) )

ov o, . 1 , , 08 op _ ~
=)== =-= =p—h = ¥pii,.
as> T (pi1) . (fp + 5P pq>V+ o+ ¥pix

s Js  0s? 0s

0 1/0 op 0% 20h 0
—(fp+a—g—hq>+—<—fp+f—p+—g——q—h—q—gq2>
N a as

0*h o oh
(qu+2 q-hq’ +g_+6s2> ;(gq+£>-

> we have

i\ _ 0 1 oh ~
0s<at>_0s< a<gq+a)v T’“)

(i (e 50) -4 (ool 53 ) )
<_a_ _1 <gpq + —p>) i — (¥p) 7y

2)):71
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and
o\ _ o ~
o <a_> = 5 (=)
1 og 2 aq _ s
=5 <fPQ+ gq—hq )V— g’h - (Yq) .
Thus, we obtain
ot os T a \PIT 5P ) 0

Example 6. Consider the framed curve

y(u) =

with curvatures

and

%sec<—2 2COSE)COSM—lseC<—2 2COSE)COSZM,
3 2 3 2

X zsec (—2 2COSE)Sinu— lsec (—2 200s£>sin2u,
3 2 3 2

24/2
X isec (—2 2cos E)sinE
3 2 2

a(u) = V/2sin %sec2 (—2 2cos %) ,

p(u) = \/Ecos % cos (—2 2 cos %) ,

q(u) = \/Ecos % sin (—2 2 cos %) .

For given f = cos % g = sin % and h = cos %, by using Theorem 5, the graphs of evolution equation of p (u, ) and
q(u, t) are in Figures 4 and 5.

2 3.0 4.0
t=1
t=13 FIGURE 4 The evolution of
pu,nfor 2 <u< %,Ostss
[Colour figure can be viewed at
t=5 . o
wileyonlinelibrary.com]
t=5
t=3
r=1
2 0 4.0 4.5

FIGURE 5 The evolution of
qu,n)for 2 <u< *,0<1<5
[Colour figure can be viewed at

wileyonlinelibrary.com]
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FIGURE 6 The evolution of
p(u,t) for -z <u<-z,0<t<5
[Colour figure can be viewed at
wileyonlinelibrary.com]|

r=1
t=3
t=5
FIGURE 7 The evolution of
qu,t) for -z <u<-7z,0<t<5
[Colour figure can be viewed at
wileyonlinelibrary.com]
2
r=1
t=

For given f=u? cos % g=u’sin % and h = u® cos % sin g by using Theorem 5, the graphs of evolution equation of
p(u, t) and q(u, t) are in Figures 6 and 7.
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