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1. Introduction

In differential geometry, there are countless study of curved spaces or shapes
in which time did not play a role. Recently, contrary to what is known geo-
metricians have made great improvement in understanding the curved spaces
that envolve in time. Among them, an envolving curve have in many applica-
tions such as engineering, computer vision [9,11], computer animation [4] and
even structural mechanics [13]. Also, there exists many physical applications
(see [3,5,6]).

The envolving curve can be thought of as a family of curves parametrized
by time. The time evolution of a curve generated by its corresponding flow
so we shall also refer to curve evolutions as flows throughout this paper.
Firstly, Kwon and Park studied inextensible flows of curves and developable
surfaces in Euclidean 3-space [10]. Following them, inextensible flows of curves
are studied in many different spaces. For example, Giirbiiz have examined
inextensible flows of spacelike, timelike and null curves in [7] and Ugum et
al. have studied inextensible flows for null curves in E3 [12] and Yildiz et
al. have studied inextensible flows of curves according to Darboux frame in
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Euclidean 3-space [15] and they have investigated inextensible flows of curves
in Euclidean n-space [14].

In [1] Abdel-All et al. obtained the evolution equation for the metric in
Lemma 1. Also in Theorem 1, the authors gave the necessary and sufficient
conditions for inextensible flow of curve. They obtained evolution equation
of the orthonormal frame in Theorem 2. Furthermore in Theorem 3, an inte-
grability condition is given for inextensible curve flow by using the obtained
evolution matrix.

Our aim is to study concept of evolution as in [1] for non-null curves
in the Minkowski space, ET'. We give necessary and sufficient conditions for
inextensible flows of non-null curves in ET'. We express evolution equation of
the Frenet frame by matrix equation. Further, we obtain integrability con-
dition (zero curvature condition) for the considering model. Finally, we give
examples of curve evolution and curvature evolution.

2. Preliminaries and Notations

Let ET be the n-dimensional pseudo-Euclidean space with index 1 endowed
with the indefinite inner product given by

(X,Y) =—zy1 + sz‘yi,

i=2
where X = (z1,22,...,2,),Y = (y1,¥2, ..., Yn) is the usual coordinate sys-
tem. An arbitrary vector X = (z1,22,...,2,) in E} can have one of three

Lorentzian causal characters; it can be spacelike if (X, X) > 0 or X = 0,
timelike if (X, X) < 0 and null (lightlike) if (X, X) = 0 and X # 0. The
category into which a given tangent vector falls is called its causal character.
These definitions can be generalized for curves as follows. A curve a in E7 is
said to be spacelike if all of its velocity vectors o/ are spacelike, similarly for
timelike and null [2].

Let a: I C R—EY be non-null curve in E. A non-null curve a(s) is
said to be a unit speed curve if (a/(s), a’(s)) = o, (g0 being +1 or —1 accord-
ing to « is spacelike or timelike respectively). Let {Vi,Va,...,V,,} be the
moving Frenet frame along the unit speed curve «, where V;(i = 1,2,...,n)
denote i'" Frenet vector fields and k;(i = 1,2,...,n — 1) denotes the
ith curvature function of the curve. Then the Frenet formulas are given
as

Vvl/ = kl‘/27
Vi = —gisgicikisiVici + kiVigr, 1<i<n,
V»,: = —en—2€n—1kn_1Vo_1,

where (V;,V;) = ;-1 = F1 [8]. Moreover, these formulas can be stated as
the follows matrix

V,=QV 2.1)

where
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—8081/451 0 k'2 0 0
) 0 —e169ke O - - 0 0
V:[Vla‘/?w"avn] 7Q: : . Lo . :
0 0 0 --- 0 k'n_1
L 0 0 0--- _5n—25n—1kn—1 0 J
(2.2)

Unless otherwise stated we assume that.
a:[0,1] x [0,w) —ET
is a one parameter family of smooth non-null curves in E7, where [ is the

arclength of the initial curve. There u is the curve parametrization variable,

0 <wu <1l and t is time parameter. If the metric on the non-null curve « is

given by v(u,t) = <g—g, %), then the arclength variation of a(u,t) is

s(u,t):/quZ du:/u\/mdu.
0 0

The operator % is given by

9_1 9
ds  /Jv] Ou’

i.e., the arclength parameter is ds = \/|v|du.

