
Received: 16 April 2022 Accepted: 9 December 2022

DOI: 10.1002/mma.8997

R E S E A R C H A R T I C L E

Generalized osculating-type ruled surfaces of singular
curves
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In this study, we introduce generalized osculating-type ruled surfaces of special
singular curves. We give some theories and results about the geometric structure
of the surface. In addition, the singular point classes of the surface are exam-
ined, and the conditions for being a cross-cap surface are expressed. Generalized
osculating-type ruled surface is considered as a framed surface and its basic
invariants are found and some results are given. Finally, we give some examples
and figures to support the theories.
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1 INTRODUCTION

The theory of ruled surfaces or developable surfaces is a fundamental topic in differential geometry, computer-aided
design, and architecture.1–3 A ruled surface is determined as a surface such that through each of its points passes a straight
line contained in this surface. When the literature is examined, there are interesting studies on both developable and
non-developable ruled surfaces. For example, developable surfaces can be divided into three classes: cylindrical surfaces,
conical surfaces, and tangent developable surfaces. Basically, ruled surfaces whose anchor curve is a regular curve and
whose direction vectors are tangent vector, principal normal vector, and binormal vector are called tangent developable
surface, principal-normal ruled surface, and binormal ruled surface. Many geometrical and topological properties of such
surfaces have taken place in the literature.4–7 In addition to these, osculating-type ruled surfaces, which the direction
vector is a combination of T and N vectors, were introduced by Kaya, Kahraman, and Önder.8 Then, generalized normal
ruled surfaces, whose direction vector is a combination of N and B vectors, are introduced by Kaya and Önder.9 Also,
generalized rectifying ruled surfaces, whose direction vector is a combination of T and B vectors, were introduced by
Önder.10 Obviously, the condition that the anchor curve is regular is used in the examination of generalized ruled surfaces.
In this study, we will consider the anchor curves as singular curves, thanks to the framed curve and surface theory.

In Euclidean space, framed curves or framed surfaces are smooth curves and surfaces with singular points but defined
by moving frames. Framed curves defined by Honda and Takahashi are a generalization of regular curves under linearly
independent conditions.11 There are many studies that have made important contributions to the literature for these spe-
cial curves and surfaces, which eliminates the problem of not being able to define a moving frame on a curve or surface
with singular points. Similar to the fundamental theorems of curvature given in regular curves, the existence and unique-
ness conditions of framed curves are given in Fukunaga and Takahashi.12 Moreover, there are studies such as framed
rectifying curves,13,14 framed normal curves,15 framed helices,16 framed slant helices,17 and Bertrand and Mannheim
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curves of framed curves,18 which are special curves with singular points. Other studies on framed curves and framed
surfaces can be viewed in previous studies.19–24

In this study, generalized osculating-type ruled surfaces of Frenet-type framed curves are introduced. These surfaces
are a generalization of tangent developable surfaces and principally normal ruled surfaces for both singular and regular
cases. First of all, basic definitions and theorems for framed curves and framed surfaces are given in Section 2. In Section 3,
generalized osculating-type ruled surfaces of Frenet-type framed curves are introduced. These surfaces are examined for
singularity, and cross-cap conditions are given. In addition, geometrical examinations of surfaces, that is, being cylindrical,
developable, and stricture curves, are made. In Section 3.1, generalized osculating-type ruled surfaces of Frenet-type
framed curves are treated as a framed surface. The fundamental invariants and curvatures of the surface are calculated. In
particular, if the surface is regular, the relations with Gaussian and mean curvatures are minimal, and flat conditions are
given. In Section 4, some examples and visuals that support the theory and are examples of examining singularity classes
are given.

2 FRAMED CURVES AND FRAMED SURFACES IN EUCLIDEAN SPACE

Framed curves and framed surfaces in Euclidean space are special curves and surfaces with singular points that can be
defined by a moving frame. Let us give the definition of framed curve defined by Honda and Takahashi11:

Definition 1. (𝛾, 𝛿1, 𝛿2) ∶ I → R3 × Δ2 is called a framed curve if ⟨𝛾 ′(s), 𝛿i(s)⟩ = 0 for every s ∈ I and i = 1, 2 where
the three-dimensional manifold set

Δ2 = {𝛿 = (𝛿1, 𝛿2) ∈ R
3 ×R

3, ⟨𝛿i, 𝛿i⟩ = ⟨𝛿𝑗, 𝛿𝑗⟩ = 1, ⟨𝛿i, 𝛿𝑗⟩ = 0}

The Frenet-Serret type formulas are given by

⎛⎜⎜⎝
𝜈′(s)
𝛿′1(s)
𝛿′2(s)

⎞⎟⎟⎠ =
( 0 −m(s) −n(s)

m(s) 0 l(s)
n(s) −l(s) 0

)(
𝜈(s)
𝛿1(s)
𝛿2(s)

)
.

where a unit vector 𝜈 = 𝛿1 × 𝛿2. s0 is a singular point of 𝛾 if and only if 𝛼(s0) = 0. So (l,m,n, 𝛼) is the framed curvature of
the framed curve.11

If 𝛾 has a singular point, we cannot construct the Frenet frame along 𝛾(s). However, the Frenet-type frame is defined
along 𝛾(s) under the m2 + n2 ≠ 0 condition. These curves are called Frenet-type framed curves and are defined by Honda
as follows16:

Definition 2. 𝛾 ∶ I → R3 is a Frenet-type framed base curve if  ∶ I → S2 is a regular spherical curve and 𝛼 ∶ I → R

is a smooth function where 𝛾 ′(s) = 𝛼(s) (s). Then,  (s) is called a unit tangent vector and 𝛼(s) is called a speed function
of 𝛾(s). The unit principal normal vector  (s) =  ′(s) ∕ ‖ ′(s)‖, and a unit binormal vector (s) =  (s) ×  (s) of
𝛾(s). Then, an orthonormal frame { (s), (s),(s)} is constructed and this frame is called Frenet-type framed base
curve along 𝛾(s). The following Frenet-Serret type formula can be given:

