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1 | INTRODUCTION

The theory of ruled surfaces or developable surfaces is a fundamental topic in differential geometry, computer-aided
design, and architecture.!~® A ruled surface is determined as a surface such that through each of its points passes a straight
line contained in this surface. When the literature is examined, there are interesting studies on both developable and
non-developable ruled surfaces. For example, developable surfaces can be divided into three classes: cylindrical surfaces,
conical surfaces, and tangent developable surfaces. Basically, ruled surfaces whose anchor curve is a regular curve and
whose direction vectors are tangent vector, principal normal vector, and binormal vector are called tangent developable
surface, principal-normal ruled surface, and binormal ruled surface. Many geometrical and topological properties of such
surfaces have taken place in the literature.*’ In addition to these, osculating-type ruled surfaces, which the direction
vector is a combination of T and N vectors, were introduced by Kaya, Kahraman, and Onder.® Then, generalized normal
ruled surfaces, whose direction vector is a combination of N and B vectors, are introduced by Kaya and Onder.’ Also,
generalized rectifying ruled surfaces, whose direction vector is a combination of T and B vectors, were introduced by
Onder.'? Obviously, the condition that the anchor curve is regular is used in the examination of generalized ruled surfaces.
In this study, we will consider the anchor curves as singular curves, thanks to the framed curve and surface theory.

In Euclidean space, framed curves or framed surfaces are smooth curves and surfaces with singular points but defined
by moving frames. Framed curves defined by Honda and Takahashi are a generalization of regular curves under linearly
independent conditions.!! There are many studies that have made important contributions to the literature for these spe-
cial curves and surfaces, which eliminates the problem of not being able to define a moving frame on a curve or surface
with singular points. Similar to the fundamental theorems of curvature given in regular curves, the existence and unique-
ness conditions of framed curves are given in Fukunaga and Takahashi.!? Moreover, there are studies such as framed
rectifying curves,!>!* framed normal curves,'> framed helices,'® framed slant helices,!” and Bertrand and Mannheim
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curves of framed curves,'® which are special curves with singular points. Other studies on framed curves and framed
surfaces can be viewed in previous studies.!®-2*

In this study, generalized osculating-type ruled surfaces of Frenet-type framed curves are introduced. These surfaces
are a generalization of tangent developable surfaces and principally normal ruled surfaces for both singular and regular
cases. First of all, basic definitions and theorems for framed curves and framed surfaces are given in Section 2. In Section 3,
generalized osculating-type ruled surfaces of Frenet-type framed curves are introduced. These surfaces are examined for
singularity, and cross-cap conditions are given. In addition, geometrical examinations of surfaces, thatis, being cylindrical,
developable, and stricture curves, are made. In Section 3.1, generalized osculating-type ruled surfaces of Frenet-type
framed curves are treated as a framed surface. The fundamental invariants and curvatures of the surface are calculated. In
particular, if the surface is regular, the relations with Gaussian and mean curvatures are minimal, and flat conditions are
given. In Section 4, some examples and visuals that support the theory and are examples of examining singularity classes
are given.

2 | FRAMED CURVES AND FRAMED SURFACES IN EUCLIDEAN SPACE

Framed curves and framed surfaces in Euclidean space are special curves and surfaces with singular points that can be
defined by a moving frame. Let us give the definition of framed curve defined by Honda and Takahashi'!:

Definition 1. (y,81,6,) : I - R3 x A, is called a framed curve if (y/(s), 6;(s)) = 0 for every s € I and i = 1,2 where
the three-dimensional manifold set

Ay = {8 =(61,6,) € R*X R, (6, 6;) = (5;,8,) = 1,{6:,6;) = 0}

The Frenet-Serret type formulas are given by

V(s) 0 —m(s) —n(s)\ / v(s)
51(8) | = ( m(s) 0 I(s) ) ( 51(8) > .
5; (s) n(s) =ls)y 0 5,(8)

where a unit vector v = 81 X 8. Sy is a singular point of y if and only if a(sy) = 0. So (I, m, n, a) is the framed curvature of
the framed curve.!!

