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A B S T R A C T

This paper considers oscillations of systems with a single-degree-of-freedom (SDOF) including fractional
derivatives. The system is assumed to be an unforced condition. A general solution procedure that can be
effectively applied to various types of fractionally damped models, where damping is defined by a fractional
derivative, in engineering and physics is proposed. The nonlinearity of the mentioned models contains not
only damping but can also consist of acceleration or displacement. This study proposed a new general model
that includes but not limited to modified fractional versions of the well-known linear, quadratic, Coulomb and
negative damped models. The method of multiple time scales is performed to obtain approximate analytical
solutions. The solution, the amplitude, and the phase in the applications are plotted for various fractional
derivative parameter values. In order to confirm their validity, our results for the case of the fractional
derivative parameter equal to one are compared with others available in the literature.
1. Introduction

Single-degree-of-freedom (SDOF) systems are fundamental in under-
standing vibrations and structural dynamics. SDOF systems are exten-
sively used across various fields, including structural engineering, me-
chanical vibrations [1], vibration isolation systems (energy harvesting
systems) [2,3], acoustic engineering (acoustic and noise control) [4],
and biomechanics (human body modeling) [5]. The equation of motion
for an SDOF system typically involves a second-order differential equa-
tion, which can include forces dependent on position, velocity, or time.
Examples of SDOF systems include a particle moving along an axis, a
pendulum swinging in a vertical plane, or interlocking cogwheels in a
machine [6]. In the literature, SDOF systems’ free vibration, response to
harmonic and periodic excitations, and applications have been exten-
sively covered [7]. The physical meaning of SDOF equations relates to
the system’s mass, stiffness, and damping properties, which determine
its dynamic behavior under various loading conditions. SDOF systems
offer insights into the basic dynamic behavior that can be extended
to multi-degree-of-freedom (MDOF) and continuous systems [1,5,8].
Specifically, discretizing continuous systems for numerical solutions
often leads to solving systems of equations derived from SDOF mod-
els. Given their importance in understanding more complex systems,
addressing SDOF equations is crucial for building a strong analytical
foundation.
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The main goal of employing fractional order derivatives in mathe-
matical models rather than integer order derivatives is to better fit the
real data, and overcome the restrictions of the latter. In recent years,
interest in fractional calculus has increased considerably, resulting in
many scholars trying to apply fractional calculus to describe their mod-
els in engineering, physics, and mechanics. (see [9–16] and references
therein). Detailed explanations of the theory of fractional calculus and
its applications are provided in [17–19].

Differential equations with fractional derivatives are solved using
a various methods and numerical techniques when they cannot be
solved analytically [20,21]. The perturbation method, an approximate
analytical method, is one of the techniques used to solve the men-
tioned differential equations. Looking for approximations of analytical
solutions to vibration problems, one of the most popular perturbation
techniques is the method of multiple time scales. [6,22–24].

Damping is a force that is a function of the velocity. There are
linear and nonlinear damping models in the literature. Linear damping
assumes a proportional relationship between the damping force and
velocity, providing a simplified but useful model for many practical
applications. However, linear damping fails to capture the full range of
dynamic responses in numerous real engineering systems, particularly
those subjected to large displacements, high velocities, or complex ma-
terial behavior. In such cases, nonlinear damping, where the damping
https://doi.org/10.1016/j.ijnonlinmec.2024.104966
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force depends on a higher order or more complicated velocity func-
ion, offers a more accurate representation. Damping has a major role

in vibration isolation across single-degree-of-freedom, multi-degree-
of-freedom, and continuous systems. For this reason, understanding
its effects in single-degree-of-freedom systems provides a foundational
approach before exploring more complex systems.

For single-degree-of-freedom dynamic systems, common damped
models are linear [25], nonlinear [25–30], Coulomb [31,32], nega-
tive [1], and quadratic [33–35] damped models, etc. Along with these,
he literature includes models that incorporate various combinations
f these damping mechanisms [33,35], e.g., in Ref. [33], a nonlinear

damping model is proposed with both quadratic and cubic damping,
hich is deduced from a nonlinear Rayleigh-type gradient dissipation

function. In order to more precisely analyze damping effects in com-
plicated structures or nonlinear systems, fractionally damped models
are employed [11,27,36,37]. For instance, Ref. [27] by Marco Ama-
ili derives a nonlinear damping model from a fractional viscoelastic
tandard solid model and shows that it can accurately reproduce the
arge increase in damping observed in experiments on various nonlinear
ibrating structures.

The general solution technique provides several advantages, such
as allowing researchers to address a wide range of issues without
eriving specific solutions for each case, thereby saving time and effort
n both analysis and computation. By examining the solution’s form
nd characteristics, deeper insights into how being influenced system
ynamics and responses can be achieved. These insights are crucial
or developing more accurate predictive models and optimizing system
erformance. Given the significance of this approach, the literature
ncludes studies on general solutions for systems involving various op-
rators, such as linear operators [38], linear fractional operators [37],

cubic operators with time derivatives [39], cubic nonlinear spatial
ifferential operators [40], and cubic and quadratic nonlinear spatial

differential operators [41].
This study brings to the literature the development of a general

solution that eliminates the need to solve each lightly fractionally
amped model, where damping is defined by a fractional derivative,

individually By presenting a unified approach, this study enhances the
efficiency and applicability of fractionally damped models in dynamic
nalysis. Moreover, the derived solution is not only comprehensive but
lso inherently adaptable to conventional damping models, ensuring
onsistency and compatibility with existing theoretical frameworks [1].

This approach provides a more convenient and easy tool for researchers
and engineers by revealing the connection between fractional and clas-
sical models in various damping scenarios. While the general solution
developed in this study offers significant advantages, it is subject to
certain constraints that, although potentially viewed as limitations,
also create opportunities for future research and refinement. One such
restriction is omitting the quadratic stiffness term in the perturbative
solution. When the approach of two terms being expanded is applied,
the quadratic stiffness term vanishes due to its mathematical properties
in the context of the limited expansion. As a result, it is not considered
in the solution.

The most significant novelty is that this paper presents a general so-
lution for analyzing the unforced oscillations of a nonlinear fractionally
damped single-degree-of-freedom systems, offering a unified approach
that eliminates the need to handle each problem independently. A
general solution procedure, including the fractional derivative in the
damping, has been developed for linear and nonlinear models. Thus,
the novel general model is employed to find approximate solutions to
linear and nonlinear problems and to demonstrate the applicability of
fractionally damped models. The method of multiple time scales is used

ith Fourier series expansions. The general approximate analytical
solutions, the general equations of amplitude and phase modulation
are obtained. The suitability and effectiveness of the general solution
procedure proposed in this study are validated by examining various
2 
damping mechanisms; such as fractionally linear damped, fraction-
ally quadratic damped, fractionally Coulomb damped and fractionally
negative damped models; and is also validated with cubic nonlinear
fractional single-degree-of-freedom system applications. The exact so-
lution, the amplitude, and the phase graphs are displayed according to
the variation of 𝛼. It has been observed that as 𝛼 increases, the damping
effect also increases, except for the negative damped case when the
commencing amplitude is less than the stable amplitude.

2. Equation of motion

Consider the following non-homogeneous and dimensionless model:

̈ + 𝜔2
0𝑢 = 𝜀𝑓 (𝑢, ̈𝑢, 𝐷𝛼𝑢) (1)

here 𝜀 represents a dimensionless perturbation parameter, 𝑓 (𝑢, ̈𝑢, 𝐷𝛼𝑢)
is a general either linear or non-linear function of 𝑢, and 𝐷𝛼 denotes
the operator with fractional order 𝛼 as the damping in the system.

The function 𝑓 incorporates both cubic stiffness and nonlinear
amping, which are related to the 𝜀 parameter. The multiple-time
cales method, which is used for the solution method, is a perturba-
ive solution technique. In classical perturbative solution techniques,
𝜀 ≪ 1. If the 𝜀 value is taken as greater than 1, the results obtained
y numerical solution techniques differ from the solutions obtained
y using either the multiple-time scale method or another classical
erturbative approach [42]. In other words, only in 𝜀 ≪ 1, the results
btained by multiple-time scale method and numerical methods agree

and give similar values. The physical equivalent of 𝜀 being less than 1
in the mathematical model is the weakly nonlinear stiffness and lightly
damping. Some studies consider strongly nonlinear (i.e., 𝜀 is greater
than one) [43]. In these studies, solutions were obtained using a non-
lassical perturbative expansion technique. However, since the classical
erturbative solution approach is used in this study, 𝜀 must be less than
.