(  ′(s) ′(s)′(s)

)
=

( 0 𝜅(s) 0
−𝜅(s) 0 𝜏(s)

0 −𝜏(s) 0

)(  (s) (s)(s)
)

(1)

where 𝜅(s) = ‖ ′(s)‖ is curvature and 𝜏(s) = det( (s), ′(s), ′′(s))‖ ′(s)‖2 is torsion of 𝛾 .16

Since the normal vector of a surface with singular points cannot be found, framed surfaces can be treated as smooth
surfaces defined by a moving frame with singular points:

Definition 3. (Ψ,Ψ1,Ψ2) ∶ U → R3×Δ is called a framed surface if ⟨Ψs(s,u),Ψ1(s,u)⟩ = 0 and ⟨Ψu(s,u),Ψ1(s,u)⟩ = 0
for every (s,u) ∈ U where Ψs(s,u) = 𝜕Ψ

𝜕s
(s,u) and Ψu(s,u) = 𝜕Ψ

𝜕u
(s,u). Ψ ∶ U → R3 is called a framed base surface if

there exists (Ψ1,Ψ2) ∶ U → Δ such that (Ψ,Ψ1,Ψ2) framed surface.22
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Also, the {Ψ1(s,u),Ψ2(s,u),Ψ3(s,u)} is a moving frame along Ψ(s,u) where Ψ3(s,u) = Ψ1(s,u) ∧ Ψ2(s,u). The basic
invariants functions of framed surface (Ψ,Ψ1,Ψ2) are given by(

Ψs
Ψu

)
=
(
𝜀01 𝜀02
𝜀03 𝜀04

)(
Ψ2
Ψ3

)
, (2)

(Ψ1s
Ψ2s
Ψ3s

)
=

( 0 𝜀11 𝜀12
−𝜀11 0 𝜀13
−𝜀12 −𝜀13 0

)(Ψ1
Ψ2
Ψ3

)
, (3)

(Ψ1u
Ψ2u
Ψ3u

)
=

( 0 𝜀21 𝜀22
−𝜀21 0 𝜀23
−𝜀22 −𝜀23 0

)(Ψ1
Ψ2
Ψ3

)
, (4)

where 𝜀i𝑗 ∶ U → R, i = 0, 1, 2, 𝑗 = 1, 2, 3, 4 are smooth functions. The above matrices are denoted by 0,1,2, respec-
tively. The matrices (0,1,2) are called basic invariants of the framed surface. Also, (s,u) is a singular point of Ψ if and
only if det0(s,u) = 0. By the integrability conditions of the framed surface, then 𝜀01𝜀21 + 𝜀02𝜀22 = 𝜀03𝜀11 + 𝜀04𝜀12. The
C𝑓 = (J𝑓 ,K𝑓 ,H𝑓 ) ∶ U → R3 is called a curvature of the framed surface where

JΨ = det
(
𝜀01 𝜀02
𝜀03 𝜀04

)
,KΨ = det

(
𝜀11 𝜀12
𝜀21 𝜀22

)
,

HΨ = −1
2

{
det

(
𝜀01 𝜀12
𝜀03 𝜀22

)
− det

(
𝜀02 𝜀11
𝜀04 𝜀21

)} (5)

If Ψ ∶ U → R3 is a regular surface, the first and second fundamental forms are given by

E = 𝜀2
01 + 𝜀2

02, F = 𝜀01𝜀02 + 𝜀03𝜀04, G = 𝜀2
03 + 𝜀2

04
L = −𝜀01𝜀11 − 𝜀02𝜀12, M = −𝜀01𝜀21 − 𝜀02𝜀22, N = −𝜀03𝜀21 − 𝜀04𝜀22

(6)

Proposition 1 (Fukunaga and Takahashi22). Let Ψ ∶ U → R3 is a regular surface. The Gauss curvature and the mean
curvature of the framed surface (Ψ,Ψ1,Ψ2) are given by

K = KΨ

JΨ
, H = HΨ

JΨ
.

3 GENERALIZED OSCULATING-TYPE RULED SURFACES OF
FRENET-TYPE FRAMED BASE CURVES

The aim of this section is to determine the generalized osculating-type ruled surface by using singular curves. Additionally,
we investigate geometric properties and the singular point classes of generalized osculating-type ruled surface.

Definition 4. Let 𝛾(s) ∶ I → R3 a Frenet-type framed base curve. The ruled surface Ψ(𝛾,𝜈n)(s,u) = I × R → R3

defined by
Ψ(𝛾,𝜚n)(s,u) = 𝛾(s) + u𝜚n(s), 𝜚n(s) = 𝜚1(s) (s) + 𝜚2(s) (s) (7)

is called the generalized osculating-type ruled surface of framed base curve where 𝜚1(s) and 𝜚2(s) are smooth functions
where 𝜚2

1(s) + 𝜚2
2(s) = 1. Obviously, if 𝜚1(s) = 0 and 𝜚2(s) = ±1, then the surface Ψ(𝛾,𝜚n)(s) is principal normal surface

along Frenet-type framed base curves. If 𝜚2(s) = 0 and 𝜚1(s) = ±1, then the surface Ψ(𝛾,𝜚n)(s) is tangent developable
surface along Frenet-type framed base curves.

Theorem 1. The set of singular points of generalized osculating-type ruled surface Ψ(𝛾,𝜚n) is given by

S = {(s,u) ∈ I × U| u𝜚2(s)𝜏(s) = 0, (𝛼(s)𝜚2(s) + u(𝜚′1(s)𝜚2(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s))) = 0}. (8)
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Proof. According to the partial derivatives of (7), we get

𝜕Ψ(𝛾,𝜚n)(s,u)
𝜕s

= (𝛼(s) + u𝜚′1(s) − u𝜚2(s)𝜅(s)) (s) + u(𝜚1(s)𝜅(s) + 𝜚′2(s)) (s) + u𝜚2(s)𝜏(s)(s),
𝜕Ψ(𝛾,𝜚n)(s,u)

𝜕u
= 𝜚1(s) (s) + 𝜚2(s) (s).