If y has a singular point, we cannot construct the Frenet frame along y(s). However, the Frenet-type frame is defined
along y(s) under the m? + n? # 0 condition. These curves are called Frenet-type framed curves and are defined by Honda
as follows!®:

Definition 2. y : [ — R3 is a Frenet-type framed base curve if 7 : I — S?is a regular spherical curveand a : I - R
is a smooth function where y'(s) = a(s)7 (s). Then, 7 (s) is called a unit tangent vector and a(s) is called a speed function
of y(s). The unit principal normal vector N'(s) = T7'(s) / ||7’(s)||, and a unit binormal vector B(s) = 7 (s) X N (s) of
7(s). Then, an orthonormal frame {7 (s), N'(s), B(s)} is constructed and this frame is called Frenet-type framed base
curve along y(s). The following Frenet-Serret type formula can be given:

T'(s) 0 «x(s) O T (s)
< J\/"(S)) = ( —k(s) 0 z(s) > (N'(s) > €))
B'(s) 0 —-7(s) O B(s)

det(7(9).7'(s).7"(s)) .

where x(s) = ||7'(s)|| is curvature and z(s) = ol is torsion of y.1°

Since the normal vector of a surface with singular points cannot be found, framed surfaces can be treated as smooth
surfaces defined by a moving frame with singular points:

Definition 3. (¥,¥,,%¥,) : U - R3x A iscalled a framed surface if (¥(s, u), ¥1(s, u)) = 0 and (¥, (s, u), ¥1(s, u)) = 0
for every (s,u) € U where Wy(s, u) = %(s, u) and W, (s,u) = %(s, u). ¥ : U — R3is called a framed base surface if
there exists (¥, ¥,) : U — A such that (¥, ¥;, ¥,) framed surface.??
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Also, the {W1(s, u), ¥(s, u), ¥5(s,u)} is a moving frame along ¥(s, u) where W;(s,u) = ¥i(s,u) A ¥,(s, u). The basic
invariants functions of framed surface (¥, ¥, ¥,) are given by

Yy _ [ €01 €02 ¥,
<Tu>_<€03504><‘1'3>’ @
0 &1 e ¥,
= -1 0 e3 ¥, |, 3)
—£12 —€13 0 ¥;
0 &3 ex Y,
= —&71 0 €23 le . (4)
—£xp —€23 0 ¥

whereg;; : U - R,i=0,1,2,j = 1,2, 3,4 are smooth functions. The above matrices are denoted by Fy, F1, F», respec-
tively. The matrices (Fo, F1, F>) are called basic invariants of the framed surface. Also, (s, u) is a singular point of ¥ if and
only if detFy(s, u) = 0. By the integrability conditions of the framed surface, then en 21 + 02622 = €03€11 + €04€12- The
Cy=Us K Hy) : U— R3?iscalled a curvature of the framed surface where

€01 € €11 €
Jy = det 01 €02 Ky = det 11 €12 ’
€03 €04 €21 €22

/—\/\
FEE e
& & € & v o«
N———
| |

(5)
Hy = _l det €01 €12 — det €02 €11
2 €03 €22 €04 €21
If¥Y : U — R3 is a regular surface, the first and second fundamental forms are given by
E =g} +e),, F=coe02 +€03c0s, G=¢2,+ €, )
L = —enéen — €02€12, M = —€01621 — €02622, N = —€03821 — €046

Proposition 1 (Fukunaga and Takahashi??). Let ¥ : U — R3 is a regular surface. The Gauss curvature and the mean
curvature of the framed surface (¥, V1, ¥,) are given by

K H
=¥ g-¥

K= R .
Jy Jy

3 | GENERALIZED OSCULATING-TYPE RULED SURFACES OF
FRENET-TYPE FRAMED BASE CURVES

The aim of this section is to determine the generalized osculating-type ruled surface by using singular curves. Additionally,
we investigate geometric properties and the singular point classes of generalized osculating-type ruled surface.