Although there exist several definitions of the fractional-order
derivative based on different backgrounds, the most widely employed
in engineering fields of these are Caputo and Riemann–Liouville def-
nitions. The dynamic response of a nonlinear viscoelastic oscillator
as been demonstrated to produce mathematical models of the non-
inear viscoelastic phenomenon that are completely equivalent, subject
o certain minimal restrictions, according to the Riemann–Liouville
nd Caputo definitions [44,45]. In this paper, Riemann–Liouville’s

definition introduced in the case 0 < 𝛼 < 1 is (see formula (5.6) in [46])

𝐷𝛼𝑓 (𝑡) = 1
𝛤 (1 − 𝛼)

𝑑
𝑑 𝑡 ∫

𝑡

−∞

𝑓 (𝑠)
(𝑡 − 𝑠)𝛼

𝑑 𝑠, (2)

where 𝛤 represents the Gamma function.
From the definition in (2), one obtains the fractional derivative of

the exponential function and cosine function as, respectively:

𝐷𝛼𝑒i𝜔𝑡 = (i𝜔)𝛼𝑒i𝜔𝑡 + sin𝜋 𝛼
𝜋 ∫

∞

0

𝑢𝛼𝑒−𝑢𝑡

𝑢 + i𝜔𝑑 𝑢 (3)

and

𝐷𝛼 cos𝜔𝑡 = 𝜔𝛼 cos
(

𝜔𝑡 + 𝜋
2
𝛼
)

+ sin𝜋 𝛼
𝜋 ∫

∞

0

𝑢1+𝛼𝑒−𝑢𝑡

𝑢2 + 𝜔2
𝑑 𝑢. (4)

If the exact formulas (3) and (4) are used for the fractional dif-
ferentiation of the exponential function and cosine function, then the
ntegral entering in Eqs. (3) and (4) determine that part of the solution

which describes the drift of the position of oscillator’s equilibrium [47].
However, these integrals decay rapidly with time, and in many cases
(see [14,47,48]), they can be neglected as compared with the first term
in Eqs. (3) and (4). Reference to Eqs. (3) and (4) show that if 𝛼 differs
slightly from the unit when the fractional parameter 𝛼 value is small,
and for rather large 𝜔 frequencies, then the integrals in the right-hand
side of Eqs. (3) and (4) can be neglected. This case is realized for single-
degree-of freedom systems, as an example, in the vicinity of natural
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frequencies of systems [49]. What allows one to use the fractional
derivative of the exponential function as

𝐷𝛼𝑒i𝜔𝑡 = (i𝜔)𝛼𝑒i𝜔𝑡, (5)

and the fractional derivative of the cosine function as

𝐷𝛼 cos𝜔𝑡 = 𝜔𝛼 cos
(

𝜔𝑡 + 𝜋
2
𝛼
)

. (6)

The Riemann–Liouville fractional derivative definition is used in
mathematical model (1) to describe the damping features. Because
since the second terms of (3) and (4) will influence the solution only
beginning from the second-order approximation in the solution method,
the Caputo and the Riemann–Liouville fractional derivative will be
ompletely equivalent to the solution (24) within the limits of the zero

and first-order approximations. Therefore, under these conditions, it
does not matter which definition is used [44].

3. Solution method

The method of multiple time scales is directly applied to Eq. (1). An
pproximate solution function is assumed in the following expansion:

𝑢(𝑡; 𝜀) = 𝑢0(𝑇0, 𝑇1,…) + 𝜀𝑢1(𝑇0, 𝑇1,…) +⋯ , (7)

where the 𝑇𝑛, 𝑖 = 1, 2,… are defined by

𝑇0 = 𝑡, 𝑇1 = 𝜀𝑡,…

Here, each variable represents a different time scale: 𝑇0 is the fastest,
𝑇1 is slower, and so on. Time derivatives are expressed in terms of fast
and slow time scales [49,50]:

𝑑
𝑑 𝑡 = 𝐷0 + 𝜀𝐷1 + … , (8)

𝑑2

𝑑 𝑡2 = 𝐷0
2 + 2𝜀𝐷0𝐷1 + … , (9)

( 𝑑
𝑑 𝑡

)𝛼
= 𝐷𝛼 + 𝜀𝛼 𝐷𝛼−1𝐷1 +⋯ (10)

where 𝐷𝑛 represents 𝜕
𝜕 𝑇𝑛

.
Substituting 𝑢 from (7) and time derivatives from (8)–(10) into

Eq. (1) and determining each of the coefficients of 𝜀0 and 𝜀, one has
following equations.

𝑂(1): 𝐷0
2𝑢0 + 𝜔2

0𝑢0 = 0 (11)

𝑂(𝜀): 𝐷0
2𝑢1 + 𝜔2

0𝑢1 = −2𝐷0𝐷1𝑢0 + 𝑓 (𝑢0, 𝐷0
2𝑢0, 𝐷𝛼𝑢0) (12)

The complex solution form at 𝜀0-order is
𝑢0(𝑇0, 𝑇1) = 𝐴(𝑇1)𝑒i𝜔0𝑇0 + 𝐴̄(𝑇1)𝑒−i𝜔0𝑇0 , (13)

where i denotes complex number
√

−1, and 𝐴̄ is the complex conjugate
function of 𝐴.

𝐴 is determined by eliminating the secular terms. Considering
Eq. (5) and substituting for 𝑢0 into Eq. (12), one gets

𝐷0
2𝑢1 + 𝜔2

0𝑢1 = −2i𝜔0𝐷1𝐴𝑒
i𝜔0𝑇0 + 2i𝜔0𝐷1𝐴̄𝑒

−i𝜔0𝑇0

+ 𝑓
(

𝐴𝑒i𝜔0𝑇0 + 𝐴̄𝑒−i𝜔0𝑇0 ,−𝜔2
0𝐴𝑒

i𝜔0𝑇0 − 𝜔2
0𝐴̄𝑒

−i𝜔0𝑇0 ,

𝐴(i𝜔0)𝛼𝑒i𝜔0𝑇0 + 𝐴̄(−i𝜔0)𝛼𝑒−i𝜔0𝑇0
)

(14)

In order to perform a valid expansion, secular terms are eliminated
rom 𝑢0. To this end 𝑓 (𝑢0, 𝐷0

2𝑢0, 𝐷𝛼𝑢0) is expanded in a Fourier series

𝑓 =
∞
∑

𝑛=−∞
𝑓𝑛(𝐴, 𝐴̄)𝑒i𝑛𝜔0𝑇0 (15)

where

𝑓 (𝐴, 𝐴̄) = 𝜔0
2𝜋∕𝜔0

𝑓 𝑒−i𝑛𝜔0𝑇0𝑑 𝑇 . (16)
𝑛 2𝜋 ∫0 0

3 
After eliminating secular terms from (14), the following condition is
obtained

−2i𝜔0𝐷1𝐴 + 𝑓𝑛(𝐴, 𝐴̄) = 0. (17)

Then,

2i𝐷1𝐴 = 1
2𝜋 ∫

2𝜋∕𝜔0

0
𝑓 𝑒−i𝜔0𝑇0𝑑 𝑇0. (18)

is obtained. To solve (18), it is suitable to exhibit 𝐴(𝑇1) in the following
polar form:

𝐴(𝑇1) = 1
2
𝑎(𝑇1)𝑒i𝛽(𝑇1) (19)

Thereby (13) is rewritten as

𝑢0 = 𝑎(𝑇1) cos𝜙, 𝜙 = 𝜔0𝑇0 + 𝛽(𝑇1). (20)

Inserting (6) and (19) into (18) yields

i(𝑎′+i𝑎𝛽′) = 1
2𝜋 𝜔0 ∫

2𝜋

0
𝑓 (𝑎 cos𝜙,−𝑎𝜔2

0 cos𝜙, 𝜔0
𝛼𝑎 cos

(

𝜙 + 𝜋 𝛼
2

)

)𝑒−i𝜙𝑑 𝜙.