(9)

From Equation (9), we get

𝜕Ψ(𝛾,𝜚n)(s,u)
𝜕s

∧
𝜕Ψ(𝛾,𝜚n)(s,u)

𝜕u
= − u𝜚2

2(s)𝜏(s) (s) + u𝜚1(s)𝜚2(s)𝜏(s) (s)

+ (𝛼(s)𝜚2(s) + u(𝜚′

1(s)𝜚2(s) − 𝜚1(s)𝜚
′

2(s) − 𝜅(s)))(s))
The singular points of surface construct with the set (8). □

Now, let us examine the singularity types of the generalized osculating-type ruled surface of Frenet-type framed curves.
In order to examine the types of singularity of the surface, we can divide them into two classes S1 and S2. For singular
points, from Equation (8),

u𝜚2(s)𝜏(s) = 0 (10)

𝛼(s)𝜚2(s) + u(𝜚′1(s)𝜚2(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s)) = 0 (11)

First, let us assume that u = 0. Then, the class S1 is denoted by

S1 = {(s, 0) ∈ I × U| 𝛼(s)𝜚2(s) = 0}.

Next, assume that u ≠ 0. According to Equation (11), we have

u = − 𝛼(s)𝜚2(s)
𝜚′1(s)𝜚2(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s)

. (12)

If u ≠ 0, then we have 𝜚2(s) = 0 or 𝜏(s) = 0. However, if 𝜚2(s) = 0, from Equation (12), we get u = 0. This contradicts
the fact that u ≠ 0. Therefore, 𝜏(s) = 0. After all, 𝜏(s) = 0 for every s ∈ I is not. That is, this does not require the curve to
be planar. Finally, the class S2 is denoted by

S2 = {(s,u) ∈ I × U| 𝜏(s) = 0, 𝛼(s)𝜚2(s) + u(𝜚′1(s)𝜚2(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s)) = 0, u ≠ 0}

Corollary 1.

1. If 𝜚1(s) = 0 and 𝜚2(s) = 1, generalized osculating-type ruled surface Ψ(𝛾,𝜚n) is a principal normal surface of
Frenet-type framed curves. Consequently, from definition sets S1 and S2, we have

S1 = {(s, 0) ∈ I × U| 𝛼(s) = 0}.
S2 = {(s,u) ∈ I × U| 𝜏(s) = 0, 𝛼(s) − u(𝜅(s)) = 0, u ≠ 0}

Obviously, this particular case presents the results of study.19

2. If 𝜚2(s) = 0 and 𝜚1(s) = 1, generalized osculating-type ruled surface Ψ(𝛾,𝜚n) is a tangent surface of Frenet-type
framed curves. Since 𝜚2(s) = 0, from definition set S2 for u ≠ 0, we have 𝜅(s) = 0. This is a contradiction since
𝜅(s) ≠ 0 for Frenet-type framed curves. Therefore, there is no S2 singularity for tangent surfaces.

After this part, for convenience, according to Equation (8), it will be accepted as

x(s) = 𝜚2(s)𝜏(s)
𝑦(s,u) = 𝛼(s)𝜚2(s) + u(𝜚′1(s)𝜚2(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s))
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Now, let us examine the conditions for having cross-cap singularity of generalized osculating-type ruled surfaces of
Frenet-type framed base curves.

Theorem 2. Let Ψ(𝛾,𝜚n)(s,u) is generalized osculating-type ruled surface of Frenet-type framed base curve 𝛾(s). Then, we
have

1. If (s1, 0) ∈ S1 and 𝛼′(s1)𝜚2(s1)x(s1) ≠ 0, then Ψ(𝛾,𝜚n)(s,u) is a cross-cap at the point (s1, 0).
2. If (s2,u2) ∈ S2 and 𝛼(s2)𝜚2(s2)x′(s2) ≠ 0, then Ψ(𝛾,𝜚n)(s,u) is a cross-cap at the point (s2,u2).

Proof. From Equation (9), we get

𝜕2Ψ(𝛾,𝜚n)

𝜕u𝜕s
(s,u) = (𝜚′

1(s) − 𝜚2(s)𝜅(s)) (s) + (𝜚′

2(s) + 𝜚1(s)𝜅(s)) (s) + 𝜚2(s)𝜏(s)(s)
𝜕2Ψ(𝛾,𝜚n)

𝜕s2 (s,u) = [(𝛼(s) − u𝜚1(s))
′ − u𝜚2(s)𝜅(s))

′ − u𝜚1(s)𝜅2(s) − u𝜚′

2(s)𝜅(s)] (s)

+ [𝛼(s)𝜅(s) − u(𝜚2(s)(𝜅2(s) + 𝜏2(s)) − 𝜚1(s)𝜅
′ (s) − 𝜚

′′

2(s))] (s)

+ [u(2𝜚′

2(s)𝜏(s) + 𝜚2(s)𝜏
′ (s) + 𝜚1(s)𝜅(s)𝜏(s))](s)

Consequently, we have

det
(
𝜕Ψ
𝜕u

(s,u), 𝜕
2Ψ

𝜕u𝜕s
(s,u), 𝜕

2Ψ
𝜕s2 (s,u)

)
= u(𝜚1(s)𝜚

′

2(s) − 𝜚
′

1(s)𝜚2(s)

+ 𝜅(s))(2𝜚′

2(s)𝜏(s) + 𝜚2(s)𝜏
′ (s) + 𝜚1(s)𝜅(s)𝜏(s))

