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1. Introduction

There have been many studies on non-regular curves in recent years and they contribute to singularity theory. Framed
curves are one of them. Framed curves are smooth curves with singular points in Euclidean space. In differential geometry,
a moving frame cannot be defined for a non-regular curve. However, Honda and Takahashi introduced framed curves that
have both singular points and are defined by a moving frame [1]. Also, framed curves are generalizations of regular curves
under linear independent conditions and Legendre curves in unit tangent bundles. Therefore, framed curves have come to
an important place in the literature [2-9].

In [10], the degenerate semi-Riemannian geometry of Lie group is obtained. Cift¢i defined general helices and the gen-
eralization of Lancret’s theorem in three dimensional Lie groups in [11]. In [12], the authors gave slant helices in three
dimensional Lie group with a bi-invariant metric. Also, Bertrand and Mannheim curves are investigated in Lie groups [13,14].
Lie groups are an important mathematical form because they have three different structures in mathematics such that §3,
SO (3) and abelian Lie groups. In addition, Lie groups have a wide range of theory and application in physics and mechan-
ics, as well as their importance in mathematics. For example, incompressible inviscid fluid motion and rigid body motion
correspond to geodesic flow of left (or right) invariant metric defined on a Lie group [15-17]. Also, in [18], the authors gave
spinor equations in three-dimensional Lie groups. These studies on curves in Lie groups usually include a regular curve and
moving frames constructed from these curves.

On the other hand, Berry phase or geometric phase is a quantum phase effect defined by Berry [19]. Important results
have been obtained with the movements of quantum systems in space with the Berry phase. Classical examples are the
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motion of the charged particle due to the magnetic vector field and the propagation of a polarized light wave along an
optical fiber. Ross, Kugler and Shtrikman consider the optical fiber as a space curve and they study the geometry of the
polarization vector along an optical fiber [20], [21]. Geometric phase models along an optical fiber according to Bishop
frame in 3D Riemann manifolds in [22], geometric phase model and electromagnetic curves along an optical fiber for an
alternative moving frame {n, ¢, w} in [23], Berry phase model according to quasi-adapted frame in [24], the electromagnetic
curves of a polarized light wave in a 3D semi-Riemann manifold in [25], are given. On the other hand, basic definitions and
explanations for Rytov’s law, which is defined by the rotation of the polarization plane along an optical fiber, are given in
[26-28].

In this study, we give the basic properties of framed curves in Lie groups, which have singular points but can have a
special moving frame. Therefore, we introduce a new approach to both physical and geometrical studies of Lie groups. Also,
we give Frenet-Serret type formulas of framed curves with the help of a Lie curvature in three-dimensional Lie groups.
Then, we define adapted frames of framed curves in three-dimensional Lie groups such that Frenet-Serret type frame and
Bishop frame. Finally, as a physical application, we give Berry phase model of polarized light wave along an optical fiber in
Lie groups.

2. Preliminaries

Let G be a Lie group with a bi-invariant metric (,) and D be the Levi-Civita connection of Lie group G. If g denotes the
Lie algebra of G then we know that g is isomorphic to TG where e is neutral element of G. If (,) is a bi-invariant metric
on G then we have

(X, [Y, Z]) =([X. Y], Z), (M
and
1
DxY = E[X’ Y], (2)
for all X, Y, Z € g. Also the Lie bracket of two vector fields W and Z is given
n
W, Z1=)_ wizlX;, Xjl, (3)
i=1
where W = 2?21 w;X; and Z = Z?:] ziX; with orthonormal basis {X7, X2, ..., Xp} of g. If B:1 — G be an arc-lenghted
regular curve, the covariant derivative of W along the curve g with the notation Dg'W is given as follows

. 1
Dﬁ/W=DTW=W+§[T9W]7 (4)

L . dw T . L
where T is unit-tangent vector of § and W = Z?:l — X;. In addition, if W is the left-invariant vector field to the curve,

. dt
then W =0 (see for details [29]).
Let G be a three-dimensional Lie group and (T, N, B, x, T) denote the Frenet apparatus of the regular a curve. Then the
Frenet-Serret formulas of the regular a curve satisfy:

DrT = kN,
DrN = —kT + 1B, (5)
DB = —TN,

where D is Levi-Civita connection of Lie group G and x = 1T
3. Framed curves in three-dimensional Lie groups
In this section, we define framed curves in a three dimensional Lie group G with a bi-invariant metric (, ). We can give

definition of framed curve in three-dimensional Lie groups similar to Honda and Takahashi’s definition of framed curve in
three-dimensional Euclidean space as follows [1]:

