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1 | INTRODUCTION

The subject of surfaces in differential geometry is a very important research subject, and it also has application areas such
as physics, computer sciences, and design. In the studies about the surface, the moving frame of a regular space curve is
generally taken into consideration. However, the moving frame of a regular space curve could not be defined at points
where the first derivative of the curve is zero. In other words, the Frenet frame could not be defined at the singular points
of a regular space curve. To solve this problem, a Frenet-type frame is defined along the regular curve under a certain
condition. Basic concepts related to Frenet-type framed base curve and the existence and uniqueness conditions of the
framed curve have been explored extensively in studies.!™ Framed surfaces were investigated using curves with singular
points. A framed surface is a generalization of regular surfaces and frontals at least locally; see previous studies.’~ Tubular
surfaces are special versions of canal surfaces which described as the envelope of the moving sphere of a variable radius.
If the radius of the sphere forming the canal surface is constant, these canal surfaces are called the tubular surface. These
surfaces, where their analytical and geometric properties are also examined, have added a different perspective to surface
theory in Euclidean or different spaces.!-16

Our aim in this study is to investigate the geometric properties of a tubular surface associated with a framed base curve.
Also, the characterizations of the parameter curves of the tubular surface are examined. All of these studies were done
considering curves without a singular point. However, our study refers to curves with singular points, unlike others to
make a difference to the previous research and to create new research resources.
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2 | FRAMED CURVES AND SURFACES IN EUCLIDEAN SPACE

Lety : I — R3 be a smooth space curve with singular points in Euclidean 3-space. We will give the definition of the
framed curve to investigate the properties of this curve. Let's define A,, which is a three-dimensional smooth manifold,
as follows:

Ay ={p=(pup) €ER*XR® : (pyp;) =6y, i,j=1,2}.

It is now easy to give the following framed curve definition with the help of y and A,.

Definition 1. (y, ) : I - R3 X A, is called a framed curve if (y’, 1) = {y’, uz) = 0foreachze I Also,y : I - R3is
a framed base curve if there exist 4 : I — A, such that (y, y) is a framed curve.!

Letu = (Ml,ﬂz) € A,; then, we define the unit vector v such that v = u; A . Moreover, let (v, p1, u2) : I = R3 X A, be
a framed curve. Then, we can write the Frenet-Serret-type formula of the framed curve as follows:

' @) =1@) p2 (@) +m@v (),
W' @ =-1@)mR+nR@vX),
V@)=-m@u@-—n@ Q).

Also, there exists a smooth mapping @ : I — R such that
r'@=a@v@,

and « (zo) = 0 if and only if 7y is a singular point of the curve y. In addition, the functions (I (z),m (z),n (2),a (z)) are
called the curvature of framed curve y. If m (z) = n(z) = 0, then v/ (z) = 0. In this article, the case v’ (z) # 0 is supposed.

If the curve y has a singular point, the Frenet frame is not constructed along the curve y. But under a certain condition,
we can define Frenet-type frame along y.

Definition 2. y : I — R3 is called a Frenet-type framed base curve if there exist a regular curve 7 : I — S? and a
smooth function a : I — R such that y’ (z) = a (z) T (z) for each z € I. Then, we call a (z) as a speed function of y (z),
and 7 () is a unit tangent vector.!”

T @, N )= ”;:8” ,and B(z) = T () AN (z) are unit tangent, unit principal normal, and unit binormal vectors of the

curve y (z) with singular point, respectively. Then, there exists an orthonormal frame {T @,N«),B (z)}. This frame is
called the Frenet-type frame along y, and we can give the Frenet-type framed formula as follows:

{T"@ . N @,B @} ={c@QN®@,«@QT+7@B@,-t@QN @},

det(T 2,7, 7" (2)
whete x (2) = |77 @) and ¢ () = 07 07")

respectively. From here, we can say that y is a framed base curve. Moreover, (y, N, B) is a framed curve with the curvature
(t(2), -k (),0,a(2)."”

If w; (z,8).1n(z,8) = 0,y (z,5).n(z,8) = 0 for each (z,5) € U, (w,n) : U — R3 x S? has a Legendre immersion.
Moreover, if there exists n: U— S? so that (y, n) is a Legendre immersion, y : U — R3 is a front.