+ 𝜏(s)𝜚2(s)(𝛼
′ (s)𝜚2(s) − 𝛼(s)𝜚1(s)𝜅(s))

− u𝜏(s)𝜚2(s)(𝜚2(s)𝜚
′′

1(s) + 𝜚
′′

2(s)𝜚1(s))

− u𝜏(s)𝜚2(s)(𝜅
′ (s) − 𝜚1(s)𝜚2(s)𝜏2(s) + 2𝜚2(s)𝜚

′

2(s)𝜅(s))

If the singular points of the surface belong to the set S1 (i.e., (s1, 0) ∈ S1), then

det
(
𝜕Ψ
𝜕u

(s1, 0),
𝜕2Ψ
𝜕u𝜕s

(s1, 0),
𝜕2Ψ
𝜕s2 (s1, 0)

)
= 𝛼

′ (s1)𝜚2
2(s1)𝜏(s1) = 𝛼

′ (s1)𝜚2(s1)x(s1)

If the singular points of the surface belong to the set S2 (i.e., (s2,u2) ∈ S2), then

det
(
𝜕Ψ
𝜕u

(s2,u2),
𝜕2Ψ
𝜕u𝜕s

(s2,u2),
𝜕2Ψ
𝜕s2 (s2,u2)

)
= 𝛼(s2)𝜚2(s2)x

′ (s2).

The desired from Izumiya and Takeuchi6 is obtained. □

Corollary 2. Let Frenet-type framed curve 𝛾(s) be a Bertrand curve and Ψ(𝛾,𝜚n)(s,u) be the generalized osculating-type
ruled surface of 𝛾(s). Then, we have

i. If s1 is the ordinary cusp singularity of 𝛾 and 𝜚2(s1) ≠ 0, then Ψ(𝛾,𝜚n)(s,u) is a cross-cap at the point (s1, 0).
ii. If s2 is the ordinary cusp singularity of the Bertrand mate 𝛾 and 𝜚1(s) = 0 and 𝜚2(s) = 1, thenΨ(𝛾,𝜚n)(s,u) is a cross-cap

at the point (s2,u2).

Proof. i. From the definition of ordinary cusp singularity,25 since s1 is the ordinary cusp singularity of 𝛾, 𝛼(s1) = 0,
and 𝛼′(s1) ≠ 0. On the other hand, the Frenet-type framed curve 𝛾(s) is a Bertrand curve if and only if there exist two
constants 𝜆1 ≠ 0 and 𝜆2 such that 𝜆1𝜅(s) + 𝜆2𝜏(s) = 𝛼(s) and 𝜆2𝜅(s) − 𝜆1𝜏(s) ≠ 0.19 For Frenet-type framed curves,
since 𝜅(s) ≠ 0 for every s ∈ I, we have 𝜏(s1) ≠ 0. Therefore, since 𝜏(s1) ≠ 0, 𝛼′(s1) ≠ 0, if 𝜚2(s1) ≠ 0, then Ψ(𝛾,𝜚n)(s,u) is
a cross-cap at the point (s1, 0).
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ii. Let us assume that 𝛾̄(s) is the Bertrand mate 𝛾(s). If s2 is the ordinary cusp singularity of the Bertrand mate 𝛾

and 𝜚1(s) = 0 and 𝜚2(s) = 1, since Ψ(𝛾, )(s,u) is a principal normal surface, from Corollary 1 in Huang and Pei,19 the
desired result is obtained. □

Theorem 3. Let Ψ(𝛾,𝜚n)(s,u) is generalized osculating-type ruled surface of Frenet-type framed base curve 𝛾(s). For
𝜚1(s), 𝜚2(s) ≠ 0 are non-constant, we have the following:

1. The generalized osculating-type ruled surface Ψ(𝛾,𝜚n)(s,u) of Frenet-type framed base curve 𝛾(s) is cylindrical if and
only if 𝜏(s) = 0 and 𝜅(s) = 𝜚′1(s)𝜚2(s) − 𝜚′2(s)𝜚1(s).

2. The Frenet-type framed base curve 𝛾(s) of surface Ψ(𝛾,𝜚n)(s,u) is its striction curve if and only if 𝛼(s) = 0 or 𝜚′1(s) −
𝜚2(s)𝜅(s) = 0.

Proof.

1. By differentiating of 𝜚n(s) = 𝜚1(s) (s) + 𝜚2(s) (s), we get

𝜚′n(s) = (𝜚′1(s) − 𝜚2(s)𝜅(s)) (s) + (𝜚′2(s) + 𝜚1(s)𝜅(s)) (s) + 𝜚2(s)𝜏(s)(s).
If surface is cylindrical 𝜚′n(s) = 0. Then, we have

𝜚′1(s) − 𝜚2(s)𝜅(s) = 0,
𝜚′2(s) + 𝜚1(s)𝜅(s) = 0,

𝜚2(s)𝜏(s) = 0.
(13)

If 𝜚2(s) = 0, we have 𝜅(s) = 0. However, this contradicts the existence of Frenet-type framed curves. Therefore,
𝜚2(s) ≠ 0 and 𝜏(s) = 0. If both sides of the first equation of (13) are multiplied by 𝜚2(s) and both sides of the
second equation of (13) by −𝜚1(s), we get 𝜅(s) = 𝜚′1(s)𝜚2(s)−𝜚′2(s)𝜚1(s). Then, if the surface is cylindrical, 𝜏(s) = 0
and 𝜅(s) = 𝜚′1(s𝜚2(s) − 𝜚′2(s)𝜚1(s).

2. The striction parameter of the Ψ(𝛾,𝜚n)(s,u) can given by

𝜇(s) = 𝛾(s) −
⟨𝛾 ′(s), 𝜚′n(s)⟩⟨𝜚′n(s), 𝜚′n(s)⟩𝜚n(s)

= 𝛾(s) +
𝛼(s)(𝜚′1(s) − 𝜚2(s)𝜅(s))

(𝜚′1(s) − 𝜚2(s)𝜅(s))2 + (𝜚′2(s) + 𝜚1(s)𝜅(s))2 + (𝜚2(s)𝜏(s))2 𝜚n(s).