Definition 1. A curve (y, n1,12) : I = G x A¢ in three-dimensional Lie group G is a framed curve if (y’(s), ni(s)) = 0 for all
sel and i=1,2 where

Ac={n=01,1n2) € GxG[(n1,m)={(n2,m) =1, (n1,n2) =0}.
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We define a unit vector v by v =11 x 2. Also, if (¥, 11, 1m2) : I = G x A¢ a framed curve, we accept the covariant derivative
of W along the framed curve (y, 1, n2) with the help of unit vector v =ny x 1, as follows

DVW=W+%[V, wl. (6)

. dw
where W = Z?:l EX,- for orthonormal basis {Xj, X3, ..., X} of g. On the other hand, a smooth function «(s) on I is

denoted by y’(s) = a(s)v(s). Obviously, sg is a singular point of y if and only if «(sg) = 0. Then the Frenet-Serret type
formulas of the curve (y, n1, n2) satisfy [1]:

Dyv = —mny —nny,
D,ﬂ71 = 1772 +mv, (7)
Dyny = —In1 +nv,

where D is Levi-Civita connection of Lie group G and ~/m? +n? = ||v].
Corollary 2. If v is the left-invariant vector field to the framed curve, then m(s) =n(s) =0 forall s € I.

Proposition 3. Let (v, n1,12) : | = G x A¢ be a framed curve in three-dimensional Lie groups. Then, we have the following equalities

[v, 1] = (v, n1], m2)n2 = 28672,
[v, m2] = (v, n2], n1)m = —28¢n1.

Proof. Since [v, 1] € Sp{v, n1, n2}, we have
v, ml=av+bni +cna. (8)
If we multiply the two sides of the Eq. (8) with v, 1 and n;, respectively, we get
(v.mlv) =a=0,
(lv.ml.m) = b=0, (9)
(v.ml.m) = c.

By using Egs. (8) and (9), we have

v, ml={(v,ml n2)n2.

We assume that ([VUZM =4¢, we get [v, n1] = 28gn2. On the other hand, since [v, 2] € Sp{v, n1, n2}, we have

[v, n2l=dv +en + fn2. (10)
By using a similar method we can

(v,m2],v) =d=0,

(v.m2l.m) =e, (11)

(lv,m2],m) = c=0.

Therefore, we get

([V, 772]5 771) = (V, [772! 771]) = —(\), [}717 7}2]) = —<[V, 771], 772) = _286 (]2)
From Egs. (10) and (11), we have [v, 2] = —28¢n;. O

Theorem 4. Let (v, n1,12) : | &> G x A¢ be a framed curve. The Frenet-Serret type formulas of framed curves in Lie groups are given

by
% 0 —m -n 1%
ml=|m 0 (I=6¢) n |, (13)
2 n —(I-36g) 0 2

. . ) 1
wherem = (11, v), n= (12, v), [ = (11, n2) + 8¢ and é¢ = 5([\1, n1l, n2).

3
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Proof. By using Eq. (6), we get

Dyv = f)+%[v,v],
—mny —nnz = D,

Dym =M +%[v,m],
Iny +my =m+ %285172,
Dym2 = 7'72+%[VJ72],
—Im+nv =1 — %266771.

From Eq. (14), it is seen that
V= —mn —nna,
m = mv+(—8)n2,
2 = —(1-38)m.
Therefore, from Eq. (15), we have Eq. (13). O

(14)

1
Corollary 5. Let (v, n1,12) : | &> G x Ag be a framed curve. Then, Lie curvature 8¢ = 5([1}, 111, n2) of framed curve is given by

1 1
8 = i, [v, v, D112
¢ 2(mn’ —m’'n 4+ 1(m2 +n?) (v, . vl + 4(mn’ —m'n +1(m?2 +n2?) v Vi
Proof. Since, according to Eq. (6), we have
.1
Dyv=v+ E[V’ v],
and
| .
Dyv=VvV+ E[V’ v].
Then, we get
vV = —mny —nny, :
D= (—m? —n®)v+ (—m' +nhn; + (=0’ —Im)n, — 5[1), D).
By using Eq. (16), it is seen that
1 . . 1 .2
3¢ W, [v,v]) v, V11,

- 2(mn’ —m'n +1(m? 4 n?) * 4(mn’ —m'n +1(m2 4 n2)

1
:§<[V’ 771]7 772) O

4. Adapted frames of framed curves in three-dimensional Lie groups

(16)