3. Evolution of Curves by Flow in ET

Definition 1. Let « be a differentiable non-null curve and {Vi,Va,...,V,,} be
the Frenet frame of o in ET'. Any flow of the non-null curve can be expressed
as follows

i (3.1)

where, f; is the ith scalar speed of the non-null curve « along the V.

In E, the requirement that the non-null curve not be subject to any
elongation or compression can be expressed by the condition

%s(u,t) = /a\éf'?du =0, uel0l. (3.2)

0

where u € [0,1] [10].

Definition 2. Let o be a non-null curve in E7. A non-null curve evolution

a(u,t) and its flow %—(g are said to be inextensible if

o |oa
ot || du
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Before deriving the necessary and sufficient condition for inelastic non-
null curve flow, we need the following lemma.

Lemma 1. Let {V1,Vs,...,V,} be the Frenet frame of non-null curve o and
%—Ct" =Y i [iVi be a smooth flow of o in E}'. Then, evolution equation of v
18

0 0

67’: = UVt = 2|’U| (508‘];1 - €1f2k1) . (33)

o) 1o} : _ (0o O«
Proof. As - and %; are commutative and v = (§2, 3%), we have

ov_ 0 (o0 o0
dt Ot \du’ du
aa 8 -

— 20| <V1, (%V +Zfzav>

= 2| <V1,>\V1+ZAM>,

=2
where
A= ((Zfl — €0€1k1f2) y
S
8fz ,
A = +ki1fic1 —ei1gikifiv1; 1=2,3,...,n; k, =0. (34)
Then,
ov
5 = 2¢e0 |v] A
O
Theorem 1. The flow of the curve is inextensible if and only if
0
% = €0€1f2]€1. (35)

Proof. Assume that the non-null curve flow is inextensible. From Egs. (3.2)
and (3.3) it follows that

9 vl
as(u,t) —b/ \/md =0, wel0l].

This clearly forces

0 0
50i —e1fok1 =0= on _ goe1 faka.
ds 0s
On the contrary, assume that fl = go1.f2k1. By applying ‘9f1 into (3.3), we

get |v|, = 0 then s, = 0. This means that the flow is 1nexten51b1e. O
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Theorem 2. Let the flow of a(u,t) be %—i‘ = Y1 fiVi. Then, the following
statements hold:

(i) Derivatives of the elements of Frenet frame with respect to time param-
eter t can be given as

Vi=MV
where
0 M, s My,
—epe1 M2 0 < Moy,
—eoen—1Mipn —€16n—1May -+ 0
My = fis + ki1 ficr —eimigikifiz; 1=2,3,...,n.
1
Myg = P (M(a—1)p,s — Ea—3Ea—2ka—2M(a—2)5 + kg—1M(a—1)(5-1)

—ep1epksMa—1)(+1)) »
a=2,....n—1;, [=3,....n; a<pf; ky=k,=0.

(ii) The evolutions of the curvatures are
ki, = Mo s — Aky — e160ko M3

kot = Ma(at1),s = Mo + €(a-2)€(a-Dk(a-1) Ma-1)(a+1)  (3.7)
—€af(at1)k(ar1)Ma(ar2)

Proof. Let « be the non-null curve. By taking derivative of (3.1) with respect
to u, we get

apy, =V |v|aws = /v </\V1 + ZAN}) . (3.8)
i=1

Since an, = y/|v]as = /|v|Vi, by taking derivative of «,, with respect to ¢,
we have

v
Ayt = \/ |’U| (||t‘/1 + Vl,t) (39)

21|
By using (3.4), (3.8), (3.9) and oy, = aue, we have

Vie=> AV (3.10)
i=2
By taking derivative of (3.10) with respect to u, then we get

Vl,tu = v/ |’U| <(—80€1]€1A2) i+ (AQ,S — 8162]{}2A3) Vs (311)

+3 (kic1Aiy + Ais — cimagikiAign) W)
i=3
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and by taking derivative of V; , with respect to ¢, we have

v
Vi = Vv ((Htkl + kl,t) Vo + k1V2,t> .