The base curve 𝛾(s) of surface Ψ(𝛾,𝜚n)(s,u) is its striction curve if and only if 𝜚′1(s) − 𝜚2(s)𝜅(s) = 0 or 𝛼(s) = 0.

□

Corollary 3. If the generalized osculating-type ruled surface Ψ(𝛾,𝜚n)(s,u) of Frenet-type framed base curve 𝛾(s) is
cylindrical, it is a plane with the following parametric representation:

Ψ(𝛾,𝜚n)(s,u) = 𝛾(s) + u
(

cos
(
∫ 𝜅(s)ds

)
 (s) − sin

(
∫ 𝜅(s)ds

)
 (s)

)
Proof. Let the generalized osculating-type ruled surface Ψ(𝛾,𝜚n)(s,u) of Frenet-type framed base curve 𝛾(s) is cylindri-
cal. Then, according to Theorem 3, 𝜏(s) = 0 and 𝜅(s) = 𝜚′1(s)𝜚2(s)−𝜚′2(s)𝜚1(s). On the other hand, since 𝜚2

1(s)+𝜚2
2(s) = 1,

we get 𝜚1(s)𝜚′1(s) + 𝜚2(s)𝜚′2(s) = 0. From the solution of this differential equation, we can write 𝜚1(s) =
√

c − 𝜚2
2. By

using equation 𝜅(s) = 𝜚′1(s)𝜚2(s) − 𝜚′2(s)𝜚1(s), we have

𝜅(s) = − c√
c

⎛⎜⎜⎜⎜⎝
𝜚′2(s)√

1 −
(

𝜚2(s)√
c

)2

⎞⎟⎟⎟⎟⎠
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Let us assume that c = 1. If both sides are integrated, we get

∫ 𝜅(s) = − arcsin (𝜚2(s)) (14)

From Equation (14), we have

𝜚2(s) = − sin∫ 𝜅(s)ds, 𝜚1(s) = cos∫ 𝜅(s)ds

□

Corollary 4. If the Frenet-type framed base curve 𝛾 of the generalized osculating-type ruled surface Ψ(𝛾,𝜚n)(s,u) is also its
striction for 𝛼(s) = 0, the striction curve is a point.

Proposition 2. The generalized osculating-type ruled surface Ψ(𝛾,𝜚n)(s,u) of Frenet-type framed base curve 𝛾(s) is
developable if and only 𝛼(s)𝜚2

2(s)𝜏(s) = 0.

Proof. If Ψ(𝛾,𝜚n)(s,u) is developable, det(𝛾 ′(s), 𝜚n(s), 𝜚′n(s)) = 0. Then, we have

det(𝛾 ′(s), 𝜚n(s), 𝜚′n(s)) = det(𝛼(s) (s), 𝜚1(s) (s) + 𝜚2(s) (s), (𝜚′1(s) − 𝜚2(s)𝜅(s)) (s)
+ (𝜚′2(s) + 𝜚1(s)𝜅(s)) (s) + 𝜚2(s)𝜏(s)(s)

= 𝛼(s)𝜚2
2(s)𝜏(s).

Therefore, if generalized osculating-type ruled surface Ψ(𝛾,𝜚n)(s,u) is developable 𝛼(s)𝜚2
2(s)𝜏(s) = 0. □

Corollary 5. If generalized osculating-type ruled surface Ψ(𝛾,𝜚n)(s,u) is a tangent developable surface (i.e., 𝜚2(s) = 0),
Ψ(𝛾,𝜚n)(s,u) is developable. If Frenet-type framed curve 𝛾(s) is planar curve (i.e., 𝜏(s) = 0), Ψ(𝛾,𝜚n)(s,u) is developable.

Proposition 3. The locus of the singular points of the generalized osculating-type surface Ψ(𝛾,𝜚n)(s,u) of Frenet-type
framed curves is given by

1. If the singular points of the surface belong to the set S1, the locus of the singular points is the framed base curve 𝛾 .
2. If the singular points of the surface belong to the set S2, the locus of the singular points Ψ(𝛾,𝜚n)(s,u) is the curve

𝛽(s) = 𝛾(s) + 𝛼(s)𝜚n(s)
𝜚1(s)𝜚′2(s) − 𝜚′1(s)𝜚2(s) + 𝜅(s)

.

Proof. The definition of singular point set S2, 𝜏(s) = 0 and 𝑦(s,u) = 0. From equation 𝑦(s,u) = 0, we get u =
𝛼(s)

𝜚1(s)𝜚′2(s)−𝜚
′
1(s)𝜚2(s)+𝜅(s)

where 𝜚1(s)𝜚′2(s) − 𝜚′1(s)𝜚2(s) + 𝜅(s) ≠ 0. □

3.1 Generalized osculating-type surfaces as framed surfaces
In this part of this study, we intend to examine the generalized osculating-type ruled surfaces of Frenet-type framed base
curves, which may have singular points with the help of the theory of the framed surface which was studied in Fukunaga
and Takahashi.22

Definition 5. Let 𝛾(s) is a Frenet-type framed base curve and Ψ(𝛾,𝜚n)(s,u) is the generalized osculating-type ruled
surface of 𝛾(s). If there exist two smooth functions Θ, 𝛷 ∶ I × U → R3 such that ⟨Ψs(s,u),Ψ1(s,u)⟩ = 0 and⟨Ψu(s,u),Ψ1(s,u)⟩ = 0 where

Ψ1(s,u) = cosΘ(s,u)(𝜚2(s) (s) − 𝜚1(s) (s)) + sinΘ(s,u)(s)
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and

Ψ2(s,u) = cos𝛷(s,u)(𝜚1(s) (s) + 𝜚2(s) (s)) + sin𝛷(s,u)(sinΘ(s,u)(𝜚2(s) (s) − 𝜚1(s) (s)) − cosΘ(s,u)(s)).