In this section, we define adapted frames of framed curves in three-dimensional Lie groups. Let (y,n1,1m2): 1 — G x Ag

be a framed curve. We define (17;,7,) € Ag by

Ny = cos¢mny —singns,
7, = singny + coséna,

where ¢ smooth function on I. Then,

(J/’ﬁl’ﬁz):l_) G x AG

is a framed curve. By using Eq. (17), we get

(17)
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M = (mcos¢ —nsing)v + (I — 8 — ¢')singny + (I — 8 — ¢') cos 2, g
7, = (msing +ncosg)v + (=1 + 8¢ + ¢') cospm + (| — 8¢ — ¢') sinpny.

i. We assume that msin¢ +ncos¢ =0. Let m= —pcos¢ and n = psin¢. Then, we have

V= —miy —nnz = pcos¢ny — psingnz = pijy,
M =—pv+1—5c— ¢, (19)
7y =—(— 8¢ — ¢)7.

Then, from Eq. (19) we get

1% 0 p 0 v
nm|=1-p 0 (q—éc) @ . (20)
P 0 —(q@—dc) 0 M2

where g =1—¢'.

Corollary 6. If ¢ = 0, the frame (20) corresponds to the Frenet-type frame of framed curves in three-dimensional Euclidean space [6].

ii. Suppose that [ — ¢ — ¢’ = 0. From, Eq. (18),
b = il — 7y,
ﬁ1 = v,

It can be seen from here

v

; 0 —m -n v
o |=(m o o |7 ], (21)
7 n 0 0 ny

where
m\ (cos¢ —sing ) (m
n ) \sing cos¢ njJ:
Corollary 7. If ¢ = 0, the frame (21) corresponds to the Bishop frame of framed curves in three-dimensional Euclidean space [1].

Proposition 8. Let (y,n1,1m2) : I — G x Ag with {v,n1,n2} and (y,71,,11) : I = G x A¢ with adapted frame {v,7,,7,} be
framed curves. Then we have

1 1
3¢ = §<[v, mln2) = 5<[v, 711, 72)-
where v = V.
Proof. From Eq. (17), we get
3¢ = =([v,ml m2),

([V, cos ¢y + sing7,], —singn; + cos ¢7n,),

(cosp[V, 711+ sin@[V, 1], —sin g7y 4 cos ¢1,),

_ N =N = N =

= 5(— €05 ¢ sing([V, 711, 1) + cos® ([, 711, 1) — sin® ¢{[V, 7,1, 1) + cos ¢ sin([V, 7,1, 7))
Since ([V, 1], 71) = ([V. 721, 72) = 0 and ([V, 7,].771) = —([V. 711, 77,), we have

5
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—_

8¢ = = ([0, 711, ) (cos? ¢ + sin? ¢),

2
1 _ . _
5([‘)»771]7772),

where v=7. O

Remark 9. In [11], the equations of T are given in some Lie group structures. We can also give the equations of g using
the {v,n1,ny} orthonormal frame. Eventually, since {v, n1, n2} is an orthonormal frame, these results coincide with the
equations of 7¢.

i. If G is abelian, {[v, n1], 72) = ([v. n2], n1), then §¢ = 0.

ii. If G is SO (3) three dimensional special orthogonal group with the bi-invariant metric defined by

K(X,Y)= —%trace(XY) for every X, Y € so(3). By considering so(3) with (R3, A), we have

1
(n2,m2) = 2

N =

1 1
3¢ = 5([1),771],772) = 5<Mm,nz) =

for a framed curve in SO (3).
iii. If G is SO(3), let Lie group homeomorphism $3 = SU(2), the basis ¢1, ¢2, ¢3 of su(2) given by

(0 i (0 -1 (i 0
1= i 0 , G2 = 1 0 ,G3= 0o —il"
Since [¢1, 621 =263, (62, 631 =261, (63, 11 =243 [11], then we have

1 1
= — = — 2 :‘1‘
e 2([1),771],772) 2( 12, 12)

for a framed curve in SU(2).
5. Berry phase model of polarized light wave along an optical fiber in Lie groups

In 3D Riemann manifolds, an optical fiber can be thought of as a space curve. In this section, we give the Berry-
phase model of the polarized light wave along an optical fiber, which is a singular curve in Lie groups. An optical fiber
(v,m,n2):1— G x Ag be a framed curve in three-dimensional Lie group G. On the other hand, let the electric field E be a
not left-invariant vector field in Lie groups. Thus, the direction of E can be written as a linear combination of the {y, n1, 72}
frame fields defined for the framed curves in Lie groups. Then, we denote the direction of the electric field E as follows

E=a1v+ayn +asns, (22)

where aq,az,as are smooth functions. Now, we investigate the direction of polarized light in three different categories:
ELlv,ELn; and E L 1.
Firstly, let us assume that

(E,v) =0. (23)
By differentiating Eq. (23) and by using Eq. (13) in Lie groups, we get
(E, v) =m(E, m) +n(E, n2) = 1

Let’s suppose that there is no loss of mechanism due to absorption in the optical fiber. So let (E,E) = c, where c is a
constant. Therefore, we have

(E,E) =0,
and
az(E, 1) +a3(E, n2) =0.
If (E,n1) #0 and (E, ) # 0, we can write
az = A(E, n2), a3 = —A(E, m).
Then, we have
E = (m(E, n1) +n(E, 12))v — AE, 12)11 + A(E, 1) 2.