Definition 4. Let y(s) : I — R3 a Frenet-type framed base curve. The ruled surface You)su) = I xR — R3
defined by

P(y.00(8, U) = 7(8) + U0u(S), 0n(s) = 01(HT () + 02()N'(5) 7
is called the generalized osculating-type ruled surface of framed base curve where ¢;(s) and ¢,(s) are smooth functions
where of(s) + o%(s) = 1. Obviously, if 0:(s) = 0 and ¢,(s) = 1, then the surface ¥, ,,(s) is principal normal surface
along Frenet-type framed base curves. If 0,(s) = 0 and o,(s) = *1, then the surface ¥, , )(s) is tangent developable
surface along Frenet-type framed base curves.

Theorem 1. The set of singular points of generalized osculating-type ruled surface ¥, , ) is given by

S = {(s,uw) € IXU| uoxs)7(s) = 0, (a(s)02(s) + u(oy()02(s) — 01()04(s) — x(s)) = 0}. (®)
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Proof. According to the partial derivatives of (7), we get

0¥ (y,0,)(8, 1) , ,
s = (a(s) + uoy(s) — ue2(S)K ()T (8) + ue1()K(s) + 05 (NN (5) + U02()7($)B(S), ©

0¥(y,0,) (8, W)
% = 01T (8) + 02N (s).

From Equation (9), we get

oY i oY, s
(y’g";(s 2 A ”’(‘;'Z(S Y o UEOIOTE) + uor e ON®)

+ (@(8)02(5) + u(0, (5)02(5) — 01(5)0,(5) — K (5)))B(5))

The singular points of surface construct with the set (8). O

Now, let us examine the singularity types of the generalized osculating-type ruled surface of Frenet-type framed curves.
In order to examine the types of singularity of the surface, we can divide them into two classes S; and S,. For singular
points, from Equation (8),

uex(s)r(s) =0 (10)
(5)02(8) + U(0}(5)02(5) — 01(5)05(s) = K(5)) = 0 €8Y)
First, let us assume that u = 0. Then, the class S; is denoted by
S1={(5,0) € I X U| a(s)o2(s) = 0}.
Next, assume that u # 0. According to Equation (11), we have

U= — a(8)02(S) _ 12)
01(5)02(5) — 01(5)05(s) — Kk(s)

If u # 0, then we have g,(s) = 0 or 7(s) = 0. However, if 9,(s) = 0, from Equation (12), we get u = 0. This contradicts
the fact that u # 0. Therefore, z(s) = 0. After all, 7(s) = 0 for every s € I is not. That is, this does not require the curve to
be planar. Finally, the class S, is denoted by

Sz = {(s,w) € I X U] 7(s) = 0, a(5)02(5) + u(0}($)02(5) — 01(8)0)($) — k(5)) = 0, u # 0}

Corollary 1.

L If 1(s) = 0 and 0y(s) = 1, generalized osculating-type ruled surface ¥, ,, is a principal normal surface of
Frenet-type framed curves. Consequently, from definition sets S; and S,, we have

S1 ={(s,0) e I x U| a(s) = 0}.
Sy ={(s,u) e IXU| t(s) =0, a(s) — u(x(s)) =0, u # 0}

Obviously, this particular case presents the results of study.”’

2. If 02(s) = 0 and 0:(s) = 1, generalized osculating-type ruled surface ¥, is a tangent surface of Frenet-type
framed curves. Since g,(s) = 0, from definition set S, for u # 0, we have k(s) = 0. This is a contradiction since
k(s) # 0 for Frenet-type framed curves. Therefore, there is no S, singularity for tangent surfaces.

After this part, for convenience, according to Equation (8), it will be accepted as

x(s) = 02(s)7 ()
¥(8, u) = a(8)02(8) + u(0;(5)02(5) — 01(5)05(s) — K(s))
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Now, let us examine the conditions for having cross-cap singularity of generalized osculating-type ruled surfaces of
Frenet-type framed base curves.

Theorem 2. Let ¥, ,, (s, u) is generalized osculating-type ruled surface of Frenet-type framed base curve y(s). Then, we
have

1. If(s51,0) € Sy and &' (s1)02(s1)x(s1) # O, then ¥, , 1(s, u) is a cross-cap at the point (sy,0).
2. If (s2,uz) € Sy and a(s2)02(52)X'(s2) # 0, then ¥, , (s, u) is a cross-cap at the point (s, us).

