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In this paper, we study the evolution of framed curves, which may have singu-
lar points. We express flows of framed curves in Euclidean 3-space. We obtain
necessary and sufficient conditions as partial differential equations involving
the framed curvatures for the inextensible flow of framed curve. Also, we give
examples for the evolution equation of framed curvatures.
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1 INTRODUCTION

Curve theory is a classical object in differential geometry. There are numerous studies in the literature on Frenet curves
that are useful to investigate geometric properties of the regular curves. However, recently, curves with singular points,
whose Frenet frame cannot be constructed, are frequently appeared in applications. Honda and Takahashi established
the notion of framed curves to investigate the geometric properties of curves with singular points.1 Framed curves are
a natural generalization of Frenet curves. After that, Honda and Takahashi introduced framed immersion.2 For more
details on the notion of framed curves and framed surface, see several studies.3–8

The time evolution of geometric locus is investigated by using its flow. So, flow is used to examining the evolution of
geometric locus. There have been various studies on flows of curves. If arclength of curve is preserved, its flow is said
to be inextensible. Physically, inextensible flows of curves and surfaces can be described by motions in which no strain
energy is induced. For example, the swinging motion of a cord of fixed length or of a piece of paper carried by a storm can
be described by inextensible flows of curves and surfaces. There are many physical applications concerning flows.9–12 The
time evolution of a curve or surface has been studied by mathematicians,13–15 but firstly, Kwon and Park introduced inex-
tensible flows of plane curves.16 Then, Kwon and Park introduced inextensible flows of curves and developable surfaces.17

After that, inextensible flows were studied in many different spaces.18–22

In this paper, we define the flow of curve with singular points, which is a generalization of Kwon and Park.16 We give
necessary and sufficient conditions for the inextensible flow of framed curve. Also, we obtain the evolution equation of
framed curvatures. Finally, we give examples of the evolution equation of framed curvatures.

2 PRELIMINARIES

In this section, we introduce a brief summary of the notion of framed curves. Let R3 be the three-dimensional Euclidean
space with inner product given by

< x, 𝑦 >=
3∑

i=1
xi𝑦i,
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where x = (x1, x2, x3), 𝑦 = (𝑦1, 𝑦2, 𝑦3) ∈ R3, and norm of x ∈ R3 is given by ‖x‖ =√< x, x >.
Let V3, 2 be a three-dimensional smooth manifold as follows:

V3,2 =
{
𝜂 = (𝜂1, 𝜂2) ∈ R

3 ×R
3||| < 𝜂i, 𝜂𝑗 >= 𝛿i𝑗 , i, 𝑗 = 1, 2

}
.

By using 𝜂 = (𝜂1, 𝜂2) ∈ V3,2, we can define a unit vector v = 𝜂1 × 𝜂2 such that det (t, 𝜂1, 𝜂2) = 1.

Definition 1. (𝛾, 𝜂) ∶ I → R3 × V3,2 is said to be a framed curve if < 𝛾 ′(s), 𝜂i(s) >= 0 for all s∈ I and i = 1, 2. If there
exists 𝜂 : I→V3, 2 such that (𝛾, 𝜂) is a framed curve, 𝛾 ∶ I → R3 is called as a framed base curve.1

Let (𝛾, 𝜂) be a framed curve. There exists v (s) = 𝜂1(s) × 𝜂2(s). Then we can write the Frenet–Serret-type formula as
follows:

𝜂′1(s) = l(s)𝜂2 (s) + m(s)v(s),
𝜂′2(s) = −l(s)𝜂1 (s) + n(s)v(s),
v′(s) = −m(s)𝜂1(s) − n(s)𝜂2(s),

where l(s) =< 𝜂′1(s), 𝜂2(s) >,m(s) =< 𝜂′1 (s) , v(s) > and n(s) =< 𝜂′2(s), v(s) > .