6
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Since n1 A 12 =v, we can write

E = (m(E, m) +n(E, m2))v + A(E A V).

The expression E A v represents the rotation about the unit vector v. Let us assume that v is parallel transported. So A =0
and we get

E = (m(E. 1) + n(E, n2))v.
On the other hand, we can write

E=(E, n1)ni + (E, m2)n2. (24)
By differentiating Eq. (24), we have

(&)= (a0 707) (22)
wy ]\ =(-6¢) 0 wy )’
where w1 = (E, 1) and w; = (E, n2). On the other hand, since (E, E) =c where c is a constant, E can be given as follows:
E = sin ®ny + cos ;. (25)
By differentiating Eq. (25), we have
E = (msin® +ncos ®)v + (&' — (I — 8¢))(cos ®ny — sin 1y).
Then, since (E, n1) =sin® and (E, ;) = cos ®, we get

E = (m(E, 1) + n(E, n2))v + (®' — (| — 86))E A v.
Therefore, ®' =1 — §¢ in optical fiber. From Eq. (25), E is given by

E =sin </(l — SG)ds) 11 + cos (/(l - 5G)ds> 2.

If we use Fermi-Walker derivative in Lie groups [30], we can write

D,E=D,E— %[v,E]— (v,E)D + (0, E)v. (26)
Since, (E, v) =0 and D,E — 1[v,E] =E, we get

D E=E+ (—mn1 —nny, E)v.
Therefore, since EUE =0 we have

E = (m(E, m) +n(E, n2))v.

Then, we have the following corollary:

Corollary 10. If E is Fermi-Walker parallel along an optical fiber in Lie groups, then the optical fiber is an E,-Rytov curve with the
(E, v) = 0 condition Also, E, -Rytov curve is given by parametric representation

E, =y +sin (/(l - 30)d5> N1 + cos (f(l - EG)ds> 2.

Now, let us assume that

(E,m)=0. (27)
By differentiating Eq. (27) in Lie groups, we have

(E, 1) = —m(E, v) — (I — 86)(E, n2) = a2 (28)
By consider Eqgs. (22) and (28), we get

az = —m(E, v) — (I = 8¢)(E, n2).

Similarly, since (E, E) =0, we have
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a1(E, v) +a3(E, n2) =0.
If we assume (E, v) # 0 and (E, n2) # 0, we can write

a = }‘(Ev 7]2>, as = _)‘(Ev U)’
Then, E is given by

E = A(E, n2)v + (—m(E, v) — (I — 8¢)(E, n2))m1 + —A(E, v)7.
Also, since n1 =12 A v, we get

E= (—m(E,v) — (I — 8¢)(E, m2))n1 + A(E A N1).

Let 1y be parallel transported (i.e. A =0) and we have

E=(—m(E,v) — (I — 86)(E, m2))n1.

On the other hand, we can write

E = (E,v)v + (E, 2)m2. (29)

By differentiating Eq. (29), we get

(,(53 _ 0 —n w3
6(32 “\n 0 wy ’
where w3 = (E, v) and w, = (E, 12). Similar to the condition (E, v), we can write as follows:
E = sin ®n; + cos dv. (30)
By differentiating Eq. (30), we get
E=(—mcos® — (I— §¢) sin ®)n; + (&' — n)(cos dn; — sin dv).
Since (E, ) =sin® and (E, v) = cos @, we get
E= (—m(E,v) — (I = 86)(E, m2))m + (&' =mEA 1.

Then, we have ® =n and

E = sin (/nds) N2 + cos </nds> .

Since the polarization vector E moves the parallel transport along the direction of 17, we can replace n; with v. If we use
the Fermi-Walker derivative formula from Eq. (26), we have

Dy, E=E — (. E)in + (i, E).
Since, (E, n1) =0, we get

Dy E=E+ (mv+(—8c)n2. E)m.
Therefore, since D,, E=0 we have

E=(—m(E,v) — (I — 86)(E, m2))n1.