Let's assume that w : U — R? is a regular surface. In this case, (w,n) : U — R3 x S? is a Legendre immersion with

n= ”ZZQ"K: T If (w, n, ) is defined to be a framed surface, there is a smooth mapping r: U — S?, where r = ||:Z_Z|| orr= IIZSII )
z s Z s

By the help of these descriptions, we can construct the moving frame

are the curvature and the torsion of Frenet-type framed base curve y,

{n(z,s),rz,s),dzs)}
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along v (2, s), where d (z,5) = n(z,s) A r(z,s). Thanks to this frame, the following equations can be given:

v | — [a1 by | [

Vs | | a2 b, d|’

Ny 0 e f1 n

rl=|-ea 0 g ri, (D
de | -fi-& 0] [d

ns_ 0 (%) f2 n

rs|=1-e 0 & r|.

ds_ _f2 —& 0 d

Here a;, b;, ¢;, f1,8 : U — R, i = 1,2, are smooth functions called basic invariants of the framed surface.’
Definition 3. We define a smooth mapping Dr = (Jr, Hr,Kr) : U — R3 by

_ a; by _ e; fi
Jp—det[az bz],KF—det[ez f2:|’ (2)

_ 1 a f1| _ a e
Hr = Z{det[a2 fz] det[a2 62]}’
where Dr = (Jp, Hr, Kr) is a curvature of the framed surface.’

Proposition 1. Let (y,n,r) : U — R3 x A be a framed surface and s € U. Then, the surface (y,n) : U - R¥*x S?isa
Legendre immersion at the point s if and only if D (s) # 0. We denote A = {(n, r)e S?2x S?|(n,r)= 0}.

Lety : U — R3 be a regular surface. So there exists (n,7) : U — A so that (y, n, r) is a framed surface. We can express
the coefficients of the fundamental forms, which can be calculated with the partial derivatives of the surface according
to the z and s parameters, with the help of the basic invariants of the framed surface as follows:

E= a% + b%, F=ab; +ab,, G= a§ + b%, (3)
L=-aie; —bifi, M =—aie; — b1 f2, N=—aze; — by f>.

The Gauss and mean curvatures of a regular surface are expressed as

— M2 _
_ILN-M . _1EN-2FM+GL @
EG - F? 2 EG - F?
in fundamental forms. On the other hand, they are also expressed as follows:
k=% ana m=Hr )
Jr Jr

in terms of curvatures of the framed surface (y, n, r).

3 | PROPERTIES OF TUBULAR SURFACES ASSOCIATED WITH
FRENET-TYPE FRAMED BASE CURVES

In this section, we investigate the tubular framed base (TFB) surfaces associated with Frenet-type framed base curves
and characterize the parametric curves on these surfaces. The canal surfaces are defined as the envelope of the moving
sphere of variable radius. If the radius is taken as fixed, the canal surface is called the tubular surface. We do not restrict
ourselves that y : I — R3 is a regular curve with the linearly independent condition, so that y may have singular points.
The parametric equation of the TFB surface with Frenet-type framed base curve which obtained {T @,N «),B (z)}
along y such that y’ (z) = a (2) T (z) is given as follows:

W (2,5) = 7(2) + p (cossN +sinsB), 6)
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where s € [0, 27), p and y(z) are a positive radius and center curve of the tubular surface with the Frenet-type framed base
curve, respectively.

Lety : U — R3bearegular surface. Then, there exists a Legendre immersion (y, n) : U — R3xS?, wheren = ”Zzi;’f” .
There exists a smooth mapping r: U — S? such that (y, n,r) is a TFB surface. In this study, we can take r = ¥ The

[lwsll
framed base surface is a frontal. In other respect, the frontal is a framed base surface. In this article, we consider TFB
surfaces as singular surfaces. The moving frame {n (z,s),r (z,s),d (z,s)} along y (z, s) is found as

{(0, cos s, sins), (0, —sins, coss),(1,0,0)}, if a(z) < pk (g)coss,
{(0,—coss, —sins), (0,—sins, coss),(—=1,0,0)}, if a(g) > px(g)coss,

or
(n(z,s),r,s),d(zs)} = {F(0,coss,sins), (0, —sins, coss),F(1,0,0)}, @)

where « (Z) # pk (z) coss. For abbreviation, we will not write z parameter anymore.
If we take the partial derivative of Equations (6) and (7) in terms of the parameters z and s and the obtained derivative
equations is also substituted into Equation (1), we get the smooth basic invariants of a TFB surface as

a; = pr, a,=p, by=F(@—-pkcoss), b,=0,

ep=%7, e =71, fi=-kcoss, f2=0.

