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1. Introduction

In differential geometry, there are countless study of curved spaces or shapes
in which time did not play a role. Recently, contrary to what is known geo-
metricians have made great improvement in understanding the curved spaces
that envolve in time. Among them, an envolving curve have in many applica-
tions such as engineering, computer vision [9,11], computer animation [4] and
even structural mechanics [13]. Also, there exists many physical applications
(see [3,5,6]).

The envolving curve can be thought of as a family of curves parametrized
by time. The time evolution of a curve generated by its corresponding flow
so we shall also refer to curve evolutions as flows throughout this paper.
Firstly, Kwon and Park studied inextensible flows of curves and developable
surfaces in Euclidean 3-space [10]. Following them, inextensible flows of curves
are studied in many different spaces. For example, Gürbüz have examined
inextensible flows of spacelike, timelike and null curves in [7] and Uçum et
al. have studied inextensible flows for null curves in E4

2 [12] and Yıldız et
al. have studied inextensible flows of curves according to Darboux frame in
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Euclidean 3-space [15] and they have investigated inextensible flows of curves
in Euclidean n-space [14].

In [1] Abdel-All et al. obtained the evolution equation for the metric in
Lemma 1. Also in Theorem 1, the authors gave the necessary and sufficient
conditions for inextensible flow of curve. They obtained evolution equation
of the orthonormal frame in Theorem 2. Furthermore in Theorem 3, an inte-
grability condition is given for inextensible curve flow by using the obtained
evolution matrix.

Our aim is to study concept of evolution as in [1] for non-null curves
in the Minkowski space, En

1 . We give necessary and sufficient conditions for
inextensible flows of non-null curves in En

1 . We express evolution equation of
the Frenet frame by matrix equation. Further, we obtain integrability con-
dition (zero curvature condition) for the considering model. Finally, we give
examples of curve evolution and curvature evolution.

2. Preliminaries and Notations

Let En
1 be the n-dimensional pseudo-Euclidean space with index 1 endowed

with the indefinite inner product given by

〈X,Y 〉 = −x1y1 +
n∑

i=2

xiyi,

where X = (x1, x2, . . . , xn), Y = (y1, y2, . . . , yn) is the usual coordinate sys-
tem. An arbitrary vector X = (x1, x2, . . . , xn) in En

1 can have one of three
Lorentzian causal characters; it can be spacelike if 〈X,X〉 > 0 or X = 0,
timelike if 〈X,X〉 < 0 and null (lightlike) if 〈X,X〉 = 0 and X �= 0. The
category into which a given tangent vector falls is called its causal character.
These definitions can be generalized for curves as follows. A curve α in En

1 is
said to be spacelike if all of its velocity vectors α′ are spacelike, similarly for
timelike and null [2].

Let α : I ⊂ R−→En
1 be non-null curve in En

1 . A non-null curve α(s) is
said to be a unit speed curve if 〈α′(s), α′(s)〉 = ε0, (ε0 being +1 or −1 accord-
ing to α is spacelike or timelike respectively). Let {V1, V2, . . . , Vn} be the
moving Frenet frame along the unit speed curve α, where Vi(i = 1, 2, . . . , n)
denote ith Frenet vector fields and ki(i = 1, 2, . . . , n − 1) denotes the
ith curvature function of the curve. Then the Frenet formulas are given
as

V ′
1 = k1V2,

V ′
i = −εi−2εi−1ki−1Vi−1 + kiVi+1, 1 < i < n,

V ′
n = −εn−2εn−1kn−1Vn−1,

where 〈Vi, Vi〉 = εi−1 = ∓1 [8]. Moreover, these formulas can be stated as
the follows matrix

Vs = QV (2.1)

where
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V = [V1, V2, . . . , Vn]t , Q =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 k1 0 · · · 0 0
−ε0ε1k1 0 k2 · · · 0 0

0 −ε1ε2k2 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 0 kn−1

0 0 0 · · · −εn−2εn−1kn−1 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

(2.2)

Unless otherwise stated we assume that.

α : [0, l] × [0, w) −→En
1

is a one parameter family of smooth non-null curves in En
1 , where l is the

arclength of the initial curve. There u is the curve parametrization variable,
0 ≤ u ≤ l and t is time parameter. If the metric on the non-null curve α is
given by v(u, t) = 〈∂α

∂u , ∂α
∂u 〉, then the arclength variation of α(u, t) is

s(u, t) =

u∫

0

∥∥∥∥
∂α

∂u

∥∥∥∥ du =

u∫

0

√
|v(u, t)|du.