(21)

For simplicity, here (′) denotes derivative with respect to 𝑇1, and 𝑎 and
𝛽 denotes 𝑎(𝑇1) and 𝛽(𝑇1), subsequently. Dividing real and imaginary
parts, respectively

𝑎′ = − 1
2𝜋 𝜔0 ∫

2𝜋

0
sin𝜙𝑓 (𝑎 cos𝜙,−𝑎𝜔2

0 cos𝜙, 𝜔0
𝛼𝑎 cos

(

𝜙 + 𝜋 𝛼
2

)

)𝑑 𝜙 (22)

𝛽′ = − 1
2𝜋 𝜔0𝑎 ∫

2𝜋

0
cos𝜙𝑓 (𝑎 cos𝜙,−𝑎𝜔2

0 cos𝜙, 𝜔0
𝛼𝑎 cos

(

𝜙 + 𝜋 𝛼
2

)

)𝑑 𝜙 (23)

are calculated. Hence the approximate solution of (1) is

𝑢 = 𝑎(𝑇1) cos (𝜔0𝑇0 + 𝛽(𝑇1)) + 𝑂(𝜀), (24)

where 𝑎 and 𝛽 can be calculated by solving relations (22) and (23)
subsequently.

4. Applications

In this section, fractionally linear damped, fractionally quadratic
amped, fractionally Coulomb damped, fractionally negative damped
odels, nonlinear problems involving such models and nonlinear frac-

ional equations are considered applications. These problems are solved
sing the proposed general solution procedure.

4.1. Fractionally linear damped single-degree-of-freedom system

The linear damped model has been widely studied by researchers,
and in Refs. [25,29], fractional or non-fractional versions of the linear
damped model are examined. Now, consider the fractionally linear
damped model as,

̈ + 𝜔2
0𝑢 = −2𝜀𝜇 𝐷𝛼𝑢. (25)

Therefore corresponding 𝑓 is

𝑓 (𝑢0, 𝐷0
2𝑢0, 𝐷𝛼𝑢0) = −2𝜇 𝐷𝛼𝑢0 = −2𝜇 𝜔0

𝛼𝑎 cos
(

𝜙 + 𝜋 𝛼
2

)

,

then (22) and (23) become

𝑎′ = − 1
2𝜋 𝜔0 ∫

2𝜋

0
sin𝜙

(

−2𝜇 𝜔0
𝛼𝑎 cos

(

𝜙 + 𝜋 𝛼
2

))

𝑑 𝜙

= −𝜇 𝜔𝛼−1
0 𝑎 sin

(𝜋 𝛼
2

)

(26)

𝛽′ = − 1
2𝜋 𝜔0𝑎 ∫

2𝜋

0
cos𝜙

(

−2𝜇 𝜔0
𝛼𝑎 cos

(

𝜙 + 𝜋 𝛼
2

))

𝑑 𝜙

= 𝜇 𝜔𝛼−1
0 cos

(𝜋 𝛼
2

)

(27)

Solving (26) and (27) gives
−𝜀𝜇 𝜔𝛼−1

0 sin
(

𝜋 𝛼
2

)

𝑡 𝛼−1
(𝜋 𝛼 )
𝑎 = 𝑎0𝑒 , 𝛽 = 𝜀𝜇 𝜔0 cos

2
𝑡 + 𝛽0, (28)
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Fig. 1. (a) The approximate solution 𝑢(𝑡), (b) the amplitude 𝑎(𝑡) and (c) the phase 𝛽(𝑡) of fractionally linear damped single-degree-of-freedom system with for 𝜀 = 1∕3, 𝑎0 = 5,
𝜇 = 0.4, 𝜔0 = 2, 𝛽0 = 0.
𝑢

where 𝑎0 and 𝛽0 are constants. Therefore, (24) becomes

𝑢 = 𝑎0𝑒
−𝜀𝜇 𝜔𝛼−1

0 sin
(

𝜋 𝛼
2

)

𝑡 cos ((𝜔0 + 𝜀𝜇 𝜔𝛼−1
0 cos

(𝜋 𝛼
2

)

)𝑡 + 𝛽0) + 𝑂(𝜀) (29)

Fig. 1 shows the effects of linear fractional viscous damping on
displacement, amplitude, and phase. In the time history graph shown
in Fig. 1.(a), the amplitude varies with time. This variation is given in
Fig. 1.(b). It is seen that the phase values given in Fig. 1.(c) change with
time for different fractional derivative values. In Fig. 1.(c), the change
of 𝛽 over time is linear.

As the parameter 𝛼 approaches 1, the behavior of the fractional-
order derivative aligns more closely with that of the conventional
derivative. This convergence emerges the damping effect, which be-
comes more dominant. Namely, as the fractional derivative parameter
increases, the damping of the amplitude also increases. At low values of
the fractional derivative parameter, the reduction in amplitude follows
a nearly linear trend. However, as the fractional derivative parameter
value increases, the amplitude decay becomes nonlinear.

In contrast, when 𝛼 approaches 0, the fractional-order derivative
itself vanishes, causing its coefficient to act similarly to a stiffness
coefficient. Thereby, the stiffness effect becomes more dominant. This
effect is also observed in Fig. 1.(c).

In essence, the fractional derivative parameter influences amplitude,
thereby influencing the system’s natural frequency. In other words, in
the fractionally damped case, the natural frequency varies with the
damping and the stiffness.
4 
In Eqs. (28) and (29) if one takes 𝛼 = 1, i.e., not fractional versions
of (28) and (29), the corresponding equations become solutions of
linear damped systems (see Eqs. (3.3.29) and (3.3.30) in [1]). Addi-
tionally, for 𝛼 = 1, the phase 𝛽 is unchanged with time. That means,
for 𝛼 = 1, variation of frequency is not affected by viscosity. For 𝛼 = 1,
the results obtained are observed to be consistent with those of [1].

4.1.1. Fractionally linear damped duffing equation
Consider the well-known fractionally linear damped nonlinear Duff-

ing equation, i.e.

̈ + 𝜔0
2𝑢 = −2𝜀𝜇 𝐷𝛼𝑢 − 𝜀𝑢3. (30)

Considering model is specific version of the model introduced in
Refs. [29,51]. Then,

𝑓 (𝑢0, 𝐷0
2𝑢0, 𝐷𝛼𝑢0) = −2𝜇 𝐷𝛼𝑢0−𝑢03 = −2𝜇 𝜔0

𝛼𝑎 cos
(

𝜙 + 𝜋 𝛼
2

)

− 𝑎3 cos3 𝜙,

and corresponding Eqs. (22) and (23) become

𝑎′ = − 1
2𝜋 𝜔0 ∫

2𝜋

0
sin𝜙

(

−2𝜇 𝜔0
𝛼𝑎 cos

(

𝜙 + 𝜋 𝛼
2

)

− 𝑎3 cos3 𝜙
)

𝑑 𝜙

= −𝜇 𝜔𝛼−1
0 sin

(𝜋 𝛼
2

)

𝑎 (31)

𝛽′ = − 1
2𝜋 𝜔0𝑎 ∫

2𝜋

0
cos𝜙

(

−2𝜇 𝜔0
𝛼𝑎 cos

(

𝜙 + 𝜋 𝛼
2

)

− 𝑎3 cos3 𝜙
)

𝑑 𝜙

= 𝜇 𝜔𝛼−1
0 cos

(𝜋 𝛼
2

)

+ 3𝑎2
8𝜔0

(32)

Solving (31) and (32) gives
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Fig. 2. (a) The approximate solution 𝑢(𝑡), (b) the amplitude 𝑎(𝑡) and (c) the phase 𝛽(𝑡) of fractionally linear damped Duffing equation with for 𝜀 = 1∕3, 𝑎0 = 5, 𝜇 = 0.4, 𝜔0 = 2,
𝛽0 = 0.
𝑢