If these basic invariants of the TFB surface are substituted into Equation (2), we obtain the curvatures of
the TFB surface as

Jg = xp(a— pkcoss),
Krp = +x coss,
_ —pKk cos st (a — pk COSS)

Hp = 5 ,

where @ — px coss # 0 and Jg # 0. Thus, the curvature of the TFB surface Dr = (Jg, KF, Hr) is nonzero. By the help of
curvatures, we can express the following result.

Corollary 1. Let (y,n,r) : U — R3 X A be a framed TFB surface with p € U.

1. (y,n,r)is animmersion (a regular surface) around p.
2. (w,n) : U— R3x S?is a Legendre immersion around p.

We can express the coefficients of the fundamental form with the help of the basic invariants of a framed surface (v, n,r)
as follows.

E =a;?>+b* = (a — pxcoss)® + p*72,
F= a1b1 + Clzbz = pzT,

G =a,® +b,” = p?,

and
L =—aje; — b1 f1 = £ (—axcoss+ p (k*coss® + 7)),

M = —a,e; — by f» = +pr,
N = —aze; — by f> = £p.
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Moreover, we can express the Gauss and mean curvatures with the help of the curvature of the framed surface (y, n, r)
as follows:

_Kr _ K COS S
~Jp p(a—prcoss)’
o= E _ —pK cosst (a — pKk COSS)
Jr +2p(a — pk COSS)

Corollary 2. Let (y,n,r) be a TFB surface. Then, (y, n,r) is a developable surface if and only if k coss = 0.

Corollary 3. Let (v, n,r) be a TFB surface.

1. For a > pkcoss, (y,n,r) is a minimal surface iff p =
2. For a < pk coss, (v, n, r) is not a minimal surface.

2k coss’

Let's give some theorems about the geometric interpretation of parametric curves of the TFB surfaces.
Theorem 1. Let (y, n,r) be a TFB surface, then the following statements are satisfied.

1. The z-parameter curves of the TFB surface is a geodesic curve iff

aksins —a’

Kk sins(r + k coss) — k’ coss + 7/

2. The s-parameter curves of the TFB surface is geodesic curve.

Proof. 1f the acceleration vector of a curve is perpendicular to the surface and therefore parallel to the normal vector
of the surface, this curve is called the geodesic curve. We can prove the theorem in terms of this definition. The
second-order partial derivatives of TFB surface are found in terms of 7 (z) , N (z), B (z) as

Wy = (a' — pKk’ coss + pkt sins) T

+ (k (a — px coss) — pt’ sins — pr° coss) N

+ (p7’ coss — prsins) B, (8)
Wz = (picsins) T — pr (cossN +sinsB),
wss = —p (cossN +sinsB) .

« Considering the normal vector of the TFB surface and Equation (8), we get

NAWz =F (ksins(—a + pxcoss) + pt’) T
(_

HoH

(a’ + p (=’ coss+ krsins)) (—sinsN + cossB).

Since 7, NV, and B are linearly independent, there exist z A y; = 0; from here, we can write

F (ksins(—a + pk coss) + pr’) =0,
¥ (a' + p(—«'coss+ krsins))sins =0,
+

(«' + p (—«'coss+ krsins)) coss = 0.
If the necessary operations are performed in these last equations, we get

_ o —aksins
—k’coss + k (t + kcoss)sins + 7/

« From Equations (7) and (8), we have n A y = 0. In that case, the s-parameter curves are geodesic curves.
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Theorem 2. Let (v, n,r) be a TFB surface; then, the following statements are satisfied;
« The z-parameter curves of (v, n, r) are asymptotic curves, iff

K COS S
K2coss? + 72’

» The s-parameter curves of (y, n, r) are not asymptotic curves.

Proof. If the normal curvature of the parameter curves is zero everywhere, then the curves on the surface are called
the asymptotic curves. Therefore, (y,,, n) = 0 and (y,, n) = 0 must be provided for the z-parameter and s-parameter
curves.