The operator ∂
∂s is given by

∂

∂s
=

1√|v|
∂

∂u
. (2.3)

i.e., the arclength parameter is ds =
√|v|du.

3. Evolution of Curves by Flow in En
1

Definition 1. Let α be a differentiable non-null curve and {V1, V2, . . . , Vn} be
the Frenet frame of α in En

1 . Any flow of the non-null curve can be expressed
as follows

∂α

∂t
=

n∑

i=1

fiVi, (3.1)

where, fi is the ith scalar speed of the non-null curve α along the Vi.

In En
1 , the requirement that the non-null curve not be subject to any

elongation or compression can be expressed by the condition

∂

∂t
s(u, t) =

u∫

0

∂
√|v|
∂t

du = 0, u ∈ [0, l] . (3.2)

where u ∈ [0, l] [10].

Definition 2. Let α be a non-null curve in En
1 . A non-null curve evolution

α(u, t) and its flow ∂α
∂t are said to be inextensible if

∂

∂t

∥∥∥∥
∂α

∂u

∥∥∥∥ = 0.
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Before deriving the necessary and sufficient condition for inelastic non-
null curve flow, we need the following lemma.

Lemma 1. Let {V1, V2, . . . , Vn} be the Frenet frame of non-null curve α and
∂α
∂t =

∑n
i=1fiVi be a smooth flow of α in En

1 . Then, evolution equation of v
is

∂v

∂t
= vt = 2|v|

(
ε0

∂f1
∂s

− ε1f2k1

)
. (3.3)

Proof. As ∂
∂u and ∂

∂t are commutative and v = 〈∂α
∂u , ∂α

∂u 〉, we have

∂v

∂t
=

∂

∂t

〈
∂α

∂u
,
∂α

∂u

〉

= 2

〈
∂α

∂u
,

∂

∂u

(
n∑

i=1

fiVi

)〉

= 2 |v|
〈

V1,

n∑

i=1

∂fi

∂s
Vi +

n∑

i=1

fi
∂Vi

∂s

〉

= 2 |v|
〈

V1, λV1 +
n∑

i=2

AiVi

〉
,

where

λ =
(

∂f1
∂s

− ε0ε1k1f2

)
,

Ai =
∂fi

∂s
+ ki−1fi−1 − εi−1εikifi+1; i = 2, 3, . . . , n; kn = 0. (3.4)

Then,
∂v

∂t
= 2ε0 |v|λ.

�

Theorem 1. The flow of the curve is inextensible if and only if
∂f1
∂s

= ε0ε1f2k1. (3.5)

Proof. Assume that the non-null curve flow is inextensible. From Eqs. (3.2)
and (3.3) it follows that

∂

∂t
s(u, t) =

u∫

0

|v|t
2
√|v|du = 0, u ∈ [0, l] .

This clearly forces

ε0
∂f1
∂s

− ε1f2k1 = 0 ⇒ ∂f1
∂s

= ε0ε1f2k1.

On the contrary, assume that ∂f1
∂s = ε0ε1f2k1. By applying ∂f1

∂s into (3.3), we
get |v|t = 0 then st = 0. This means that the flow is inextensible. �
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Theorem 2. Let the flow of α(u, t) be ∂α
∂t =

∑n
i=1fiVi. Then, the following

statements hold:

(i) Derivatives of the elements of Frenet frame with respect to time param-
eter t can be given as

Vt = MV

where

M =

⎡

⎢⎢⎢⎣

0 M12 · · · M1n

−ε0ε1M12 0 · · · M2n

...
...

...
...

−ε0εn−1M1n −ε1εn−1M2n · · · 0

⎤

⎥⎥⎥⎦ , (3.6)

M1i = fi,s + ki−1fi−1 − εi−1εikifi+1; i = 2, 3, . . . , n.

Mαβ =
1

kα−1

(
M(α−1)β,s − εα−3εα−2kα−2M(α−2)β + kβ−1M(α−1)(β−1)

− εβ−1εβkβM(α−1)(β+1)

)
,

α = 2, . . . , n − 1; β = 3, . . . , n; α < β; k0 = kn = 0.