𝑎 = 𝑎0𝑒
−𝜀𝜇 𝜔𝛼−1

0 sin
(

𝜋 𝛼
2

)

𝑡, (33)

𝛽 = − 3
16

𝑎20𝑒
−2𝜀𝑡𝜇 𝜔𝛼−1

0 sin
(

𝜋 𝛼
2

)

𝜇 𝜔𝛼
0 sin

(

𝜋 𝛼
2

) + 𝜇 𝜔𝛼−1
0 cos

(𝜋 𝛼
2

)

𝜀𝑡 + 𝛽0 (34)

where 𝑎0 and 𝛽0 are constants. Therefore, (24) becomes

𝑢 = 𝑎0𝑒
−𝜀𝜇 𝜔𝛼−1

0 sin
(

𝜋 𝛼
2

)

𝑡 cos

⎛

⎜

⎜

⎜

⎜

⎝

𝜔0𝑡 −
3
16

𝑎20𝑒
−2𝜀𝑡𝜇 𝜔𝛼−1

0 sin
(

𝜋 𝛼
2

)

𝜇 𝜔𝛼
0 sin

(

𝜋 𝛼
2

)

+𝜇 𝜔𝛼−1
0 cos

(

𝜋 𝛼
2

)

𝜀𝑡 + 𝛽0

⎞

⎟

⎟

⎟

⎟

⎠

+ 𝑂(𝜀) (35)

Fig. 2 shows the application of the linear fractional derivative to
the Duffing equation, which is a nonlinear model. It can be seen
in Fig. 2.(b) that the presence of the fractional derivative reduces
the vibration amplitude over time, exhibiting a trend similar to that
observed in the linear model case. However, the fractional derivative’s
effect on the phase of the nonlinear model differs from its effect in the
linear model, as seen in Fig. 2.(c). The phase remains negative for all
fractional derivative values. As the fractional derivative value increases,
the change in phase decreases and approaches zero after a certain time
step.

In summary, as the parameter 𝛼 approaches 1, the damping effect
of the fractional derivative becomes increasingly pronounced, while as
𝛼 nears 0, the term’s contribution shifts towards a stiffness-dominant
behavior. This evolution is further illustrated in Fig. 2.(c), where the
5 
stiffness effect declines nonlinearly over time before reaching a stable
value.

If 𝛼 = 1 in Eqs. (33), (34), and (35), the corresponding equations
become solutions of the wellknown Duffing equation (see [52]).

4.1.2. Fractionally linear viscous damped single-degree-of-freedom system
with nonlinear inertia

Let consider the modified model of the equation from [52] as
follows,

̈ + 𝜔2
0𝑢 = −𝜀𝑢2𝑢̈ − 2𝜀𝜇(𝐷𝛼𝑢) (36)

Here, the damping is linear. Thus,

𝑓 (𝑢0, 𝐷0
2𝑢0, 𝐷𝛼𝑢0) = −𝑢20𝐷0

2𝑢0 − 2𝜇(𝐷𝛼𝑢0)

= 𝜔2
0𝑎

3 cos3 𝜙 − 2𝜇 𝜔𝛼
0𝑎 cos

(

𝜙 + 𝜋 𝛼
2

)

(37)

Inserting (36) into (22) and (23), the following equations are obtained

𝑎′ = − 1
2𝜋 𝜔0 ∫

2𝜋

0
sin𝜙

(

𝜔2
0𝑎

3 cos3 𝜙 − 2𝜇 𝜔𝛼
0𝑎 cos

(

𝜙 + 𝜋 𝛼
2

))

𝑑 𝜙

= −𝜔0
𝛼−1𝜇 𝑎 sin

(𝜋 𝛼
2

)

(38)

𝛽′ = − 1
2𝜋 𝜔0𝑎 ∫

2𝜋

0
cos𝜙

(

𝜔0
2𝑎3 cos3 𝜙 − 2𝜇 𝜔0

𝛼𝑎 cos
(

𝜙 + 𝜋 𝛼
2

))

𝑑 𝜙
3 2 𝛼−1

(𝜋 𝛼 )
= −
8
𝑎 𝜔0 + 𝜔0 𝜇 cos

2
. (39)
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Fig. 3. (a) The solution function 𝑢(𝑡), (b) the amplitude 𝑎(𝑡), and (c) the phase 𝛽(𝑡) of a fractionally linear damped single-degree-of-freedom system with nonlinear inertia term
and for 𝜀 = 1∕3, 𝜇 = 0.4, 𝑎0 = 5, 𝜔0 = 2, 𝛽0 = 0.
𝑢

Integrating (38) and (39) yields,

𝑎 = 𝑎0𝑒
−𝜀𝜇 𝜔𝛼−1

0 sin
(

𝜋 𝛼
2

)

𝑡 (40)

and

𝛽 = 3
16

𝑎20𝑒
−2𝜀𝑡𝜇 𝜔𝛼−1

0 sin
(

𝜋 𝛼
2

)

𝜇 𝜔𝛼
0 sin

(

𝜋 𝛼
2

) + 𝜇 𝜔𝛼−1
0 cos

(𝜋 𝛼
2

)

𝜀𝑡 + 𝛽0 (41)

where 𝑎0 and 𝛽0 are constants. Consequently, (24) is obtained with 𝑎
and 𝛽, which are given by (40) and (41), respectively. Therefore, (24)
becomes

𝑢 = 𝑎0𝑒
−𝜀𝜇 𝜔𝛼−1

0 sin
(

𝜋 𝛼
2

)

𝑡 cos

⎛

⎜

⎜

⎜

⎜

⎝

𝜔0𝑡 +
3
16

𝑎20𝑒
−2𝜀𝑡𝜇 𝜔𝛼−1

0 sin
(

𝜋 𝛼
2

)

𝜇 𝜔𝛼
0 sin

(

𝜋 𝛼
2

)

+𝜇 𝜔𝛼−1
0 cos

(

𝜋 𝛼
2

)

𝜀𝑡 + 𝛽0

⎞

⎟

⎟

⎟

⎟

⎠

+ 𝑂(𝜀) (42)

Fig. 3 shows the results of applying the linear fractional damping
to the model containing nonlinear inertia. The damping effect is seen
in Fig. 3.(a). In this model, the fractional linear viscous damping
affects the change of amplitude, slightly different from previous models
(Fig. 3.(b)). The decrease in amplitude over time follows a curvi-
linear trajectory for all values of the fractional derivative. Similarly,
the variation of phase difference over time is slightly different from
previous models (Fig. 3.(c)). Here, phase variation over time is also
curvilinear and remains positive across all fractional derivative values,
eventually approaching zero. Namely, the stiffness effect becomes zero
as 𝛼 approaches 1.

As seen in the first two applications for fractional linear damping,
one observes that obtained solutions coincide with solutions in the
6 
literature, when 𝛼 = 1. Thus, for this modified equation, when 𝛼 = 1,
received results are valid for non-fractional case.