There exists a smooth mapping 𝛼 ∶ I → R such that 𝛾 ′(s) = 𝛼(s)v(s). (l(s),m(s),n(s), 𝛼(s)) are called curvatures of 𝛾 at
𝛾(s). Clearly, s0 is a singular point of 𝛾 if and only if 𝛼 (s0) = 0. (l(s),m(s),n(s), 𝛼(s)) are useful to investigate the framed
curve and its singularities.

Theorem 1. Let (l(s),m(s),n(s), 𝛼(s)) ∶ I → R3 be a smooth mapping. There exists a framed curve (𝛾, 𝜂) ∶ I → R3 ×V3,2
whose associated curvature of the framed curve is (l(s),m(s),n(s), 𝛼(s)).1

Theorem 2. Given framed curves (𝛾, 𝜂) and
(
𝛾̃ , 𝜂̃
)

, they are congruent as framed curves, if their curvatures coincide.1

Let (𝛾, 𝜂) ∶ I → R3 × V3,2 be a framed curve with (l(s),m(s),n(s), 𝛼(s)). 𝜂 = (𝜂̃1, 𝜂̃2) is defined by[
𝜂̃′1
𝜂̃′2

]
=
[

cos𝜑(s) − sin𝜑(s)
sin𝜑(s) cos𝜑(s)

] [
𝜂̃1
𝜂̃2

]
,

where 𝜑(s) is a smooth function.
If

m(s) sin𝜑(s) = −n(s) cos𝜑(s),
m(s) = −p(s) cos𝜑(s)

and
n(s) = p(s) sin𝜑(s)

are satisfied for given smooth functions 𝜑(s) and p(s), the Frenet–Serret formula of (𝛾, 𝜂̃1, 𝜂̃2) is given by

⎡⎢⎢⎣
v′(s)
𝜂̃′1(s)
𝜂̃′2(s)

⎤⎥⎥⎦ =
⎡⎢⎢⎣

0 p(s) 0
−p(s) 0 q(s)

0 −q(s) 0

⎤⎥⎥⎦
⎡⎢⎢⎣

v(s)
𝜂̃1(s)
𝜂̃2(s)

⎤⎥⎥⎦ ,
where p(s) = ‖v′(s)‖ and q(s) = l(s) − 𝜑′ (s). (p(s), q(s), 𝛼 (s)) are called framed curvatures of (𝛾, 𝜂̃) and the following
equations

𝜅(s) =
p(s)|𝛼 (s)| , 𝜏(s) = q (s)

𝛼(s)
hold.1

3 EVOLUTION OF FRAMED CURVES BY FLOW

Let (𝛾, 𝜂̃) ∶ I × J → R3 × V3,2 be a one-parameter family of framed curve. The speed of 𝛾 and arclength variation function
of 𝛾 are given, respectively

𝜎 =
‖‖‖‖ 𝜕𝛾𝜕u

‖‖‖‖
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and

s(u, t) =

u

∫
0

‖‖‖‖ 𝜕𝛾𝜕u
‖‖‖‖ du =

u

∫
0

𝜎(u, t)du. (1)

Then 𝜕𝛾

𝜕s
= 1

𝜎

𝜕

𝜕u
and ds = 𝜎du.

Definition 2. Given a framed curve 𝛾 , any flow of framed curve can be represented as

𝜕𝛾

𝜕t
= 𝑓v + g𝜂̃1 + h𝜂2,

where f, g, and h are smooth and called scalar speeds of 𝛾 .

Example 3. Let the framed curve (𝛾, 𝜂̃1, 𝜂̃2) ∶ I → R3 × V3,2 be

𝛾(u) =
(

u2

2
,

u3

3
,

u4

4

)
,

𝜂̃1(u) =
1√

1 + u2
(−u, 1, 0)

and
𝜂̃2(u) =

1√(
1 + u2

) (
1 + u2 + u4

) (−u2,−u3, 1 + u2) ,
then

v(u) = 1√
1 + u2 + u4

(
1,u,u2) .

