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Abstract: In this study, we consider the concepts of convergence in L,y , (R} ;). In variable Lebesgue spaces, there are three
types of convergence: convergences with respect to modular, norm and measure. We investigate the relationship between these
convergences. Furthermore, we prove that Lp(_M(RZ’JF) are Banach spaces.
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1  Introduction
In this study, we investigate concepts of convergences in variable Lebesgue spaces connected with Laplace-Bessel differential operator
n
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In variable Lebesgue spaces, there are three types of convergence: modular convergence, norm convergence and measure convergence. We will
examine the relationship between norm, modular, and measure convergence in Ly, () (RZ ). Also, we prove that Lyyy (]R}CI ) are Banach
spaces.

Variable Lebesgue spaces which have first been considered by Orlicz [2] and have a long history, play a key role in harmonic analysis
theory. Indeed, these spaces are extensions of classical Lebesgue spaces by taking the exponent function p(-) instead of the constant exponent
p. Therefore, they have many properties similar properties with LP,V(RQ ). Of course, they also differ in many ways and for this reason there
is an increasing interest on variable Lebesgue spaces.

The motivation of this paper is to study fundamental concepts of analysis such as convergence, completeness in variable Lebesgue spaces.
Then, we examine the relationship between norm, modular, and measure convergence in Ly, (]R}CI 1) Also, we prove that Lp(,),,Y(RZ’ 4)
are Banach spaces. Now, we are ready to recall important definitions and notations.

Let © = (2/,2"), 2’ = (z1,...,2;) € R¥ and 2" = (Tgt1s---:2n) € R™ . Denote Ry ={z€R": 21 >0,...,2, >0, 1<
E<n}l,y=(1, )7 >0,...,7% >0and |y] = y1 + ... + 7.

Let P(Ry ;) = {p() : Ry 4 — [1,00] : p(-)is measurable ;. Also let any element of P(IR}; ) is said to be a variable exponent function
and also let

p+ = ess sup p(x), p— := ess inf p(x),
T€ERY | zeRY |

P ... 1
satisfying the conditions for all |z — y| < 5 Y eRE 4,

Ag
x)— )
Ip(z) — p(y)] o p—
and
Ao
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Here poo = wlgréo p(x) > 1. If the above inequalities hold for p(-), then we denote it by p(-) € P'°8( k4)sand p(-) € Plog( %,+)» respec-

tively. Moreover, if p(-) provides both of inequalities, then it is denoted by p(-) € LH (R} ). As in classical Lebesgue spaces, there exist
three cases for p(z), i.e., p(z) = 1, p(z) = oo or 1 < p(x) < oco. Therefore, three canonical subsets on R}; | are introduced as follows:

(Rk.+)oo = {z € Ry 4 : p(z) = oo},
(RE )1 ={z € R 1 : p(x) =1},
(RE)o = {z €RE 4+ 1< p(a) < oo}.

For z € R}, , conjugate exponent function is given by

€

p(°)

Jr
p/

~

Then variable Lebesgue space is defined as follows:

Lp()y(Rk4) = { 11l Ry ) = inf {u >0 pp(y (f/0) < 1} < oo},

where f is a measurable function, p(-) € P(R} ) and

< 0.

()= | @O e+ 1o

n n k, +)oo
R ARE oo

The next proposition follows easily from [1].

Proposition 1. f € L, (R ) if and only if

Pp() .~ (f) :J s F(@)[P™) (@) Vdz < oo,

k,+

where p(-) € P(R}; ;) and p4 < oo.
Lemma 1. Letp(~) € P( ) If”f”p( )y = < 1, then Pp(.), ( ) < ||f||p andif||f||p(~),'y > 1, then pp(~),'y(f) > ||f”p(),’y

Proof: If || f| p(.),, = 0, then f = 0 and p,(y ,(f) = 0.1f 0 < || f||5(.),5 < 1, since the modular p,,.) ., is convex, then we have

Y
>
(),
p()y

f
< W llp(y v Po()y (W) < S llpy,v

(f) < 1,then || f[|,(.y,, < 1.Butthen we have

Py (F) = Pp(yy <

If | fllp.),y > 1, then one can write py,(.) , (f) > 1. Alsoif pp(.