(ii) The evolutions of the curvatures are

k1,t = M12,s − λk1 − ε1ε2k2M13

kα,t = Mα(α+1),s − λkα + ε(α−2)ε(α−1)k(α−1)M(α−1)(α+1) (3.7)
− εαε(α+1)k(α+1)Mα(α+2)

Proof. Let α be the non-null curve. By taking derivative of (3.1) with respect
to u, we get

αtu =
√

|v|αts =
√

|v|
(

λV1 +
n∑

i=1

AiVi

)
. (3.8)

Since αu =
√|v|αs =

√|v|V1, by taking derivative of αu with respect to t,
we have

αut =
√

|v|
( |v|t

2 |v|V1 + V1,t

)
(3.9)

By using (3.4), (3.8), (3.9) and αtu = αut, we have

V1,t =
n∑

i=2

AiVi (3.10)

By taking derivative of (3.10) with respect to u, then we get

V1,tu =
√

|v|
(

(−ε0ε1k1A2) V1 + (A2,s − ε1ε2k2A3) V2 (3.11)

+
n∑

i=3

(ki−1Ai−1 + Ai,s − εi−1εikiAi+1) Vi

)



2878 Ö. G. Yıldız and M. Tosun Adv. Appl. Clifford Algebras

and by taking derivative of V1,u with respect to t, we have

V1,ut =
√

|v|
(( |v|t

2 |v|k1 + k1,t

)
V2 + k1V2,t

)
. (3.12)

By using (3.11), (3.12) and V1,tu = V1,ut, we get

k1,t = A2,s − k1λ − ε1ε2k2A3

V2,t = −ε0ε1A2V1 +
n∑

i=3

BiVi (3.13)

Bi =
1
k1

(Ai,s + ki−1Ai−1 − εi−1εikiAi+1) ; i = 3, . . . , n.

Next, by taking derivative of (3.13) with respect to u, then we get

V2,tu =
√

|v|((−ε0ε1A2,s)V1 + (−ε0ε1k1A2 − ε1ε2k2B3)V2

+ (B3,s − ε2ε3k3B4)V3 + · · · (3.14)
+ (kn−2Bn−2 + Bn−1,s − εn−2εn−1kn−1Bn)Vn−1

+ (kn−1Bn−1 + Bn,s)Vn).

and by taking derivative of V2,u with respect to t, we have

V2,ut =
√

|v|
(

− (ε0ε1k1λ + ε0ε1k1,t) V1 − (ε0ε1k1A2) V2

+ (k2λ + k2,t − ε0ε1k1A3) V3 (3.15)

+k2V3 − ε0ε1k1

n∑

i=4

AiVi

)
.

By using (3.14), (3.15) and V2,tu = V2,ut, we get

k2,t = B3,s − k2λ − ε2ε3k3B4 + ε0ε1k1A3

V3,t = −ε0ε1A3V1 − ε1ε2B3V2 +
n∑

i=4

CiVi (3.16)

Ci =
1
k2

(Bi,s + ki−1Bi−1 − εi−1εikiBi+1 + ε0ε1k1Ai); i = 4, . . . , n.

Then, by taking derivative of V3,t with respect to u, we have

V3,tu =
√

|v| ((−ε0ε2A3,s + ε0ε2k1B3) V1 − (ε0ε2k1A3 − ε1ε2B3,s) V2

− (ε1ε2k2B3 + ε2ε3k3C4) V3 + (C4,s − ε3ε4k4C5) V4

+ (k4C4 + C5,s − ε4ε5k5C6) V5 + · · · (3.17)
+ (kn−2Cn−2 + Cn−1,s − εn−2εn−1kn−1Cn)Vn−1

+ (kn−1Cn−1 + Cn,s) Vn)
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and by taking derivative of V3,u with respect to t, we have

V3,ut =
√

|v|
(

− (ε0ε2A2) V1 + (−ε1ε2B3,s + ε1ε3k3B4 − ε0ε2k1A3) V2

− (ε1ε2k2B3) V3 + (−ε1ε2k2B4 + k3,t) V4 (3.18)

+ k3V4,t − ε1ε2k2

n∑

i=5

BiVi

)
.