4.2. Fractionally quadratic damped single-degree-of-freedom system

The equation of a fractionally quadratic damped single-degree-of-
freedom system is in the following form:

̈ + 𝜔2
0𝑢 = −𝜀𝐷𝛼𝑢|𝐷𝛼𝑢| (43)

Hence,

𝑓 (𝑢0, 𝐷0
2𝑢0, 𝐷𝛼𝑢0) = −𝐷𝛼𝑢0|𝐷

𝛼𝑢0| = −𝑆 𝑔 𝑛(𝐷𝛼𝑢0)(𝐷𝛼𝑢0)
2

= −𝜔0
2𝛼𝑎2 cos

(

𝜙 + 𝜋 𝛼
2

)

|

|

|

|

cos
(

𝜙 + 𝜋 𝛼
2

)

|

|

|

|

, (44)

where

𝑆 𝑔 𝑛(𝐷𝛼𝑢0) =
⎧

⎪

⎨

⎪

⎩

1, 𝐷𝛼𝑢0 > 0,
0, 𝐷𝛼𝑢0 = 0,

−1, 𝐷𝛼𝑢0 < 0.
(45)

Then (22) and (23) become

𝑎′ = − 1
2𝜋 𝜔0 ∫

2𝜋

0
sin𝜙

(

−𝜔0
2𝛼𝑎2 cos

(

𝜙 + 𝜋 𝛼
2

)

|

|

|

|

cos
(

𝜙 + 𝜋 𝛼
2

)

|

|

|

|

)

𝑑 𝜙 (46)

𝛽′ = − 1
2𝜋 𝜔0𝑎 ∫

2𝜋

0
cos𝜙

(

−𝜔0
2𝛼𝑎2 cos

(

𝜙 + 𝜋 𝛼
2

)

|

|

|

|

cos
(

𝜙 + 𝜋 𝛼
2

)

|

|

|

|

)

𝑑 𝜙 (47)

Then, (46) and (47) expressions are

𝑎′ = −
4𝜔2𝛼−1

0 sin
(𝜋 𝛼

2

)

𝑎2
, (48)
3𝜋
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Fig. 4. (a) The solution function 𝑢(𝑡), (b) the amplitude 𝑎(𝑡), and (c) the phase 𝛽(𝑡) of a fractionally quadratic damped single-degree-of-freedom system for 𝜀 = 1∕3, 𝑎0 = 5, 𝜔0 = 2,
𝛽0 = 0.
𝑢

𝛽′ =
4𝜔2𝛼−1

0 cos
(𝜋 𝛼

2

)

𝑎

3𝜋
. (49)

The amplitude is obtained as follows by solving the ordinary differen-
tial equation (48),

𝑎 =
𝑎0

1 +
4𝜀𝑎0𝜔2𝛼−1

0 sin
(𝜋 𝛼

2

)

3𝜋
𝑡

(50)

Additionally, after solving the differential equation obtained by replac-
ing (50) into (49) 𝛽 can be obtained as follows:

𝛽 = cot
(𝜋 𝛼

2

)

ln

⎛

⎜

⎜

⎜

⎝

4𝜔2𝛼−1
0 sin

(𝜋 𝛼
2

)

𝜀𝑎0

3𝜋
𝑡 + 1

⎞

⎟

⎟

⎟

⎠

+ 𝛽0 (51)

where 𝑎0 and 𝛽0 are constants. Consequently, (24) is obtained with 𝑎
and 𝛽, which are given by (50) and (51), respectively. Therefore, (24)
becomes

𝑢 =

𝑎0 cos

(

𝜔0𝑡 + cot
(

𝜋 𝛼
2

)

ln

(

4𝑎0𝜔2𝛼−1
0 sin

(

𝜋 𝛼
2

)

𝜀𝑡

3𝜋 + 1
)

+ 𝛽0

)

1 + 4𝑎0𝜔2𝛼−1
0 sin

(

𝜋 𝛼
2

)

𝜀𝑡

3𝜋

+ 𝑂(𝜀) (52)

The effects of the quadratic fractional damping on the time–history
graphic (Fig. 4.(a)), the amplitude of the vibrations (Fig. 4.(b)), and
phase difference (Fig. 4.(c)) are shown. The variations of vibration
amplitude of the quadratic fractional damping are similar to the linear
fractional damping in contrast to the phase diagram. Phase values
increase curvilinearly with time. The slope of the phase curve lines
7 
decreases as the fractional derivative value increases. When 𝛼 equals
one, the phase difference vanishes, indicating an absence of the stiffness
effect. In other words, the classical quadratic damping does not affect
the natural frequency, still the fractional damping has an effect on the
natural frequency depending on the fractional derivative value.

Suppose one takes 𝛼 = 1 in Eqs. (50), (51), and (52), the cor-
responding equations become solutions of quadratic damped systems
(see [1]).

4.3. Fractionally Coulomb damped single-degree-of-freedom system

The equation of motion of fractionally Coulomb damped model is
in the following form:

̈ + 𝜔2
0𝑢 =

{

−𝜀𝜇 when 𝐷𝛼𝑢 > 0
𝜀𝜇 when 𝐷𝛼𝑢 < 0

(53)

Substituting for the corresponding 𝑓 , which is

𝑓 (𝑢0, 𝐷0
2𝑢0, 𝐷𝛼𝑢0) =

{

−𝜇 when 𝐷𝛼𝑢0 > 0
𝜇 when 𝐷𝛼𝑢0 < 0,

(54)

into (22) and (23), and similar to the fractionally quadratic damped
case when splitting the integration, one has

𝑎′ = −
2𝜇 sin

(𝜋 𝛼
2

)

𝜋 𝜔0
, (55)

𝛽′ =
2𝜇 cos

(𝜋 𝛼
2

)

(56)

𝜋 𝜔0𝑎
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Fig. 5. (a) The solution function 𝑢(𝑡), (b) the amplitude 𝑎(𝑡) and (c) the phase 𝛽(𝑡) of fractionally Coulomb damped single-degree-of-freedom system for 𝜀 = 1∕3, 𝑎0 = 5, 𝜇 = 0.4,
𝜔0 = 2, 𝛽0 = 0.
𝑢

The amplitude is obtained as follows by solving the ordinary differen-
tial equation (55),

𝑎 = −
2𝜇 sin

(𝜋 𝛼
2

)

𝜋 𝜔0
𝜀𝑡 + 𝑎0 (57)

Hence, the amplitude decreases linearly with time. Additionally, after
solving obtained differential equation by replacing (57) into (56), 𝛽 can
be calculated as follows:

𝛽 = − cot
(𝜋 𝛼

2

)

ln
(

−2𝜇 sin
(𝜋 𝛼

2

)

𝜀𝑡 + 𝜋 𝜔0𝑎0
)

+ 𝛽0 (58)

where 𝑎0 and 𝛽0 are constants. Consequently, (24) is obtained with 𝑎
and 𝛽, which are given by (57) and (58), respectively. Therefore, (24)
becomes

𝑢 =

⎛

⎜

⎜

⎜

⎝

−2𝜇 sin
(

𝜋 𝛼
2

)

𝜀𝑡

𝜋 𝜔0
+ 𝑎0

⎞

⎟

⎟

⎟

⎠

× cos
(

𝜔0𝑡 − ln
(

−2𝜇 sin
(𝜋 𝛼

2

)

𝜀𝑡 + 𝜋 𝜔0𝑎0
)cot

(

𝜋 𝛼
2

)

+ 𝛽0

)

+ 𝑂(𝜀) (59)

The effect of the fractional Coulomb damping on the dynamic
behavior of the single-degree-of-freedom system is seen in Fig. 5. The
effect of the fractional derivative is slightly different in the Coulomb
damped model than in the viscous linear and quadratic damped models.
8 
As the value of the fractional derivative approaches 1, the rate of
decrease in vibration amplitude also increases, so it is observed that the
damping effect increases. The decrease in vibration amplitude changes
linearly with time for all fractional derivative values. However, the
phase difference remains constant, with distinct values depending on
the fractional derivative. Similar to the quadratic damping, for 𝛼 = 1,
the phase difference in the Coulomb damping is zero, signifying the
absence of a stiffness effect.

When 𝛼 = 1 in Eqs. (57), (58), and (59), the corresponding equations
become solutions of Coulomb damped systems (see [1]).

4.4. Fractionally negative damped single-degree-of-freedom system

Consider Rayleigh’s equation, which is a cubic nonlinear equation
governing the oscillations of systems having a fractionally negative
damped single-degree-of-freedom.

̈ + 𝜔0
2𝑢 = 𝜀(𝐷𝛼(𝑢) − (𝐷𝛼(𝑢))3). (60)

Therefore for this case, corresponding 𝑓 in (1) is

𝑓 (𝑢0, 𝐷0
2𝑢0, 𝐷𝛼𝑢0) = (𝐷𝛼(𝑢0) − (𝐷𝛼(𝑢0))3)

= 𝜔𝛼
0𝑎 cos

(

𝜙 + 𝜋 𝛼
2

)

− 𝜔3𝛼
0 𝑎3 cos3

(

𝜙 + 𝜋 𝛼
2

)

(61)
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Fig. 6. Variation of 𝑎𝑠 according to 𝛼.