Hence, we have the framed surface (Ψ,Ψ1,Ψ2) ∶ I × U → R3 × Δ where Δ = {(Ψ1,Ψ2) ∈ S2 × S2, ⟨Ψ1,Ψ2⟩ = 0}. We
can calculate Ψ3(s,u) = Ψ1(s,u) ∧ Ψ2(s,u). Therefore, we have

Ψ3(s,u) = (𝜚1(s) sin𝛷(s,u) − 𝜚2(s) sinΘ(s,u) cos𝛷(s,u))  (s)
+ (𝜚2(s) sin𝛷(s,u) + 𝜚1(s) cos𝛷(s,u) sinΘ(s,u)) (s))
+ cosΘ(s,u) cos𝛷(s,u)(s)

From Equations (2), (3), and (4), the basic invariants of (Ψ,Ψ1,Ψ2) are given by

𝜀01 = sin𝛷(s,u) [sinΘ(s,u)𝑦(s,u) − u cosΘ(s,u)x(s)] ,
𝜀02 = − cos𝛷(s,u)[sinΘ(s,u)𝑦(s,u) − u cosΘ(s,u)x(s)],
𝜀03 = cos𝛷(s,u),
𝜀04 = sin𝛷(s,u).

𝜀11 = − cos𝛷(s,u)[cosΘ(s,u)(𝜚2(s)𝜚′1(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s)) + sinΘ(s,u)x(s)] − sin𝛷(s,u)(Θs(s,u) − 𝜚1(s)𝜏(s)),
𝜀12 = − sin𝛷(s,u)[cosΘ(s,u)(𝜚2(s)𝜚′1(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s)) + sinΘ(s,u)x(s)] + cos𝛷(s,u)(Θs(s,u) − 𝜚1(s)𝜏(s)),
𝜀13 = −𝛷s − sinΘ(s,u)(𝜚2(s)𝜚′1(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s)) + cosΘ(s,u)x(s)

and

𝜀21 = − Θu sin𝛷(s,u),
𝜀22 =Θu cos𝛷(s,u),
𝜀23 = −𝛷u

where x(s) = 𝜏(s)𝜚2(s) and 𝑦(s,u) = 𝛼(s)𝜚2(s) + u(𝜚′1(s)𝜚2(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s)). On the other hand, from integrability
conditions of the framed surface, we have

Θu(sinΘ(s,u)𝑦(s,u) − u cosΘ(s,u)x(s)) = [cosΘ(s,u)(𝜚2(s)𝜚′1(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s)) + sinΘ(s,u)x(s).

The curvature CΨ = (JΨ,KΨ,HΨ) of the framed surface Ψ(𝛾,𝜚n)(s,u) is given by

JΨ = sinΘ(s,u)𝑦(s,u) − u cosΘ(s,u)x(s),
KΨ = − Θu(cosΘ(s,u)(𝜚2(s)𝜚′1(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s)) + sinΘ(s,u)x(s)),

HΨ = Θs(s,u) − 𝜚1(s)𝜏(s)
2

.

By according to Corollary 1 in Fukunaga and Takahashi,22 we get

Corollary 6. If p ∈ S1 or p ∈ S2,

i. Since, JΨ(p) = 0, Ψ is not an immersion (a regular surface) around p.
ii. (Ψ,Ψ1) is a Legendre immersion around p if and only if KΨ(p) ≠ 0 or HΨ(p) ≠ 0.

If p ∉ S1 and p ∉ S2,
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iii. Ψ is an immersion (a regular surface) around p.
iv. (Ψ,Ψ1) is a Legendre immersion around p.

Corollary 7. Let Ψ(𝛾,𝜚n) ∶ U → R3 is a regular surface. From Equation (6), the first and second fundamental forms are
given by

E = (sinΘ(s,u)𝑦(s,u) − u cosΘ(s,u)x(s))2,

F = cos𝛷(s,u) sin𝛷(s,u)[1 − (sinΘ(s,u)𝑦(s,u) − u cosΘ(s,u)x(s))2],
G = 1,
L = − (Θs(s,u) − 𝜚1(s)𝜏(s))(sinΘ(s,u)𝑦(s,u) − u cosΘ(s,u)x(s)),

M =Θu(sinΘ(s,u)𝑦(s,u) − u cosΘ(s,u)x(s)),
N = 0.

Corollary 8. The Gauss curvature K and the mean curvature H of the regular surface Ψ(𝛾,𝜚n) are given by, respectively,

K =
−Θu(cosΘ(s,u)(𝜚2(s)𝜚′1(s) − 𝜚1(s)𝜚′2(s) − 𝜅(s)) + sinΘ(s,u)x(s))

sinΘ(s,u)𝑦(s,u) − u cosΘ(s,u)x(s)
,

H = Θs(s,u) − 𝜚1(s)𝜏(s)
2(sinΘ(s,u)𝑦(s,u) − u cosΘ(s,u)x(s))

.

Corollary 9. The regular surface Ψ(𝜚,n) ∶ U → R3 is a flat surface if and only if Θu(s,u) = 0.

Proof. From the integrability conditions of the framed surface, we have K = Θ2
u(s,u). If Ψ(𝛾,𝜚n) ∶ U → R3 is a flat

surface if and only if Θu(s,u) = 0. On the other hand, since Ψ(𝛾,𝜚n) ∶ U → R3 is regular, we can write cosΘ(s,u) =
𝑦(s,u)√

u2x2(s)+𝑦2(s,u)
and sinΘ(s,u) = ux(s)√

u2x2(s)+𝑦2(s,u)
. Then we have Θu(s,u) = 𝛼(s)𝜚2

2(s)𝜏(s)
u2x2(s)+𝑦2(s,u)

. Therefore, the surface is flat if and

only if Θu(s,u) = 𝛼(s)𝜚2
2(s)𝜏(s) = 0. This situation coincides with Proposition 4. □

Corollary 10. The regular surface Ψ(𝛾,𝜚n) ∶ U → R3 is a minimal surface if and only if Θs(s,u) = 𝜚1(s)𝜏(s).