Proof. From Equation (9), we get

lP(y,@n)

ouods

2
\P(y 0p)

(5, 1) = (0,(5) — 02()K(ENT(5) + (0,(5) + 01(HK ()N (5) + 02(5)7()B(5)

(5, u) = [(@(5) — u01(s)) — Uo2()K(S)) — Uo1(S)K*(S) — U0, (S)K(5)IT (5)

+ [@($)Kk(s) — U(02()(K2() + T2(5)) — 01(5)K (5) — 0, (SHIN (5)
+ [u(20;(S)T(S) + 02(5)7 (5) + 01(5)K ()7 ()1 B(s)

Consequently, we have

o >y o*Y ' ,
det < 6u( s, u), m(s, u), F(S’ u)) = u(01(8)0,(8) — 0,(8)02(5)

+ K(5))(205(8)7(5) + 02(5)7 (5) + 01()K($)7(5))

+ 7()02(8)(@ (8)02(5) — a(s)01(S)K(5))

— ut(5)02(5)(02(5)0, (5) + 0, (5)01(5))

— uz(8)02()(K () — 01()02()7(5) + 202(5)0,()K (5))

If the singular points of the surface belong to the set S; (i.e., (s1,0) € S), then

det < 51, 0) (sl, 0) (sl, 0)> = & (5103 (s)7(51) = @ (51)02(51)x(51)
If the singular points of the surface belong to the set S, (i.e., (52, Uy) € S5), then
det < (S2, uz) ( S, U 2) (Sz,u2)> = a(52)02(82)x (52).
The desired from Izumiya and Takeuchi® is obtained. O

Corollary 2. Let Frenet-type framed curve y(s) be a Bertrand curve and ¥, , (s, u) be the generalized osculating-type
ruled surface of y(s). Then, we have

i. Ifsy is the ordinary cusp singularity of y and 02(s1) # 0, then ¥, (s, u) is a cross-cap at the point (sy, 0).
ii. Ifs,istheordinary cusp singularity of the Bertrand mate y and ¢1(s) = 0 and 0(s) = 1, then ¥, ,)(s, u) is a cross-cap
at the point (s, Us).

Proof. i. From the definition of ordinary cusp singularity,? since s; is the ordinary cusp singularity of y, a(s;) = 0,
and &’(s1) # 0. On the other hand, the Frenet-type framed curve y(s) is a Bertrand curve if and only if there exist two
constants A; # 0 and A, such that A,x(s) + A,7(s) = a(s) and A,k (s) — A17(s) # 0.!° For Frenet-type framed curves,
since k(s) # 0 for every s € I, we have z(s;) # 0. Therefore, since 7(s;) # 0, a/(s1) # 0, if 02(s1) # 0, then ¥, , (s, u) is
a cross-cap at the point (s1, 0).
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ii. Let us assume that y(s) is the Bertrand mate y(s). If s, is the ordinary cusp singularity of the Bertrand mate y

and o1(s) = 0 and g2(s) = 1, since ¥, »-(s, u) is a principal normal surface, from Corollary 1 in Huang and Pei,'° the
desired result is obtained. O

Theorem 3. Let ¥, , (s, u) is generalized osculating-type ruled surface of Frenet-type framed base curve y(s). For
01(8), 02(8) # 0 are non-constant, we have the following:

1.

Proof.

The generalized osculating-type ruled surface ¥, , (s, u) of Frenet-type framed base curve y(s) is cylindrical if and
only if 7(s) = 0 and k(s) = 0(5)02(s) — 05(5)01(8)-

The Frenet-type framed base curve y(s) of surface ¥, , (s, u) is its striction curve if and only if a(s) = 0 or ¢}(s) —
02(8)k(s) = 0.

1. By differentiating of 0,(s) = 01(s)T (s) + 02(s)N'(s), we get

0n(8) = (01(8) = 02()K ()T (8) + (05(5) + 01(HK ()N () + 02(8)7(5)B(5).
If surface is cylindrical ¢),(s) = 0. Then, we have

04(8) — 02(8)x(s) = 0,
05(8) + 01(8)k(s) = 0, (13)
02(8)7(s) = 0.