Substituting (61) into (22) and (23),

𝑎′ = − 1
2𝜋 𝜔0 ∫

2𝜋

0
sin𝜙

(

𝜔𝛼
0𝑎 cos

(

𝜙 + 𝜋 𝛼
2

)

− 𝜔3𝛼
0 𝑎3 cos3

(

𝜙 + 𝜋 𝛼
2

))

𝑑 𝜙

= 1
2
𝜔0

𝛼−1𝑎 sin
(𝜋 𝛼

2

)

− 3
8
𝜔0

3𝛼−1𝑎3 sin
(𝜋 𝛼

2

)

(62)

𝛽′ = − 1
2𝜋 𝜔0𝑎 ∫

2𝜋

0
cos𝜙

(

𝜔𝛼
0𝑎 cos

(

𝜙 + 𝜋 𝛼
2

)

− 𝜔3𝛼
0 𝑎3 cos3

(

𝜙 + 𝜋 𝛼
2

))

𝑑 𝜙

= −1
2
𝜔0

𝛼−1 cos
(𝜋 𝛼

2

)

+ 3
8
𝜔0

3𝛼−1𝑎2 cos
(𝜋 𝛼

2

)

(63)

are obtained. Integrating (62) and (63) yields,
9 
𝑎 = ± 𝑎0
√

(

1 − 3
4
𝜔0

2𝛼𝑎02
)

𝑒−𝜔
𝛼−1
0 sin

(

𝜋 𝛼
2

)

𝜀𝑡 + 3
4
𝜔0

2𝛼𝑎02
(64)

𝛽 =
−𝜔𝛼−1

0 𝜀𝑡 sin (𝜋 𝛼)
4 sin

(

𝜋 𝛼
2

) + 1
2
cot

(𝜋 𝛼
2

)

ln
⎛

⎜

⎜

⎝

4𝑒−𝜔
𝛼−1
0 sin

(

𝜋 𝛼
2

)

𝜀𝑡𝑎0 + 3𝜔0
2𝛼

𝑒−𝜔
𝛼−1
0 sin( 𝜋 𝛼2 )𝜀𝑡

⎞

⎟

⎟

⎠

+ 4𝛽0

(65)

where 𝑎0 and 𝛽0 are constants. Consequently, (24) is obtained with 𝑎
and 𝛽, which are given by (64) and (65), respectively. Therefore, (24)
becomes

𝑢 = ±

𝑎0 cos

⎛

⎜

⎜

⎜

⎜

⎝

𝜔0𝑡 −
𝜔𝛼−1
0 𝜀𝑡 sin (𝜋 𝛼)
4 sin( 𝜋 𝛼

2

) + 4𝛽0+

1
2 cot

(

𝜋 𝛼
2

)

ln

(

4𝑒
−𝜔𝛼−10 sin

( 𝜋 𝛼
2

)

𝜀𝑡
𝑎0+3𝜔0

2𝛼

𝑒−𝜔
𝛼−1
0 sin( 𝜋 𝛼2 )𝜀𝑡

)

⎞

⎟

⎟

⎟

⎟

⎠

√

(

1 − 3
4𝜔0

2𝛼𝑎02
)

𝑒−𝜔
𝛼−1
0 sin

(

𝜋 𝛼
2

)

𝜀𝑡 + 3
4𝜔0

2𝛼𝑎02
+ 𝑂(𝜀) (66)

Eq. (64) demonstrates that the oscillation’s amplitude converges to
𝑎𝑠 = 2

√

3𝜔𝛼
0

, independently of the initial amplitude’s value, provided

that it does not equal zero. Eq. (62) demonstrates that when 𝑎 is greater
than 𝑎𝑠, the derivative 𝑎′ is negative, which indicates that 𝑎 tends
to decrease. Conversely, when 𝑎 is less than 𝑎𝑠, the derivative 𝑎′ is
positive, which indicates that 𝑎 tends to increase. The value of 𝑎 being
equal to 𝑎𝑠 represents a steady amplitude.

In Fig. 6, the 𝑎𝑠 varies depending on 𝛼 has been demonstrated in the
fractionally negative damped case. As the 𝛼 increases, Fig. 6 illustrates
that 𝑎 decreases curvilinearly.
𝑠
Fig. 7. (a) The solution function 𝑢(𝑡), (b) the amplitude 𝑎(𝑡), and (c) the phase 𝛽(𝑡) of fractionally negative damped single-degree-of-freedom system with where 𝑎0 > 𝑎𝑠 for 𝜀 = 1∕3,
𝑎0 = 5, 𝜔0 = 2, 𝛽0 = 0, 𝛼 = 0.5, 𝑎𝑠 = 0.7698003590.
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Fig. 8. (a) The solution function 𝑢(𝑡), (b) the amplitude 𝑎(𝑡) and (c) the phase 𝛽(𝑡) of fractionally negative damped single-degree-of-freedom system with where 𝑎0 < 𝑎𝑠 for 𝜀 = 1∕3,
𝑎0 = 0.5, 𝜔0 = 2, 𝛽0 = 0, 𝛼 = 0.5, 𝑎𝑠 = 0.7698003590.
In Figs. 7 and 8, the comparison of the numerical findings of (60)
and the asymptotic results (64) is given for 𝑎0 > 𝑎𝑠 and 𝑎0 < 𝑎𝑠,
subsequently. In Fig. 7, from an initial positive damping, the amplitude
decays until the steady amplitude value. However, In Fig. 8, the initial
damping is negative, and the amplitude rises progressively until it
reaches a stable value.

If 𝛼 = 1 in Eqs. (64), (65), and (66), the corresponding equations
become solutions of negative damped systems (see [1]). In 4.4.1, a
special case of negative damped model, graphs of 𝛼 = 1 condition are
given.

4.4.1. Fractional Van der Pol equation
Consider the fractional Van der Pol’s equation, i.e.

𝑢̈ + 𝜔0
2𝑢 = 𝜀(1 − 𝑢2)𝐷𝛼𝑢. (67)

The fractional nonlinear damping introduced by this model is propor-
tional to 𝑢2𝐷𝛼𝑢, which is consistent with the expressions presented in
similar models in Refs. [25,28,36]. Additionally, model (67) is a special
case of the model in the Ref. [53]. Hence,

𝑓 (𝑢0, 𝐷0
2𝑢0, 𝐷𝛼𝑢0) = (1 − 𝑢0

2)𝐷𝛼𝑢0
= 𝑎𝜔𝛼

0 cos
(

𝜙 + 𝜋 𝛼
2

)

− 𝑎3𝜔𝛼
0 cos

2 𝜙 cos
(

𝜙 + 𝜋 𝛼
2

)

,(68)

and corresponding 𝑎′ and 𝛽′ equations are

𝑎′ = − 1
2𝜋 𝜔0 ∫

2𝜋

0
sin𝜙

×
(

𝑎𝜔𝛼
0 cos

(

𝜙 + 𝜋 𝛼
2

)

− 𝑎3𝜔𝛼
0 cos

2 𝜙 cos
(

𝜙 + 𝜋 𝛼
2

))

𝑑 𝜙

= 1𝜔𝛼−1 sin
(𝜋 𝛼 )𝑎 − 1𝜔𝛼−1 sin

(𝜋 𝛼 )𝑎3 (69)

2 0 2 8 0 2

10 
𝛽′ = − 1
2𝜋 𝜔0𝑎 ∫

2𝜋

0
cos𝜙

×
(

𝑎𝜔𝛼
0 cos

(

𝜙 + 𝜋 𝛼
2

)

− 𝑎3𝜔𝛼
0 cos

2 𝜙 cos
(

𝜙 + 𝜋 𝛼
2

))

𝑑 𝜙

= −1
2
𝜔𝛼−1
0 cos

(𝜋 𝛼
2

)

+ 3
8
𝜔𝛼−1
0 cos

(𝜋 𝛼
2

)

𝑎2 (70)

Solving (69) and (70) gives

𝑎 = ± 𝑎0
√

(

1 − 1
4
𝑎20
)

𝑒−𝜀𝜇 𝜔
𝛼−1
0 sin

(

𝜋 𝛼
2

)