For given 𝑓 = u2, g=u2, and h=u2, the graph of flow of initial framed curve is in Figure 1.
For given 𝑓 = cos2u, g = sin2u, and h = cos u sin u, the graph of flow of initial framed curve is in Figure 2.
For given 𝑓 = cos u, g = sin u, and h = cos u, the graph of flow of initial framed curve is in Figure 3.

The requirement that a framed curve not to be subject to any elongation or compression can be expressed by the
condition

𝜕

𝜕t
s(u, t) =

u

∫
0

𝜕𝜎(u, t)
𝜕t

du = 0,u ∈ I.

FIGURE 1 The flow of initial framed curve for −2≤ t ≤ 2 [Colour
figure can be viewed at wileyonlinelibrary.com]
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FIGURE 2 The flow of initial framed curve for −2≤ t ≤ 2 [Colour
figure can be viewed at wileyonlinelibrary.com]

FIGURE 3 The flow of initial framed curve for −2≤ t ≤ 2 [Colour
figure can be viewed at wileyonlinelibrary.com]

Definition 3. Given a framed curve 𝛾 , its flow is said to be inextensible if

𝜕

𝜕t
‖‖‖‖ 𝜕𝛾𝜕u

‖‖‖‖ = 0.

Lemma 1.
𝜕𝜎

𝜕t
= 𝜎𝛼

(
𝜕𝑓

𝜕s
− gp

)
. (2)

Proof. Since 𝜕

𝜕u
and 𝜕

𝜕t
are commutative and 𝜎2 =

⟨
𝜕𝛾

𝜕u
,
𝜕𝛾

𝜕u

⟩
, we get

2𝜎 𝜕𝜎
𝜕t

= 𝜕

𝜕t

⟨
𝜕𝛾

𝜕u
,
𝜕𝛾

𝜕u

⟩
= 2

⟨
𝜕𝛾

𝜕u
,
𝜕

𝜕u
(𝑓v + g𝜂̃1 + h𝜂̃2)

⟩
= 2𝜎2𝛼

⟨
v,
(
𝜕𝑓

𝜕s
− gp

)
v +
(
𝑓p +

𝜕g
𝜕s

− hq
)
𝜂̃1 +

(
gq + 𝜕h

𝜕s

)
𝜂̃2

⟩
.

YıLDıZ 12161
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Thus, we obtain
𝜕𝜎

𝜕t
= 𝜎𝛼

(
𝜕𝑓

𝜕s
− gp

)
.

Theorem 4. The flow of framed curve 𝛾 is inextensible if and only if

𝜕𝑓

𝜕s
= gp.

Proof. Assume that the flow of framed curve is inextensible. By using Equations (1) and (2), we obtain

𝜕

𝜕t
s(u, t) =

u

∫
0

𝜕𝜎

𝜕t
du = 0.

This clearly forces
𝜕𝑓

𝜕s
= gp.

Conversely, by following a similar way as above, the proof is complete.

Lemma 2.
𝜕v
𝜕t

= 1
𝛼

(
𝑓p +

𝜕g
𝜕s

− hq
)
𝜂̃1 +

1
𝛼

(
gq + 𝜕h

𝜕s

)
𝜂̃2,

𝜕𝜂̃1

𝜕t
= − 1

𝛼

(
𝑓p +

𝜕g
𝜕s

− hq
)

v + Ψ𝜂̃2,

𝜕𝜂̃2

𝜕t
= − 1

𝛼

(
gq + 𝜕h

𝜕s

)
v − Ψ𝜂̃1,

where Ψ =
⟨

𝜕𝜂̃1
𝜕t
, 𝜂̃2

⟩
dır.