If 02(s) = 0, we have x(s) = 0. However, this contradicts the existence of Frenet-type framed curves. Therefore,
02(8) # 0 and z(s) = 0. If both sides of the first equation of (13) are multiplied by ¢,(s) and both sides of the
second equation of (13) by —o1(s), we get k(s) = ¢/ (5)02(s) — 0,(s)01(s). Then, if the surface is cylindrical, 7(s) = 0
and k(s) = 0](s02(s) — 0,(5)01(s).

. The striction parameter of the ¥, , )(s, u) can given by

{9, 04(5))

@®. oY

=y(s) + a(s)(07(s) — 02()x(s)) o
POT 05 = 029K + (04(8) + 1K) + (0212 "

u(s) =y(s)

The base curve y(s) of surface ¥, ,, (s, u) is its striction curve if and only if ¢/ (s) — 02(s)x(s) = 0 or a(s) = 0.

O

Corollary 3. If the generalized osculating-type ruled surface ¥, , (s, u) of Frenet-type framed base curve y(s) is
cylindrical, it is a plane with the following parametric representation:

Yo (S 1) = () +u <cos </ K(S)dS) T (s) — sin </ K‘(S)dS> N(s))

Proof. Let the generalized osculating-type ruled surface ¥, ,, (s, u) of Frenet-type framed base curve y(s) is cylindri-
cal. Then, according to Theorem 3, z(s) = 0 and x(s) = gg(s)pz(s) —o’z(s)gl(s). On the other hand, since of(s) +o§(s) =1,

we get ol(s)o’1 (s) + oz(s)o’z(s) = 0. From the solution of this differential equation, we can write o;(s) = 1/c— 0%. By
using equation (s) = 0} (5)02(s) — 0,(s)01(s), we have

K(S) = _L OZ—(S)
V- ()
Ve
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Let us assume that ¢ = 1. If both sides are integrated, we get

/ k(s) = — arcsin (0,(s)) (14)

From Equation (14), we have

02(8) = —sin / x(s)ds, 01(s) = cos / x(s)ds

O

Corollary 4. If the Frenet-type framed base curve y of the generalized osculating-type ruled surface ¥, , y(s, u) is also its
striction for a(s) = 0, the striction curve is a point.

Proposition 2. The generalized osculating-type ruled surface ¥, , y(s,u) of Frenet-type framed base curve y(s) is
developable if and only a(s)og(s)r(s) =0.

Proof. If ¥, , (s, u) is developable, det(y'(s), 04(s), 0,,(s)) = 0. Then, we have

det(y'(5), 0n(s), 0,,(5)) = det(a($)T (5), 01()T (5) + 02()N'(5), (07 (5) — 02()K ()T (5)
+ (05(8) + 01(S)K(S)N(8) + 02(5)7(8)B(S)
= a($)03(s)7(s).

Therefore, if generalized osculating-type ruled surface ¥, ,, (s, u) is developable a(s)og(s)r(s) =0. O

Corollary 5. If generalized osculating-type ruled surface ¥, , (s, u) is a tangent developable surface (i.e., 02(s) = 0),
W¥(,.0,)(8, u) is developable. If Frenet-type framed curve y(s) is planar curve (i.e., 7(s) = 0), ¥, ,,)(s, u) is developable.

Proposition 3. The locus of the singular points of the generalized osculating-type surface ¥, , \(s, ) of Frenet-type
framed curves is given by

1. Ifthe singular points of the surface belong to the set Sy, the locus of the singular points is the framed base curve y.
2. Ifthe singular points of the surface belong to the set S, the locus of the singular points ¥, , (s, u) is the curve

a(s)on(s)

PO =19 a6 = 69)0r®) + £G)°

Proof. The definition of singular point set S, 7(s) = 0 and y(s,u) = 0. From equation y(s,u) = 0, we get u =

a(s) ’ _
PEE IR TE Y where 01(5)0,(s) — 0(s)02(s) + k(s) # 0. O

3.1 | Generalized osculating-type surfaces as framed surfaces

In this part of this study, we intend to examine the generalized osculating-type ruled surfaces of Frenet-type framed base
curves, which may have singular points with the help of the theory of the framed surface which was studied in Fukunaga
and Takahashi.??