𝑡 + 1
4
𝑎20

(71)

and

𝛽 =
−𝜔𝛼−1

0 𝜀𝑡 sin (𝜋 𝛼)
4 sin

(

𝜋 𝛼
2

) + 𝛽0 +
3
2
cot

(𝜋 𝛼
2

)

ln

⎛

⎜

⎜

⎜

⎝

𝑒−𝜔
𝛼−1
0 sin

(

𝜋 𝛼
2

)

𝜀𝑡(𝑎20 − 4) − 𝑎20

𝑒−𝜔
𝛼−1
0 sin( 𝜋 𝛼2 )𝜀𝑡

⎞

⎟

⎟

⎟

⎠

(72)

where 𝑎0 and 𝛽0 are constants. Therefore, (24) becomes

𝑢 = ±

𝑎0 cos

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝜔0𝑡 +
−𝜔𝛼−1

0 𝜀𝑡 sin (𝜋 𝛼)
4 sin

(

𝜋 𝛼
2

) + 𝛽0

+3
2
cot

(

𝜋 𝛼
2

)

ln

⎛

⎜

⎜

⎜

⎝

𝑒−𝜔
𝛼−1
0 sin

(

𝜋 𝛼
2

)

𝜀𝑡(𝑎20 − 4) − 𝑎20

𝑒−𝜔
𝛼−1
0 sin( 𝜋 𝛼2 )𝜀𝑡

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

√

(

1 − 1
4
𝑎20
)

𝑒−𝜀𝜇 𝜔
𝛼−1
0 sin

(

𝜋 𝛼
2

)

𝑡 + 1
4
𝑎20

+ 𝑂(𝜀) (73)
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Fig. 9. (a) The solution function 𝑢(𝑡), (b) the amplitude 𝑎(𝑡) and (c) the phase 𝛽(𝑡) of fractional Van der Pol equation for 𝜀 = 1∕3, 𝑎0 = 5, 𝜔0 = 2, 𝛽0 = 0, 𝑎𝑠 = 2.
The fractional Van der Pol equation is a special case of the system
with negative damping, well known in the literature. The stable ampli-
tude 𝑎𝑠 value of the fractional Van der Pol equation has been calculated
as equal to 2.

In Figs. 9 and 10, the compared diagrams of approximate solutions
of (67) and the asymptotic results (71) are established for 𝑎0 > 𝑎𝑠 = 2
and 𝑎0 < 𝑎𝑠 = 2, subsequently.

In Fig. 9, from an initial positive damping, the amplitude decays
until the steady amplitude value. As 𝛼 increases, the vibration ampli-
tude decreases curvilinearly faster until the steady amplitude value.
However, in Fig. 10, the initial damping is negative, and the amplitude
rises until the steady amplitude value. Both in Figs. 9 and 10, it is
observed that the influence of fractional parameters on system stiff-
ness and damping. As 𝛼 approaches 1, the damping effect increases;
meanwhile, the stiffness effect goes to zero.

4.5. The fractional cubic nonlinear single-degree-of-freedom systems

This section examines a single-degree-of-freedom models that can
arise due to the discretization of viscoelastic continuum models.

4.5.1. The application to example
Consider the modified equation from [52] as follows,

𝑢̈ + 𝜔0
2𝑢 + 2𝜀𝜇 𝑢2𝐷𝛼𝑢 + 𝜀𝑢3 = 0. (74)

Additionally, the fractional nonlinear damping introduced by this
model is proportional to 𝑢2𝐷𝛼𝑢 [25,28,36]. Then,

𝑓 (𝑢 , 𝐷 2𝑢 , 𝐷𝛼𝑢 ) = −2𝜇 𝑢2𝐷𝛼𝑢 − 𝑢3
0 0 0 0 0 0 0

11 
= −2𝜇 𝑎3𝜔0
𝛼 cos2 𝜙 cos

(

𝜙 + 𝜋 𝛼
2

)

− 𝑎3 cos3 𝜙, (75)

Inserting (74) into (22) and (23), the following equations are obtained

𝑎′ = − 1
2𝜋 𝜔0 ∫

2𝜋

0
sin𝜙

(

−2𝜇 𝑎3 cos2 𝜙 𝜔𝛼
0 cos

(

𝜙 + 𝜋 𝛼
2

)

− 𝑎3 cos3 𝜙
)

𝑑 𝜙

= −𝜇 𝑎3𝜔0
𝛼−1

4
sin

(𝜋 𝛼
2

)

(76)

𝛽′ = − 1
2𝜋 𝜔0𝑎 ∫

2𝜋

0
cos𝜙

(

−2𝜇 𝑎3 cos2 𝜙 𝜔𝛼
0 cos

(

𝜙 + 𝜋 𝛼
2

)

− 𝑎3 cos3 𝜙
)

𝑑 𝜙

=
3𝜇 𝜔0

𝛼−1𝑎2

4
cos

(𝜋 𝛼
2

)

+ 3𝑎2
8𝜔0

. (77)

Integrating (76) and (77) yields,

𝑎 = ± 2
√

2𝜇 𝜔0
𝛼−1 sin

(𝜋 𝛼
2

)

𝜀𝑡 + 4𝑎0
(78)

and

𝛽 = 3
2𝜇

cot
(𝜋 𝛼

2

)

ln
(

4𝜀𝑡𝜔0
𝛼+1 sin

(𝜋 𝛼
2

)

+ 8𝑎0𝜔2
0

)
3

𝜇 𝜔0𝛼 +1
+ 𝛽0 (79)

where 𝑎0 and 𝛽0 are constants. Consequently, (24) is obtained with 𝑎
and 𝛽, which are given by (78) and (79), respectively. Therefore, (24)
becomes

𝑢 = ±
2 cos

(

𝜔𝑡 + 3
2𝜇

cot
(𝜋 𝛼

2

)

ln
(

4𝜀𝑡𝜔0
𝛼+1 sin

(𝜋 𝛼
2

)

+ 8𝑎0𝜔2
0

)
3

𝜇 𝜔0𝛼 +1
+ 𝛽0

)

√

2𝜇 𝜔0
𝛼−1 sin

(𝜋 𝛼
2

)

𝜀𝑡 + 4𝑎0
+ 𝑂(𝜀) (80)
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Fig. 10. (a) the solution function 𝑢(𝑡), (b) the amplitude 𝑎(𝑡) and (c) the phase 𝛽(𝑡) of fractional Van der Pol equation for 𝜀 = 1∕3, 𝑎0 = 0.5, 𝜔0 = 2, 𝛽0 = 0, 𝑎𝑠 = 2.
In Fig. 11, the exact solution of (74), the variation of the amplitude
and phase according to 𝛼 are plotted. As 𝛼 approaches 1, the damping
effect becomes more pronounced, so the rate of amplitude change
increases. Whereas as 𝛼 approaches 0, the stiffness effect dominates.
Also, the rate of phase change remains nearly constant. Like in previous
applications, non-fractional graphs of the equation are given in Fig. 11,
for comparison.

Models similar to Eq. (74) are obtained by discretizating Kelvin–
Voigt-type viscoelastic continuous media such as beams, strips, etc.,
with a numerical method (Galerkin, least squares method, etc.).