Since V3,tu = V3,ut and from (3.17), (3.18), we get

k3,t = C4,s − ε0k3λ + ε1ε2k2B4 − ε3ε4k4C5

V4,t = −ε0ε3A4V1 − ε1ε3B4V2 − ε2ε3C4V3 +
n∑

i=5

DiVi (3.19)

Di =
1
k3

(Ci,s + ki−1Ci−1 − εi−1εikiCi+1 + ε1ε2k2Bi) ; i = 4, . . . , n.

By using the mathematical induction, we obtain

Vt = M · V

where

M =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 A2 A3 A4 · · · An

−ε0ε1A2 0 B3 B4 · · · Bn

−ε0ε2A3 −ε1ε2B3 0 C4 · · · Cn

−ε0ε3A4 −ε1ε3B4 −ε2ε3C4 0 · · · Dn

...
...

...
...

...
...

−ε0εn−1An −ε1εn−1Bn −ε2εn−1Cn −ε3εn−1Dn · · · 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

and Ai, Bi, Ci and Di can be written as follows

Ai = M1i, 1 < i ≤ n

Bi = M2i, 2 < i ≤ n

Ci = M3i, 3 < i ≤ n

Di = M4i, 4 < i ≤ n.

Therefore,

M1i = Ai = fi,s + ki−1fi−1 − εi−1εikifi+1, i = 2, 3, . . . , n.

Mαβ =
1

kα−1

(
M(α−1)β,s − εα−3εα−2kα−2M(α−2)β + kβ−1M(α−1)(β−1)

−εβ−1εβkβM(α−1)(β+1)

)
,

α = 2, . . . , n − 1; β = 3, . . . , n; α < β; k0 = kn = 0

and

M =

⎡

⎢⎢⎢⎢⎢⎢⎣

0 M12 · · · M1(n−1) M1n

−ε0ε1M12 0 · · · M2(n−1) M2n

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

−ε0εn−2M1(n−1) −ε1εn−2M2(n−1) · · · 0 M(n−1)n

−ε0εn−1M1n −ε1εn−1M2n · · · −εn−2εn−1M(n−1)n 0

⎤

⎥⎥⎥⎥⎥⎥⎦
.
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From first equation of (3.13), (3.16) and (3.19), we get

k1,t = M12,s − λk1 − ε1ε2k2M13,

kα,t = Mα(α+1),s − λkα + ε(α−2)ε(α−1)k(α−1)M(α−1)(α+1)

− εαε(α+1)k(α+1)Mα(α+2).

�

Lemma 2. If the flow of α(u, t) is inextensible, then partial differential equa-
tions (3.7) are

k1,t = M12,s − ε1ε2k2M13

kα,t = Mα(α+1),s + ε(α−2)ε(α−1)k(α−1)M(α−1)(α+1) − εαε(α+1)k(α+1)Mα(α+2)

Proof. If the flow of α(u, t) be inextensible, then |v|t = 0, moreover λ = 0.
By applying λ = 0 into (3.7), the lemma holds. �

Theorem 3. The flow of α(u, t) is inextensible if and only if the following
condition (zero curvature condition) holds

Qt − Ms + [Q,M ] = 0 (3.20)

where [Q,M ] = QM − MQ is the Lie bracket.

Proof. In order to prove the theorem, there is need some calculations. Con-
sidering the Eqs. (2.2) and (3.6). By taking derivative of Vu =

√|v|QV with
respect to t, we obtain

Vut =
√

|v|
( |v|t

2|v|Q + Qt + QM

)
V (3.21)

and taking derivative of Vt with respect to u, we have

Vtu =
√

|v|(Ms + MQ)V. (3.22)

From (3.21) and (3.22), we obtain

Vut − Vtu =
√

|v|
( |v|t

2 |v|Q + Qt − Ms + [Q,M ]
)

V.

First, if the flow is an inextensible, then |v|t = 0 and ∂/∂u and ∂/∂t are
commutative, hence

Qt − Ms + [Q,M ] = 0.

Conversely, suppose the integrability condition is satisfied, i.e.,

Qt − Ms + [Q,M ] = 0.

From (2.2) and (3.6), we get

[Q, M ] =

⎡

⎢⎢⎢⎢⎢⎢⎣

0 ε1ε2k2M13 · · · M1n,s

−ε0ε1k2M13 0 · · · M2n,s

.

.

.
.
.
.

.

.

.
.
.
.