Definition 5. Let y(s) is a Frenet-type framed base curve and ¥, ,, (s, u) is the generalized osculating-type ruled
surface of y(s). If there exist two smooth functions ®,® : I x U — R3 such that (¥(s,u), ¥i(s,u)) = 0 and
(Wy(s, u), ¥1(s,u)) = 0 where

Y, (s, 1) = cos O(s, w)(02()T (5) — 01(8)N (s5)) + sin O(s, u)B(s)
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and
W, (s, u) = cos (s, u)(01(5)T (5) + 02(S)N () + sin D (s, u)(sin O(s, u)(02(5)T (s) — 01(s)N'(s)) — cos O(s, u)B3(s)).

Hence, we have the framed surface (¥, ¥, ¥,) : IX U —» R3 x A where A = {(¥1,¥,) € S? X $?, (¥, ¥,) = 0}. We
can calculate W5(s, u) = W1 (s, u) A W, (s, u). Therefore, we have

Wi(s, u) = (01(8) sin (s, u) — 2(8) sin O(s, u) cos @ (s, u)) 7 (s)
+ (02(8) sin @(s, u) + 01(s) cos D(s, u) sin O(s, u)) N (s))
+ cos O(s, u) cos D(s, u)5(s)

From Equations (2), (3), and (4), the basic invariants of (¥, ¥, ¥,) are given by

£o1 = Sin @(s, u) [sin O(s, u)y(s, u) — u cos O(s, u)x(s)],
€02 = — cos D(s, u)[sin O(s, u)y(s, u) — u cos O(s, u)x(s)],
€03 = COSD(s, u),

€04 = SIND(s, U).

€11 = — cos D(s, u)[cos O(s, u)(02(5)0} (5) — 01(5)05(s) — K(s)) + sin O(s, u)x(s)] — sin (s, u)(BOs(s, u) — 01(5)7(s)),
€12 = — sin @(s, u)[cos O(s, u)(02(5)0} (5) — 01(5)05(5) — k(s)) + sin O(s, u)x(s)] + cos (s, u)(Os(s, u) — 01(5)7(s)),
€13 = — @y — sin O(s, u)(02(5)0; (5) — 01(5)05(5) — K(5)) + cos O(s, u)x(s)

and
£y = — 0O, sin d(s, u),
£y =0, cosD(s, u),

£33 =—@,

where x(s) = 7(5)02(s) and y(s,u) = a(s)2(s) + u(o()o2(s) — pl(s)o’z(s) — k(s)). On the other hand, from integrability
conditions of the framed surface, we have

©u(sin O(s, w)y(s, u) — u cos Os, u)x(s)) = [cos O(s, u)(02(5)0 (s) — 01(5)05(s) — K(5)) + sin O(s, w)x(s).
The curvature Cy = (Jy, Ky, Hy) of the framed surface ¥, ,, (s, u) is given by

Jy = sin O(s, u)y(s, u) — u cos O(s, u)x(s),
Ky = — 0,(cos O(s, u)(02(5)0} (5) — 01(5)03(s) — k(s)) + sin O(s, u)x(s)),

_ 8w - a@rl)

H
¥ 2

By according to Corollary 1 in Fukunaga and Takahashi,?? we get
Corollary 6. Ifp € S;orp € Sy,

i. Since, Jy(p) = 0, ¥ is not an immersion (a regular surface) around p.
ii. (¥,W¥,)isa Legendre immersion around p if and only if Kg(p) # 0 or Hy(p) # 0.

Ifpé Siandp & S,,
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iii. W isanimmersion (a regular surface) around p.
iv. (¥,Y¥,)is a Legendre immersion around p.