4.5.2. The application to the second example
As another application, consider the following modified equation

again from [52],

𝑢̈ + 𝜔0
2𝑢 = −𝜀(𝐷𝛼𝑢)3 (81)

Thus,

𝑓 (𝑢0, 𝐷0
2𝑢0, 𝐷𝛼𝑢0) = −(𝐷𝛼𝑢0)

3

= −𝜔3𝛼
0 𝑎3 cos3

(

𝜙 + 𝜋 𝛼
2

)

(82)

For this 𝑓 , inserting (81) into (22) and (23), the following equations
are obtained

𝑎′ = − 1 2𝜋
sin𝜙

(

−𝜔3𝛼𝑎3 cos3
(

𝜙 + 𝜋 𝛼 )) 𝑑 𝜙

2𝜋 𝜔0 ∫0 0 2

12 
= −3𝑎3𝜔0
3𝛼−1

8
sin

(𝜋 𝛼
2

)

(83)

𝛽′ = − 1
2𝜋 𝜔0𝑎 ∫

2𝜋

0
cos𝜙

(

−𝜔3𝛼
0 𝑎3 cos3

(

𝜙 + 𝜋 𝛼
2

))

𝑑 𝜙

=
3𝑎2𝜔0

3𝛼−1

8
cos

(𝜋 𝛼
2

)

. (84)

Integrating (83) and (84) yields,

𝑎 = ± 2
√

3𝜔0
3𝛼−1 sin

(𝜋 𝛼
2

)

𝜀𝑡 + 4𝑎0
(85)

and

𝛽 = 1
2
cot

(𝜋 𝛼
2

)

ln
(

6𝜀𝑡𝜔0
3𝛼 sin

(𝜋 𝛼
2

)

+ 8𝑎0𝜔0

)

+ 𝛽0 (86)

where 𝑎0 and 𝛽0 are constants. Consequently, (24) is obtained with 𝑎
and 𝛽, which are given by (85) and (86), respectively. Therefore, (24)
becomes

𝑢 = ±
2 cos

(

𝜔𝑡 + 1
2
cot

(𝜋 𝛼
2

)

ln
(

6𝜀𝑡𝜔0
3𝛼 sin

(𝜋 𝛼
2

)

+ 8𝑎0𝜔0

)

+ 𝛽0
)

√

3𝜔0
3𝛼−1 sin

(𝜋 𝛼
2

)

𝜀𝑡 + 4𝑎0
+ 𝑂(𝜀).

(87)

In Fig. 12, the exact solution of (81), the variation of the amplitude
and phase according to 𝛼 are plotted. As 𝛼 increases, the nonlinear



B. Yıldız et al. International Journal of Non-Linear Mechanics 169 (2025) 104966 
Fig. 11. (a) The solution function 𝑢(𝑡), (b) the amplitude 𝑎(𝑡) and (c) the phase 𝛽(𝑡) of (74) for 𝜀 = 1∕3, 𝑎0 = 5, 𝜔0 = 2, 𝛽0 = 0.
fractional term acts as a damping; also, like 4.5.1, the rate of amplitude
change increases in a curvilinear manner, while the rate of phase
change remains approximately constant. For 𝛼 = 1, 𝛽 remains constant
and there is no stiffness effect. In addition, to compare, non-fractional
graphs for the equation are displayed in Fig. 12.

5. Comparison

This section presents a validation of the proposed general model by
examining its consistency with the existing solutions of oscillators in
the literature. The model is evaluated by comparing it with existing
solutions, which are numerically verified in the literature for well-
known nonlinear oscillators, specifically the fractional Duffing and the
fractional Van der Pol oscillators. Furthermore, comparative analyses
are conducted across different damped models, including classical and
fractional approaches, to illustrate the impact of damping types on
vibration amplitude reduction.

A special case of the considered Duffing oscillator with fractional-
order derivative in Ref. [54] (see Eq. (3), page 3093) is considered in
Application 4.1.1, where the fractional Duffing oscillator excludes both
external excitation and linear viscous damping. The parameters in the
referenced study correspond to the following parameters in this paper:
𝑥 = 𝑢, 𝜇 = 0, 𝛼 = 1, 𝑘1 = 2𝜇 , 𝑝 = 𝛼 , 𝑓 = 0, 𝜎 = 0. (The left-hand
sides are the parameters in the referenced paper, and the right-hand
sides are the parameters in this paper.) Taking these correspondences
into account, the solutions of the system Eqs. (20a)–(20b) in [54] and
the solutions of the system Eqs. (31)–(32) are identical. Note that, since
the multiple time scales is used in this paper, 𝑇1 = 𝜀𝑡. This also demon-
strates clear consistency between the proposed general model and the
13 
referenced solution. Additionally, note that, as the abovementioned
reasons in Section 2, using either the definition of Riemann–Liouville or
the definition of the Caputo does not make any difference. In summary,
the obtained results demonstrate consistency between the referenced
solution in Ref. [54], thus confirming the convenience of the proposed
general model.

In addition, Application 4.4.1, the fractional Van der Pol oscilla-
tor (Eq. (67)), is a special case of the model in the Ref. [53]. In
the referenced article, the Van der Pol oscillator with two kinds of
fractional-order derivatives is considered, whereas this study considers
the Van der Pol oscillator with a single kind of fractional-order deriva-
tive. That is, the fractional Van der Pol Eq. (67), modeled using only
the fractional parameter 𝛼 within the range of 0 to 1, is considered.
Considering correspondences, the solutions of the system Eqs. (10)–
(11) from [53] and the solutions of the system Eqs. (69)–(70) are
identical. Note that, as the method of multiple time scales is employed
in this paper, 𝑇1 = 𝜀𝑡. This also demonstrates a consistency between the
proposed general model and the referenced solution.

As seen in Figs. 1–5, 9–12, validation has been performed by com-
paring classical damped models, which correspond to 𝛼 = 1, with each
damped model. The solutions obtained are the same as the classical
solutions presented in [1]. Thus, the consistency of the obtained results
with the literature has been demonstrated. So, it has been proven that
the use of the Riemann–Liouville derivative is suitable for dynamic
problems.

Additionally, damped models have been compared among them-
selves. Fig. 13 shows a comparison of different damped models. While
obtaining these graphs, initial boundary conditions were chosen so that
the arbitrary constants in the solution were the same for each model.



B. Yıldız et al. International Journal of Non-Linear Mechanics 169 (2025) 104966 
Fig. 12. (a) the solution function 𝑢(𝑡), (b) the amplitude 𝑎(𝑡) and (c) the phase 𝛽(𝑡) of (81) for 𝜀 = 1∕3, 𝑎0 = 5, 𝜔0 = 2, 𝛽0 = 0.
Fig. 13. Comparison of amplitude variation for 𝜀 = 1∕3, 𝑎0 = 5, 𝜇 = 0.4, 𝜔0 = 2, 𝛽0 = 0. (a) fractionally damped models for 𝛼 = 0.5 (b) conventional models, i.e. 𝛼 = 1.
As a result of this comparison, the most effective damped model is
the quadratic damped model. On the other hand, the damped model
with the smallest reduction in vibration amplitude is the Coulomb-
type damping. This information is important for vibration control.
These results obtained for fractionally damped models are also valid
for conventional models.
14 
6. Concluding remarks

This study presents a general solution procedure that is suitable
for various fractionally damped mechanisms, linear and nonlinear frac-
tional equations. The method of multiple time scales is directly im-
plemented to calculate the semi-analytical solutions. In the solution
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procedure, Fourier series are employed in the expansion of the ordered
term.

The main results can be summarized as follows:

∙ A novel general model, not previously found in the literature, has
been proposed.

∙ It has been demonstrated that the solution with the Fourier series
is also suitable for the fractional models.

∙ The obtained results allow us to analyze the effects of vari-
ous types of damping on the behaviors of systems having a
single-degree-of-freedom.

∙ Additionally, the proposed procedure is applied to the fractional
nonlinear equations involving nonlinear terms, which consists of
acceleration or displacement.

∙ For 𝛼 = 1, the obtained solutions coincide with the non-fractional
models given in the literature.

∙ For the negative damped case, while the initial amplitude is less
than the steady amplitude value, i.e., 𝑎0 < 𝑎𝑠 the damping effect
decreases as 𝛼 increases. In contrast, the opposite is true for the
other cases, i.e., the damping effect increases as 𝛼 increases.

∙ The most effective damped model is the quadratic damped model.

∙ The damped model with the smallest reduction in vibration am-
plitude is the Coulomb-type damping.

∙ The comparison conclusions for fractionally damped models are
also valid for conventional models.

∙ A comparative analysis is conducted with an existing solution
from the literature that is numerically verified and accepted to
validate the accuracy and reliability of the proposed general
model. The results demonstrate consistency between the solu-
tion of the proposed general model and the referenced solution,
confirming the correctness of the general model results.

The discovery of a general solution not only streamlines analysis and
omputation but also catalyzes further research and innovation in the

field. Researchers can focus on refining the model, validating it against
experimental data, and exploring practical applications in real-world
engineering scenarios.
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