Proof. By considering 𝜕

𝜕t

(
𝜕𝛾

𝜕s

)
= 𝜕

𝜕s

(
𝜕𝛾

𝜕t

)
, we get

𝜕v
𝜕t

= 1
𝛼

(
𝑓p +

𝜕g
𝜕s

− hq
)
𝜂̃1 +

1
𝛼

(
gq + 𝜕h

𝜕s

)
𝜂̃2

and 𝜕𝛼

𝜕t
= 0. Now, differentiating of ⟨v, 𝜂̃1⟩ and ⟨v, 𝜂̃2⟩ with respect to t, we obtain

𝜕𝜂̃1

𝜕t
= − 1

𝛼

(
𝑓p +

𝜕g
𝜕s

− hq
)

v + Ψ𝜂̃2

and
𝜕𝜂̃2

𝜕t
= − 1

𝛼

(
gq + 𝜕h

𝜕s

)
v − Ψ𝜂̃1.

From proof of Lemma 2, we have the following corollary:

Corollary 1. Curvature 𝛼 is preserved; that is, 𝜕𝛼

𝜕t
is always zero.
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Theorem 5. Assume that the flow of framed curve 𝛾 is inextensible. Then, the evolutions of the curvatures are

𝜕p
𝜕t

= − 𝛼′

𝛼2

(
𝑓p +

𝜕g
𝜕s

− hq
)

+ 1
𝛼

(
𝜕𝑓

𝜕s
p + 𝑓

𝜕p
𝜕s

+
𝜕2g
𝜕s2 − 2𝜕h

𝜕s
q − h

𝜕q
𝜕s

− gq2
)
,

𝜕q
𝜕t

= 𝜕Ψ
𝜕s

+ 1
𝛼

(
gpq + 𝜕h

𝜕s
p
)
,

Ψp = 1
𝛼

(
𝑓pq + 2

𝜕g
𝜕s

q − hq2 + g
𝜕q
𝜕s

+ 𝜕2h
𝜕s2

)
− 𝛼′

𝛼2

(
gq + 𝜕h

𝜕s

)
.

Proof. Since 𝜕

𝜕t

(
𝜕v
𝜕s

)
= 𝜕

𝜕s

(
𝜕v
𝜕t

)
, we have

𝜕

𝜕s

(
𝜕v
𝜕t

)
= 𝜕

𝜕t

(
1
𝛼

(
𝑓p +

𝜕g
𝜕s

− hq
)
𝜂̃1 +

1
𝛼

(
gq + 𝜕h

𝜕s

)
𝜂̃2

)
= 1

𝛼

(
−𝑓p2 −

𝜕g
𝜕s

p + hpq
)

v

+
(
− 𝛼′

𝛼2

(
𝑓p +

𝜕g
𝜕s

− hq
)
+ 1

𝛼

(
𝜕𝑓

𝜕s
p + 𝑓

𝜕p
𝜕s

+
𝜕2g
𝜕s2 − 2𝜕h

𝜕s
q − h

𝜕q
𝜕s

− gq2
))

𝜂̃1

+
(

1
𝛼

(
𝑓pq + 2

𝜕g
𝜕s

q + g
𝜕q
𝜕s

− hq2 + 𝜕2h
𝜕s2

)
− 𝛼′

𝛼2

(
gq + 𝜕h

𝜕s

))
𝜂̃2

and

𝜕

𝜕t

(
𝜕v
𝜕s

)
= 𝜕

𝜕t
(p𝜂̃1) = − 1

𝛼

(
𝑓p2 +

𝜕g
𝜕s

p − hpq
)

v +
𝜕p
𝜕t

𝜂̃1 + Ψp𝜂̃2.

Then, we obtain

𝜕p
𝜕t

= − 𝛼′

𝛼2

(
𝑓p +

𝜕g
𝜕s

− hq
)
+ 1

𝛼

(
𝜕𝑓

𝜕s
p + 𝑓

𝜕p
𝜕s

+
𝜕2g
𝜕s2 − 2𝜕h

𝜕s
q − h

𝜕q
𝜕s

− gq2
)

and

Ψp = 1
𝛼

(
𝑓pq + 2

𝜕g
𝜕s

q − hq2 + g
𝜕q
𝜕s

+ 𝜕2h
𝜕s2

)
− 𝛼′

𝛼2

(
gq + 𝜕h

𝜕s

)
.