Then, we have the following corollary:

Corollary 11. If E is Fermi-Walker parallel along an optical fiber in Lie groups, then the optical fiber is an Ey, -Rytov curve with the
(E, 1) = 0 condition. Also, E;,, -Rytov curve is given by parametric representation

Ep =y +sin (/nd5> 12 + cos </nds> V.
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Finally, let us suppose that
(E,m2) =0.
By differentiating Eq. (31) and by using Eq. (13) in Lie groups, we have
(E, 12) = —n(E, v) + (I = 86)(E, 1) = a3
By according to (E, E) =0, we have
a1 (E,v) +ax(E,n1) =0.
If (E,v) #0 and (E, 1) # 0, we can write
ar = A(E, m), a2 = —A(E, v).
Therefore, we have
E = A(E, n1)v — ME, V)11 + (—n(E, v) + (I — 86)(E. 1)) 2.

Since v A 1 = 1, we can write

E = (—n(E, v) + (L — 86)(E. 11))n2 + ME A 12).

(31)

E A n represents the rotation about the unit vector 7,. Then, assume that 7, is parallel transported. So A =0 and we have

E=(—n(E,v) + (I — 86)(E, m1))n2.

Also, we can write

E=(E, v)v+ (E n1)n.
By differentiating Eq. (32), we get

(5)=(n ) ()
ov1) \m 0 w )’
where w3 = (E, v) and w1 = (E, 7). Also, E can be given as follows:
E =sin ®v + cos ®n;.
By differentiating Eq. (33), we have
E=(—nsin® + (I — 8¢) cos ®)ny + (&' + m)(cos dv — sin ®ny).
Since (E, v) =sin® and (E, n1) = cos ®, we get

E=(—n(E, v) + (L — 8c)(E, ;)12 + (&' + mE A 1.
Therefore, ® = —m in optical fiber. From Eq. (33), E is given by

E=—sin(/mds)v+cos</mds>m.

Since the polarization vector E moves the parallel transport along the direction of 7,, we can replace 1, with v. By according

to Fermi-Walker derivative formula from Eq. (26), we have
Dy, E=E — (12, )iz + (72, BV

Since, (E, n2) =0, we get
Dy, E=E+ (nv — (I —86)n1, E)na.

Therefore, since D,,E =0 we have

E = (=n(E, v) + (I — 8¢)(E, m))72.

Then, we have the following corollary:
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Corollary 12. If E is Fermi-Walker parallel along an optical fiber in Lie groups, then the optical fiber is an Ey,-Rytov curve with the
(E, 2) = 0 condition. Also, E;,-Rytov curve is given by parametric representation

E,,Z=y—sin(/mds>v+cos(/mds)n1.

Example 13. Let (¥, 11, 12) : I = R3 x A, be a framed curve [3] with

3

y(s) = (cos s, sin®s, cos 25) ,

n1(s) = (sins, coss, 0),

(s) = 4(:oss 4sins 3
n2(s) = 5 - T35 )

Since v =nq A 12, we get

3 3 . 4
v(s)=| —=coss, —sins, —— | .
5 5 5

Since (¥, n1,1m2) : I = R3 x Ay, by according to Remark 9, 8¢ = 0. Then we can use the Frenet-Serret type frame formulas
in three-dimensional Euclidean space. Then, framed curvatures are given by

1(s) = (0} (s), m2(s)) = =

m(s) = (n}(s), v(s)) =-z

n(s) = (ny(s), v(s)) =0,

a(s) = (y'(s), v(s)) = 5cosssins.
Obviously, since n =0, {v, n1, n2} is an adapted frame. Since «(0) =0, a(%) =0, a(r)=0 and a(%’) =0, s=0, %,n, 37”
are singular points. In Fig. 1, the polarization vector and E,-Rytow curve in the case of E L v, the polarization vector and
E;, -Rytow curve in the case of E L 1y in Fig. 2, and the polarization vector and E;,-Rytow curve in the case of E L 13 in
Fig. 3 are given.

<\

l"'
I !

o
A\

(a) Polarization vectors along optical fiber y (blue) when (b) E,-Rytov curve
Elv

Fig. 1. The corresponding polarization vectors and Rytov curve along an optical fiber for the case E L v.

10
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(a) Polarization vectors allgrf; optical fiber y (blue) when (b) E, -Rytov curve
m

Fig. 2. The corresponding polarization vectors and Rytov curve along an optical fiber for the case E L ;.

.««\““““‘ ““'

il

(a) Polarization vectors along optical fiber y (blue) when (b) E,,-Rytov curve
Elm

Fig. 3. The corresponding polarization vectors and Rytov curve along an optical fiber for the case E L n;.
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