Corollary 7. Let ¥, , ) : U — R is a regular surface. From Equation (6), the first and second fundamental forms are
given by

E = (sin ©(s, u)y(s, u) — u cos O(s, u)x(s))?,

F = cos @(s, u) sin @(s, u)[1 — (sin O(s, u)y(s, u) — u cos O(s, u)x(s))*],

G=1,

L = — (O4(s, u) — 01(8)7(s))(sin O(s, u) y(s, u) — u cos O(s, u)x(s)),

M = 0,(sin O(s, u)y(s, u) — u cos O(s, u)x(s)),

N =0.

Corollary 8. The Gauss curvature K and the mean curvature H of the regular surface ¥, ,,) are given by, respectively,

Ko —0,(cos O(s, u)(02(5)0] (5) — 01(5)05(s) — k(s)) + sin O(s, u)x(s))
sin O(s, u)y(s, u) — u cos O(s, u)x(s)
_ Os(s, u) — 01(s)7(s)
2(sin (s, w)y(s, u) — u cos O(s, u)x(s))

bl

Corollary 9. The regular surface ¥, , : U — R is a flat surface if and only if ©,(s, u) = 0.

Proof. From the integrability conditions of the framed surface, we have K = ©2(s,u). If ¥(,,, : U — R*is aflat
surface if and only if ®,(s,u) = 0. On the other hand, since ¥, : U — R3 is regular, we can write cos O(s, u) =

2
Y60 and sin (s, u) = —%® ___ Then we have O,(s,u) = _290,(y7)_ Therefore, the surface is flat if and
V22 ()+y2(s.0) V22 )+ (s.0) UR(S)+y*(s.10)
only if ©,(s, u) = a(s)og(s)r(s) = 0. This situation coincides with Proposition 4. O

Corollary 10. The regular surface ¥, , : U — R? is a minimal surface if and only if (s, u) = 01(s)7(s).

4 | EXAMPLES

In this section, some examples are given that explain the theorems and results from the previous sections.

Example 1. Let the anchor curve framed helix y(s) of generalized osculating-type ruled surface ¥, , (s, u) be given
by the parametrization

552
y(s) = <2(s + \/E) coss — 2sins, —2(s + \/5) sins — 2 coss, \/—T +V 10s>

with a singular point sy = —\/5. The moving frame and framed curvatures {7, N, B, k, 7, a} are given by

5
T(s) = <—% sins,—z cos s, —\/—)
3 3 3
N(s) = (= coss, sin s, 0)

B(s) = <—§ sins, —ﬁ COS S, _g>

3 3
=2 =5

; a9 =36+ V2).
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FIGURE 1 Generalized osculating-type ruled surface of framed
helice [Colour figure can be viewed at wileyonlinelibrary.com]
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=

N
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Let us assume that ¢,(s) = sins and ¢,(s) = coss. Therefore, we can write ¥, , \(s, ) = y(s) + uo,(s) where

2 01 5, 1., V5
S§)=| —— — =—COS"(S), -—SINSCOSS, — SINn S
on(s) ( 373 (s) 3 3 >

Since 7(s) # 0 and 0,(s) # 0, ¥(,,) is non-developable and non-cylindrical. Also, we can write the following
expressions for singularity types:

i. Ifu = 0and a(s1)ox(s1) = 3(s1 + \/5) coss; = 0, the (s1,0) € S; is a singular point of surface. Then, the (—\/5, 0) e
S1, (—%, 0) € S; and (%, 0) € S; are singular points of surface.
ii. Since z(s) # 0 for every s € I, (s2, Uz) € S; is not singular point.

The graph of surface ¥, ,,) for u € (=27, 27) and s € (—x, 7) is given by Figure 1.

Example 2. Let the surface ¥, , ) be given by the parametrization

Wiy.0,(5, 1) = y(8) + Uon(s)

where y(s) : (=2x,2x) — R3 is framed slant helice is given by!’