4 EXAMPLES

In this section, some examples are given that explain the theorems and results from the previous sections.

Example 1. Let the anchor curve framed helix 𝛾(s) of generalized osculating-type ruled surface Ψ(𝛾,𝜚n)(s,u) be given
by the parametrization

𝛾(s) =

(
2(s +

√
2) cos s − 2 sin s,−2(s +

√
2) sin s − 2 cos s,

√
5s2

2
+
√

10s

)

with a singular point s0 = −
√

2. The moving frame and framed curvatures { , ,, 𝜅, 𝜏, 𝛼} are given by

 (s) =

(
−2

3
sin s,−2

3
cos s,

√
5

3

)
 (s) = (− cos s, sin s, 0)

(s) =
(
−
√

5
3

sin s,−
√

5
3

cos s,−2
3

)

𝜅(s) = 2
3
, 𝜏(s) = −

√
5

3
, 𝛼(s) = 3(s +

√
2).
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FIGURE 1 Generalized osculating-type ruled surface of framed
helice [Colour figure can be viewed at wileyonlinelibrary.com]

Let us assume that 𝜚1(s) = sin s and 𝜚2(s) = cos s. Therefore, we can write Ψ(𝛾,𝜚n)(s,u) = 𝛾(s) + u𝜚n(s) where

𝜚n(s) =

(
−2

3
− 1

3
cos2(s), 1

3
sin s cos s,

√
5

3
sin s

)

Since 𝜏(s) ≠ 0 and 𝜚2(s) ≠ 0, Ψ(𝛾,𝜚n) is non-developable and non-cylindrical. Also, we can write the following
expressions for singularity types:

i. If u = 0 and 𝛼(s1)𝜚2(s1) = 3(s1 +
√

2) cos s1 = 0, the (s1, 0) ∈ S1 is a singular point of surface. Then, the (−
√

2, 0) ∈
S1, (− 𝜋

2
, 0) ∈ S1 and ( 𝜋

2
, 0) ∈ S1 are singular points of surface.

ii. Since 𝜏(s) ≠ 0 for every s ∈ I, (s2,u2) ∈ S2 is not singular point.

The graph of surface Ψ(𝛾,𝜚n) for u ∈ (−2𝜋, 2𝜋) and s ∈ (−𝜋, 𝜋) is given by Figure 1.

Example 2. Let the surface Ψ(𝛾,𝜚n) be given by the parametrization

Ψ(𝛾,𝜚n(s,u) = 𝛾(s) + u𝜚n(s)

where 𝛾(s) ∶ (−2𝜋, 2𝜋) → R3 is framed slant helice is given by17

𝛾(s) =

(√
6

5
sin

(3s
5

)
−

2
√

6
35

sin
(7s

5

)
−

√
6

25
sin s,−

√
6

5
cos

(3s
5

)
+

2
√

6
35

cos
(7s

5

)
+

√
6

25
cos s, 12s

25
− 6

5
sin

(2s
5

))
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and the { , ,, 𝜅, 𝜏, 𝛼} are given by

 (s) =

(
3
5

sin
(4s

5

)
+ 2

5
sin

(6s
5

)
,−3

5
cos

(4s
5

)
− 2

5
cos

(6s
5

)
,

2
√

6
25

sin
( s

5

))
,

 (s) =

(
2
√

6
25

cos s,
2
√

6
25

sin s, 1
5

)
,

(s) =
(

2
5

cos
(6s

5

)
− 3

5
cos

(4s
5

)
,

2
5

sin
(6s

5

)
− 3

5
sin

(4s
5

)
,

2
√

6
25

cos
( s

5

))
,

𝜅(s) =
2
√

6
5

cos
( s

5

)
,

𝜏(s) =
2
√

6
5

sin
( s

5

)
,

𝛼(s) = 2
√

6 sin
( s

5

)
.

Suppose that 𝜚1(s) = cos s and 𝜚2(s) = sin s. Then, we have

Ψ(𝛾,𝜚n)(s,u) = 𝛾(s) + u(cos s (s) + sin s (s))

Then we get the following:

i. Since 𝛼(s)𝜚2(s) = 2
√

6 sin
(

s
5

)
sin s, if s = k𝜋 where k ∈ R for u = 0 and s ∈ (−2𝜋, 2𝜋), the set of singular points

is S1.
ii. The definition of singular point set S2, we have 𝜏(s) = 0 and 𝑦(s,u) = 0. Then, if s2 = k𝜋, x(s2) = 0. However,

𝑦(s2,u2) = −u(1± 2
√

6
5
) for s2 = k𝜋. Then, if 𝑦(s2,u2) = 0, u2 = 0. Therefore, the set of singular points is not S2.

The graph of surface Ψ(𝛾,𝜚n) for u ∈ (−1, 1) and s ∈ (−2𝜋, 2𝜋) is given by Figure 2.