» From Equations (7) and (8), we know that
(Wez, 1) = F (K coss(—a + pk coss) + pr?) .

From here, (y,, n) = 0, if and only if
aK COSS

"~ k2coss? + 72
So z-parameter curves of the TFB surface are asymptotic curves iff

aK COSS
k2coss? + 72

« From Equations (7) and (8), we know that
(Wss, 1) = Fp.
Since p #0, (w;, n) # 0. As a result, we call that s-parameter curves of the TFB surface are not asymptotic curve.
O

Theorem 3. Let (y, n,r) be a TFB surface, the z-parameter and s-parameter curves of (w, n,r) are lines of curvature

ifft =0.

Proof. 1f the parameter curves of a surface are lines of curvature, then F = M = 0. In that case, by considering the
equations

F = p?’t and M = +pr1,

p#0and v = 0 are obtained. So the z-parameter and s-parameter curves of the TFB surface are lines of curvature.
O

Example 1. Let's sketch the graph of the tubular surfaces with the framed base curve defined by the parametric
equation

2
y(2) = <cosz+ (z+1)singz,sinz—(z+ 1)cosz,z+ %) .

The curve y has a singular point at z = —1, so this curve is not a Frenet curve. The curve y is a Frenet-type framed
base curve with the mapping (7,a) : R — 5% x R, such that

(cosz,sinz, 1)

V2

The normal and binormal vectors of the curve y are obtained as

T (2= a(@) = V2@ +1).

(—cosg,—sinz, 1)

V2

N (z) = (—sinz,cosz,0) and B(z) =

85UB01 SUOWIWOD SA[EeID) 3(dedl|dde auyy Aq peusenob aJe ol WO ‘8sn JO S8|nJ o} A%iqiT8UIUQ AB]I/ UO (SUONIPUOD-PUR-SLLLIBY WD A8 I ARe.q1|BuJUO//:SdnL) SUONIPUOD pue SWS 1 81 88S *[G202/2T/2T] Uo Ariqiiauliuo Ae|im ‘Iledepd U/Aes »109]1g AQ 0652 BWW/Z00T OT/I0P/L00™A8 | im Areiqijeul|uoy//sdny wouy pepeojumod ‘8T ‘ZZ0Z ‘9/7T660T



EREN ET AL.

FIGURE1 A TFB surface y (z,s) with z € (—2#,2x) and s € (-5, 5) [Colour figure can be
viewed at wileyonlinelibrary.com]|

Now, let's draw the graphs of the TFB surface with framed base curve whose equation is

v (Z,8) = ((1 +z —coss)sinz + <1 - Sl—\;f) cos z,

2
(=1 -2+ coss)cosz + 1 Sns sinz, 1Z(2+z)+ sin s ’
V2 2 V2

where p = 1 (Figure 1).

Example 2. Lety : [0,27) — R3 be an astroid curve defined by the parametric equation
v (@) = (cosz’,sinz’, cos(2z)) .

Then, the unit tangent vector and the speed function of the curve are
T (2)= % (=3 cosz,3sinz,—4)

and

a(z) = 5sinzcosg,

respectively, since the curve y has the singular points at z = 0, % T, 37” the curve y is not a Frenet curve. After the
necessary calculations, we have the normal and binormal vectors of the curve y as

N (2) = (sinz, cos z,0)

and
B(z) = % (4 cosz,—4sinz,—3).
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FIGURE 2 A TFB surface y (z,s) with z € [0, 27) and
s € (—4,4) [Colour figure can be viewed at
wileyonlinelibrary.com]|

Now, let's draw the graphs of the TFB surface with framed base curve whose equations are

. 4 .
v (Z,8) = (cos Z> +sinzcoss + 3 coszsins,

.3 4. . 3sins
cosscosz +sinzg’ — gsmssmz,cosk—

s

where p = 1 (Figure 2).

4 | CONCLUSION

The paper is about the tubular surfaces associated with framed base curves in Euclidean 3-space. The TFB surface is con-
sidered as a singular surface. By the help of the smooth basic invariants of the TFB surface, the curvatures of this surface
were determined. Later, the necessary conditions of the TFB surface to be or not to be minimal surface are obtained.
Finally, necessary conditions are given for the parameter curves of the TFB surface to be asymptotic, geodesic, and line
of curvature.
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