35

J/(S)=(\/g in(%) 2\/gsin<?)—\2/—5g i S,—ﬁ os<3s> 2 6cos(7s> \/gcossl—zss
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and the {7, N, B, k, 7, a} are given by
T(s) = §sin<£>+zsin(§) —écos(£>—%cos<§> 2—\/gsin<£)
5 5 5 5/ 5 5 5 5/ 25 5/ )°
N(s) = (ﬁcoss,%sins,l>,

25 25 5

B(s) = (%cos<%) - %cos(%),%sin(%) - %sin(%),é—fcos(%)),
Pes(3)

5) = —— cos
K(s) = —

5

5

o (2)

s) = ——sin
7(s) s

S

a(s) =2V 6sin (§> .
Suppose that ¢;(s) = coss and ¢,(s) = sins. Then, we have
¥ (.0, (S U) = y(5) + u(cos s7 (s) + sin sN'(s))

Then we get the following:

i. Since a(s)p2(s) = 24/65sin (%) sins, if s = kx where k € R for u = 0 and s € (-2, 27), the set of singular points
is Sl.
ii. The definition of singular point set S,, we have z(s) = 0 and y(s,u) = 0. Then, if s, = kz, x(s;) = 0. However,

Y(S2,Up) = —u(l £ ZT\/E) for s, = kx. Then, if y(s,, u) = 0, u, = 0. Therefore, the set of singular points is not S,.

The graph of surface ¥, ,,) for u € (-=1,1) and s € (-2x, 2x) is given by Figure 2.

FIGURE 2 Generalized osculating-type ruled surface of framed
slant helice [Colour figure can be viewed at wileyonlinelibrary.com]
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Example 3. Let us consider the (2, 3, 5)-type Frenet-type framed base curve by y(s) = (%, %, Sg) Since y'(0) =
(0,0, 0), the curve is not Frenet curve. However, we can write

r'(8) = a()T ()

where
a(s) =s (\/1 + 52 +s6>

T(s) = ;(l,s, s%)

1+s2+5°

It is clear that «(0) = 0 and 7 is the regular spherical curve. Then the other orthonormal frame elements of the
Frenet-type framed curve y(s) are given by

1
V1 +9s* + 4s64/1 + 52 + 6
B(s) = ;(zs{ -35%,1),
V1 + 9s* + 4s6
V14 9s* + 455

1452456

_ 6sV1+5%+5°

1+ 9s* +4s °

N(s) = (=s — 35,1 — 2%, 382 + 25%),

K(s) =

7(8)
Let us consider the following cases:
Case 1: The generalized osculating-type ruled surface ¥, , ) is given by

— 2(—_c_ 35
M1=<i+u< s 4 V1 —s2(—s—3s°) )7

2 V1452455 /140954 +4551/1 452456
s3 < 52 + V1-s2(1-2s%) >

= +u
V1482455 /1495 +456y/1 452 + 56

3

S < s V1= 2(3s% + 25%) >>
+u + :

> VI+52450 /14095 +451/1 452456

for 01(s) = s and g,(s) = V1 — s2.

Case 2: The generalized osculating-type ruled surface ¥, , ) is given by

2 —45—125°
M2=<S—+u< 3 + o a >,
2 5V1+52+55 514095 +4s64/1 + 52 + 56

3 3s (4 —8s%)
~ tu + ,
3 5V1+52+55  5¢/1+95% +4504/1+ 52 + 5

s° 3s3 (125 + 8s%) )
~+u + :
5 5V1+s2+s5  5v/1+9s*+455/1 + 5% + 6

for o1(s) = é and ¢,(s) = g.
Case 3: The generalized osculating-type ruled surface ¥, , ) is given by

s? —s — 3s° s 1—2s8 s 3s% + 25* )
M= =+u ,—+u ,—+u .
2 V1495 44551452 +58 3 V1495 +455V1+52 455 0 /14095 +455y/1+5% +5

for 0,(s) = 0 and o,(s) = 1.
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FIGURE 3 The surface (A) M;, (B)
M,, (C) M3, and (D) M, [Colour figure
can be viewed at wileyonlinelibrary.com]

(A)

Case 4: The generalized osculating-type ruled surface ¥, , ) is given by

s 1 s s s 53
My=(Z4u—mm T fu—— = py— > ).
2 1+s2+50 3 1+2+s8 2 V1+2+s

for 01(s) = 1 and g,(s) = 0.
The plots of surfaces M3, M,, M3 and M, are given by Figure 3.
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