FIGURE 2 Generalized osculating-type ruled surface of framed
slant helice [Colour figure can be viewed at wileyonlinelibrary.com]
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Example 3. Let us consider the (2, 3, 5)-type Frenet-type framed base curve by 𝛾(s) =
(

s2

2
,

s3

3
,

s5

5

)
. Since 𝛾 ′(0) =

(0, 0, 0), the curve is not Frenet curve. However, we can write

𝛾 ′(s) = 𝛼(s) (s)

where
𝛼(s) = s

(√
1 + s2 + s6

)
 (s) = 1√

1 + s2 + s6
(1, s, s3)

It is clear that 𝛼(0) = 0 and  is the regular spherical curve. Then the other orthonormal frame elements of the
Frenet-type framed curve 𝛾(s) are given by

 (s) = 1√
1 + 9s4 + 4s6

√
1 + s2 + s6

(−s − 3s5, 1 − 2s6, 3s2 + 2s4),

(s) = 1√
1 + 9s4 + 4s6

(2s3,−3s2, 1),

𝜅(s) =
√

1 + 9s4 + 4s6

1 + s2 + s6 ,

𝜏(s) =
6s
√

1 + s2 + s6

1 + 9s4 + 4s6 .

Let us consider the following cases:

Case 1: The generalized osculating-type ruled surface Ψ(𝛾,𝜚n) is given by

M1 =

(
s2

2
+ u

(
s√

1 + s2 + s6
+

√
1 − s2(−s − 3s5)√

1 + 9s4 + 4s6
√

1 + s2 + s6

)
,

s3

3
+ u

(
s2√

1 + s2 + s6
+

√
1 − s2(1 − 2s5)√

1 + 9s4 + 4s6
√

1 + s2 + s6

)
,

s5

5
+ u

(
s4√

1 + s2 + s6
+

√
1 − s2(3s2 + 2s4)√

1 + 9s4 + 4s6
√

1 + s2 + s6

))
.

for 𝜚1(s) = s and 𝜚2(s) =
√

1 − s2.
Case 2: The generalized osculating-type ruled surface Ψ(𝛾,𝜚n) is given by

M2 =

(
s2

2
+ u

(
3

5
√

1 + s2 + s6
+ −4s − 12s5

5
√

1 + 9s4 + 4s6
√

1 + s2 + s6

)
,

s3

3
+ u

(
3s

5
√

1 + s2 + s6
+ (4 − 8s5)

5
√

1 + 9s4 + 4s6
√

1 + s2 + s6

)
,

s5

5
+ u

(
3s3

5
√

1 + s2 + s6
+ (12s2 + 8s4)

5
√

1 + 9s4 + 4s6
√

1 + s2 + s6

))
.

for 𝜚1(s) = 3
5

and 𝜚2(s) = 4
5
.

Case 3: The generalized osculating-type ruled surface Ψ(𝛾,𝜚n) is given by

M3 =

(
s2

2
+ u −s − 3s5√

1+ 9s4 + 4s6
√

1+ s2 + s6
,

s3

3
+ u 1 − 2s6√

1+ 9s4 + 4s6
√

1+ s2 + s6
,

s5

5
+ u 3s2 + 2s4√

1+ 9s4 + 4s6
√

1+ s2 + s6

)
.

for 𝜚1(s) = 0 and 𝜚2(s) = 1.
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FIGURE 3 The surface (A) M1, (B)
M2, (C) M3, and (D) M4

Case 4: The generalized osculating-type ruled surface Ψ(𝛾,𝜚n) is given by

M4 =

(
s2

2
+ u 1√

1 + s2 + s6
,

s3

3
+ u s√

1 + s2 + s6
,

s5

5
+ u s3√

1 + s2 + s6

)
.

for 𝜚1(s) = 1 and 𝜚2(s) = 0.
The plots of surfaces M1, M2, M3 and M4 are given by Figure 3.

ACKNOWLEDGEMENTS

The authors thank the editors and referees for their valuable comments and contributions.

CONFLICT OF INTEREST

The authors declare no potential conflict of interests.

ORCID
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Zehra İşbilir https://orcid.org/0000-0001-5414-5887

 10991476, 2023, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.8997 by B

ilecik Seyh E
debali, W

iley O
nline L

ibrary on [12/12/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://orcid.org/0000-0001-5690-4840
https://orcid.org/0000-0001-5690-4840
https://orcid.org/0000-0001-5414-5887
https://orcid.org/0000-0001-5414-5887
https://orcid.org/0000-0002-4888-1412


REFERENCES
1. Emmer M. Imagine math between culture and mathematics. Imagine Math Between Culture and Mathematics. Springer; 2012.
2. Ravani B, Ku TS. Bertrand offsets of ruled and developable surfaces. Comput Aided Des. 1991;23:145-152.
3. Papaioannou SG, Kiritsis D. An application of Bertrand curves and surfaces to CAD/CAM. Comput Aided Des. 1985;17:348-352.
4. Hananoi S, Izumiya S. Normal developable surfaces of surfaces along curves. Proc R Soc Edinb Sect A. 2017;147:177-203.
5. Izumiya S, Takeuchi N. Singularities of ruled surfaces in R3. Math Proc Camb Philos Soc. 2001;130:1-11.
6. Izumiya S, Takeuchi N. Geometry of ruled surfaces. In: Misra JC, ed. Applicable Mathematics in the Golden Age. New Delhi, India: Narosa

Publishing House; 2003. pp. 305–338.
7. Liu H, Yu Y, Sd J. Invariants of non-developable ruled surfaces in Euclidean 3-space. Beitr Algebra Geom. 2014;55:189-199.
8. Kaya O, Kahraman T, Önder M. Osculating-type ruled surface in the Euclidean 3-space. Facta Univer: Math Inf . 2021;36(5):939-959.
9. Kaya O, Önder M. Generalized normal ruled surface of a curve in the Euclidean 3-space. Acta Univ Sapientiae, Math. 2021;13(1):217-238.

10. Önder M. On rectifying ruled surfaces. Kuwait J Sci. 2020;47(4):1-11.
11. Honda SI, Takahashi M. Framed curves in the Euclidean space. Adv Geometry. 2016;16(3):265-276.
12. Fukunaga T, Takahashi M. Existence conditions of framed curves for smooth curves. J Geometry. 2017;108(2):763-774.
13. Wang Y, Pei D, Gao R. Generic properties of framed rectifying curves. Mathematics. 2019;7(1):37.
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