21|
By using (3.11), (3.12) and Vi 4, = Vi e, we get
kl,t = Az,s — kA —g162ka A3
Vo = —eoe1 A2V1 + ZBiVi
i=3

_ L

B;
k1

Next, by taking derivative of (3.13) with respect to u, then we get

Vatu = \/W((*E()&Az,s)vl + (—eoe1k1As — e162kaB3) Vs
+ (Bs,s — €2e3k3By) V3 + - -
+ (kp—2Bn—2 4+ By_1,s — €n—26n—1kn—1Bn) V-1
+ (kn—1Bn—1+ Bn,s)Vn).

and by taking derivative of V5, with respect to ¢, we have

Vour = V/|v] ( (coe1ki A+ eoerkie) Vi — (e0e1k1A2) Va
+ (koA + ko — e0e1k1A3) V3

+k2V3 — €0€1k12Ai‘/i> .
=4

By using (3.14), (3.15) and Va4, = Va2 ¢, we get
kot = B3 s — koA — e2e3k3Ba + eoe1k1 43

Vit = —coe1AsVi —e162B3Vo + ZCz’Vi
=
_ 1

C; T

Then, by taking derivative of V3, with respect to u, we have

(Aijs + ki1 Ai1 — i85k Aip1) s i=3,...,n.

(Bis +ki—1Bi—1 —ei—1€ikiBiv1 +coe1k1Adi); i=4,...

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Vs.iu = V|| ((—e0e2ds, s + c0e2k1Bs) Vi — (epe2k1 Az — €162B3 5) Va

— (€162k2 B3 + £2e3k3Cy) Va3 + (Cy,s — €364k4C5) Vy
+ (k4Cs + Cs s — €465k5Cs) Vs + - -

+ (kp—2Cn—2+ Cpn_1,s —€n—26n—1kn_1Cpn) Vi1

+ (kp—1Cn1 + Crs) Vi)

(3.17)
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and by taking derivative of V5, with respect to ¢, we have

Vaut = V/|V] (- (e0e2A2) Vi + (—e162B3 s + €163k3 By — epe2k143) Vo
— (e162koBs) Vi + (—e162ka By + k3 1) Vi (3.18)

+kaVie — 5152k2ZBiVi> .
i=5

Since V3 4, = V34 and from (3.17), (3.18), we get
kst = Cu s — €0ksA + €162k By — €364k4Cs

Vi = —c0e3AuVi — 163B4 Vo — €2e3C4 V3 + ZDiVi (3.19)
=5
1 .
D, = kf (Oi,s + ki1Ci_q1 — Ei_16ikici+1 =+ 5152k2B¢) ;o1 =4,...,n.
3
By using the mathematical induction, we obtain
Vi=M-V
where
0 Ay Ay Ay A
—8061142 0 BB B4 Bn
—€0€2A3 —616233 0 C4 Cn
M = —8083A4 —€1€3B4 —626304 0 Dn
__EOEn—lAn _Elgn—an _€2€n—10n _€3€n—1Dn 0 |

and A;, B;, C; and D; can be written as follows
A, =My, 1<i<n
B, =My, 2<i<n
C; =Mz, 3<i<n
D; = My, 4<i<n.

Therefore,
My = A= fis +kicifior —eiagikifivr,1=2,3,...,n.
1
Mog = T (M(a—1)g,s — Ea—36a—2ka—2M(a—2) + kg—1M(a_1)(5-1)

—ep-18pksMa—1)(8+1)) »
a=2,....n—1, p=3,....n; a<p; ko=k,=0

and
0 M; 2 Mi(n—1) Min
—eoe1 M2 0 Mao(n_1) Man
M= : : : : :
—eoen—2Mi(n_1) —€1&n—2Mom_1) - 0 Mn—1yn

_EOETL71MITL —€18n—1 M2y _5n725n71M(n—1)n 0
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From first equation of (3.13), (3.16) and (3.19), we get
kit = Mios — Ak1 — €162ka M3,
ka,t = Ma(a+l),s - Aka + 5(04—2)5((1—1)k(a—l)M(a—l)(a—i-l)
—€af(at1)k(at1) Ma(at2).
O

Lemma 2. If the flow of a(u,t) is inextensible, then partial differential equa-
tions (3.7) are

kl,t = M12,s — 162k M3
kat = Ma(at1),s + E(a—2)€(a-1)k(a—1)M(a—1)(a+1) — Eaf(at)F(at1) Ma(at2)

Proof. If the flow of a(u,t) be inextensible, then |v|; = 0, moreover A = 0.
By applying A = 0 into (3.7), the lemma holds. O

Theorem 3. The flow of a(u,t) is inextensible if and only if the following
condition (zero curvature condition) holds

Qi —M,+[Q,M]=0 (3.20)
where [Q, M] = QM — MQ is the Lie bracket.