Noting that 𝜕

𝜕t

(
𝜕𝜂2
𝜕s

)
= 𝜕

𝜕s

(
𝜕𝜂̃2
𝜕t

)
, we have

𝜕

𝜕s

(
𝜕𝜂̃2

𝜕t

)
= 𝜕

𝜕s

(
− 1
𝛼

(
gq + 𝜕h

𝜕s

)
v − Ψ𝜂1

)
=
(
𝛼′

𝛼2

(
gq + 𝜕h

𝜕s

)
− 1

𝛼

(
𝜕g
𝜕s

q + g
𝜕q
𝜕s

+ 𝜕2h
𝜕s2

)
+ Ψp

)
v

+
(
−𝜕Ψ
𝜕s

− 1
𝛼

(
gpq + 𝜕h

𝜕s
p
))

𝜂̃1 − (Ψp) 𝜂2
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and
𝜕

𝜕t

(
𝜕𝜂̃2

𝜕s

)
= 𝜕

𝜕t
(
−q𝜂2

)
= 1

𝛼

(
𝑓pq +

𝜕g
𝜕s

q − hq2
)

v −
𝜕q
𝜕s

𝜂̃1 − (Ψq) 𝜂̃2.

Thus, we obtain
𝜕q
𝜕t

= 𝜕Ψ
𝜕s

+ 1
𝛼

(
gpq + 𝜕h

𝜕s
p
)
.

Example 6. Consider the framed curve

𝛾(u) =

(
2
3

sec
(
−2
√

2 cos u
2

)
cos u − 1

3
sec
(
−2
√

2 cos u
2

)
cos 2u,

× 2
3

sec
(
−2
√

2 cos u
2

)
sin u − 1

3
sec
(
−2
√

2 cos u
2

)
sin 2u,

×
2
√

2
3

sec
(
−2
√

2 cos u
2

)
sin u

2

)

with curvatures
𝛼(u) =

√
2 sin u

2
sec2

(
−2
√

2 cos u
2

)
,

p(u) =
√

2 cos u
2

cos
(
−2
√

2 cos u
2

)
,

and

q(u) =
√

2 cos u
2

sin
(
−2
√

2 cos u
2

)
.

For given 𝑓 = cos u
2

, g = sin u
2

, and h = cos u
2

, by using Theorem 5, the graphs of evolution equation of p (u, t) and
q(u, t) are in Figures 4 and 5.

FIGURE 4 The evolution of
p(u, t) for 𝜋

2
≤ u ≤ 3𝜋

2
, 0≤ t ≤ 5

[Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 5 The evolution of
q(u, t) for 𝜋

2
≤ u ≤ 3𝜋

2
, 0≤ t ≤ 5

[Colour figure can be viewed at
wileyonlinelibrary.com]

YıLDıZ12164

 10991476, 2022, 18, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.7633 by B

ilecik Seyh E
debali, W

iley O
nline L

ibrary on [12/12/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com


FIGURE 6 The evolution of
p(u, t) for −𝜋 ≤u≤−𝜋, 0≤ t ≤ 5
[Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 7 The evolution of
q(u, t) for −𝜋 ≤u≤−𝜋, 0≤ t ≤ 5
[Colour figure can be viewed at
wileyonlinelibrary.com]

For given f=u2 cos u
2

, g = u2 sin u
2

, and h = u2 cos u
2

sin u
2

, by using Theorem 5, the graphs of evolution equation of
p(u, t) and q(u, t) are in Figures 6 and 7.
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19. Uçum A, Erdem HA, İlarslan K. Inextensible flows of partially null and pseudo null curves in semi-euclidean 4-space with index 2. Novi

Sad J Math. 2016;46(1):115-129.
20. Yıldız ÖG, Ersoy S, Masal M. A note on inextensible flows of curves on oriented surface. CUBO A Math J. 2014;16(3):11-19.
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