−ε0εn−2M1(n−1),s −ε1εn−2M2(n−1),s · · · −εn−3εn−2kn−2M(n−2)n

−ε0εn−1M1n,s −ε1εn−1M2n,s · · · 0

⎤

⎥⎥⎥⎥⎥⎥⎦
.

(3.23)
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By taking derivative of Q with respect to t and derivative of M with respect
to s and using (3.7), we get Ms − Qt as follows

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 λk1+ε1ε2k2M13 · · · M1n,s

−ε0ε1λk1−ε0ε2k2M13 0 · · · M2n,s

−ε0ε2M13,s −ε1ε2λk2+ε0ε2k1M13−ε1ε3k3M24 · · · M3n,s

.

.

.

.

.

.

.

.

.

.

.

.

−ε0εn−2M1(n−1),s −ε1εn−2M2(n−1),s · · · λkn−1−εn−3εn−2kn−2M(n−2)n

−ε0εn−1M1n,s −ε1εn−1M2n,s · · · 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(3.24)

From the Eqs. (3.23) and (3.24) we obtain
⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 −λk1 0 · · · 0
ε0ε1λk1 0 −λk2 · · · 0

0 ε1ε2λk2 0 · · · 0
...

...
...

...
...

0 0 0 · · · −λkn−1

0 0 0 · · · 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

= 0.

From last equation it is easily seen that λ = 0 i.e., v = constant, so the flow
is an inextensible. �

Theorem 4. Let the curve flow be inextensible. If the Q and M are abelian,
then

M(α−1)(α+1) = 0; α = 2, 3, . . . , n − 1.

Proof. Let Q and M be abelian, so [Q,M ] = 0, then (3.20) as follows

Ms − Qt = 0. (3.25)

Since the flow is inextensible, then

Ms−Qt=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 ε1ε2k2M13 · · · M1n,s

−ε0ε2k2M13 0 · · · M2n,s

−ε0ε2M13,s ε0ε2k1M13−ε1ε3k3M24 · · · M3n,s

.

.

.
.
.
.

.

.

.
.
.
.

−ε0εn−2M1(n−1),s −ε1εn−2M2(n−1),s · · · −εn−3εn−2kn−2M(n−2)n
−ε0εn−1M1n,s −ε1εn−1M2n,s · · · 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

.

(3.26)

By using (3.25) and (3.26), we have

M(α−1)(α+1) = 0, α = 2, 3, . . . , n − 1.

�

Example 1. If f1 = sin 2s and f2 = cos s, then evolution equation of k1,t (s, t)
is

k1,t = − cos s + sin 2sk1,s + 2 cos 2sk1.

Then solution of above PDE gives

k1 (s, t) =
sin s +

(
t + 1

2 ln (csc 2s − cot 2s)
)

sin 2s
.
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Figure 1. The time evolution for the curvature

The graph of curvature k1,t (s, t) of the curve in domain

D :
{

0 ≤ s ≤ 2
−2 ≤ t ≤ −1

is given Fig. 1.

Example 2. If f1 = s and f2 = s, then evolution equation of k1,t (s, t) is

k1,t = sk1,s + k1.

Then solution of above PDE gives

k1 (s, t) =
(t + ln (s))5

s
.

The graph of curvature k1,t (s, t) of the curve in domain

D :
{

2 ≤ s ≤ 10
2 ≤ t ≤ 10

is given Fig. 2.

Example 3. If f1 = s2 and f2 = 0, then evolution equation of k1,t (s, t) is

k1,t = s2k1,s + 2sk1.

Then solution of above PDE gives

k1 (s, t) =
(ts − 1)9

s11
.

Consider (3.1) and by using k1,t (s, t), we obtain PDE

α (s, t) =
(

ts − 1
s

)9

.
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Figure 2. The time evolution for the curvature

Figure 3. a The time evolution for the curvature. b The
evolution of the curve

The graph of k1,t (s, t) and α (s, t) in domain

D :
{

2 ≤ s ≤ 3
2 ≤ t ≤ 3

are given Fig. 3a, b.
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[12] Uçum, A., Erdem, H.A., İlarslan, K.: Inextensible flows of partially null and
pseudo null curves in semi-Euclidean 4-space with index 2. Novi Sad J. Math.
46(1), 115–129 (2016)

[13] Unger, D.J.: Developable surfaces in elastoplastic fracture mechanics. Int. J.
Fract. 50, 33–38 (1991). doi:10.1007/BF00032160
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