Proof. In order to prove the theorem, there is need some calculations. Con-
sidering the Egs. (2.2) and (3.6). By taking derivative of V;, = 1/|v|QV with
respect to t, we obtain

Ve = v/ v (|21|}1|}t|Q+Qt+QM> 1% (3.21)
and taking derivative of V; with respect to u, we have
Vi = VIol(M, + MQ)V. (3.22)

From (3.21) and (3.22), we obtain

Vut_‘/tu: ‘Ul ﬂQ+Qt_Ms+[Q7M] V.
2|

First, if the flow is an inextensible, then |v|, = 0 and 0/du and 9/0t are
commutative, hence

Qi — M, +[Q,M] = 0.

Conversely, suppose the integrability condition is satisfied, i.e.,
Qe — M, +[Q, M] =0.

From (2.2) and (3.6), we get

0 e1€2ka M3 Min,s
76061k2M13 0 MQn,s
Q. M] = :
—€0en—2Mi(n—1),s —€1€n—2Man_1)s * —En—3En—2kn_2M@_2)n
—€0€n—1Min s —€16n—1Man s

(3.23)
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By taking derivative of () with respect to ¢ and derivative of M with respect
to s and using (3.7), we get My — @Q; as follows

0 Aky+ereaka M3 Min s
—egoe1 Ak —goe2ka M3 0 Ma,
—eoe2Mi3, s —e169 ko +egenk; M3 —e1e3ka Moy - -+ Mg,
—eoen—2Mi(n-1).s —€18n-2Mz(n_1),s s Akpo1—€n-_3En—2kn_ oM@ _2)n
—g0en—1Min,s —€16n_1 Moy s 0
(3.24)
From the Eqs. (3.23) and (3.24) we obtain
0 My 0 0
€o€1>\k1 0 7>\k2 0
0 e189M\ko 0 cee 0
. . . . . =0.
0 0 0 coe o =Akp—q
i 0 0 0 e 0 |

From last equation it is easily seen that A = 0 i.e., v = constant, so the flow
is an inextensible. 0

Theorem 4. Let the curve flow be inextensible. If the Q and M are abelian,
then

Moa-1)a+1)=0; a=2,3,...,n—1
Proof. Let @Q and M be abelian, so [Q, M| = 0, then (3.20) as follows
M, —Q, =0. (3.25)

Since the flow is inextensible, then

0 e1€2ka M3 Min,s
—ege2ka M3 0 May, s
—eoe2Mi3,s eogak1 M3 —e1e3kzMay - - - M3zn, s
Mszt:
—g0en—2Mi(n_1),s —€18n—2Ma(n_1)s - —€n—38n—2kn_2M(n_2)n
_EOEnflMln,s _ElgnflMQn,s e 0
(3.26)
By using (3.25) and (3.26), we have
M(afl)(aJrl) ZO7 a:2,3,...,n— 1.
O

Ezample 1. If f; = sin2s and fy = cos s, then evolution equation of ky ¢ (s, t)
is

k14 = —coss + sin2sky s + 2 cos 2sk;.

Then solution of above PDE gives

sins + (¢ + 3 In (csc2s — cot 2s))
sin 2s '

kl (S, t) =
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FIGURE 1. The time evolution for the curvature

The graph of curvature ki ¢ (s,t) of the curve in domain

0<s<2
D'{—2§t§—1

is given Fig. 1.

Ezample 2. If fi = s and fy = s, then evolution equation of k1, (s,t) is
kl,t = Skl’s + kl.
Then solution of above PDE gives

(t+1n(s))° _

kl (Svt) = s

The graph of curvature ky ; (s,t) of the curve in domain

2<s<10
D'{Qgtgm

is given Fig. 2.

Ezample 3. If fi = s*> and fo = 0, then evolution equation of ki ; (s,t) is
kl,t = 82k‘1,5 + 2skq.
Then solution of above PDE gives

(ts —1)°
gl

Consider (3.1) and by using ki ¢ (s,t), we obtain PDE

o(s) = (tss‘l)g.

kil (5, t) =
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FIGURE 3. a The time evolution for the curvature. b The
evolution of the curve

The graph of k1, (s,t) and «a (s,t) in domain
2<s5<3
D'{2§t§3

are given Fig. 3a, b.
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