; @\
o, :J LN @) de + ppiy (D) T L ()
v <Pp<->,v> REA(RD)oo (Ppc)w(f)) o ot

< jw\( . @ ooy 4 (D@ + () () b (7)) = T
T o
Consequently, we get || f||,(.),y < Pp(.),(f)- This completes the proof. O

2 Convergencein L, (R} )

In this section, we first give the relationship between convergences with respect to modular, norm and measure in L p(), ,Y(R" +).
Given {fi} C Ly(.) (R ), itis said that { f;} converges with respect tonorm to f € L,y (R, 1) if hrn Hf fz||p( ),y = 0. If there

exists A > 0 such that pp(‘)’,y()\( f— fi)) = 0asi — oo, then it is said that f; converges to f with respect to modular Finally, given e > 0, if

lim V{|{:c €REy ¢ |f(x) — fi(z)] > 5}|,Y <a} =0

17— 00

holds, then it is said that { f; } converges with respect to measure.
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Theorem 1. Let p(-) € P(RE ) and for all i € N, {f;} C L.y (R |) nonnegative functions such that f; increases to a function f
pointwise a.e. Then f € Ly (R 1) and || fillp.)y = 1 fllpy,y or £ & Lpy,(RE ) and || fill p(y,, — 00

Proof: Since { fl} is an increasing sequence, {|| f|,(.), 7} is also increasing and so it either converges or diverges to co. If f € L,y o (Ry +)
then || fillp(.),y < I fllp().y since fi < f. Otherwise, since f; € Ly, (RE 1), we have || fi[| (), y<o0= [ £llp(y.~- In both cases it is
sufficient to show that there holds p < || fil,(.), forany o < [[f[l5(.) 4> and for all sufficiently large .

Fix p > 0. Then it is obvious that p,(.) 4 (f/u) > 1 and from monotone convergence theorem, we have

p(z)
pooatim = [ (B e e

I
B2\ (R oo

) p(x)
= lim <J ('f’(m)|> (') Vdx + M_1|fi|Loo,7((Ri)oo)>
i—00 Ri\(Ri)m 1%

= lim pp) o (fi/)-

Thus, pp(.) o (fi/p) > 1and g < |[fill .), for all sufficiently large 4. Therefore, we complete the proof. O
Now, we will give the analog of Fatou’s Lemma.

Theorem 2. Letp(-) € P(R}, ). Assume that the sequence { f;} C Ly (R} ) such that f; — f pointwise a.e. Iflim inf || f;
’ ’ 71— 00
then f € Ly (Ry )andHpr 4 < hzrgloréfﬂfl

lp(),y < oo

llp().

Proof: Firstly, we will define a sequence g;(z) = inf;<,, |fm(z)|. Then g;(z) < |fm(z)| for all i <m and thus g; € L,y ,(RE ;).
Furthermore, {g;} is an increasing sequence and

lim g;(z) = lim inf | f ()] = [f(2)]

1—00 m—0o0
forx € RZ) 4 a.e. by its definition. From Theorem 1, we get
I llpcy.y = Hm llgillp),y < lim (Zlélrfl [ fmllp)y) = liminf [|flp(.) o < 00,
and f € L) o(Ry ;). Thus, this completes the proof. O

Notice that unlike the above theorems, to obtain the analog of dominated convergence theorem we have to suppose p4+ < oo. The following
theorem associated with convergence with respect to norm is required to convergence with respect to modular.

Theorem 3. Let p(-) € P(RE ) and py < oo. For {fi} C Ly, ~(RE y) and f € Ly, o(Ry 1),

(f— £) fi — f|\p(,)7,y — 0 if and only if
Pp( )y = fi) = 0.

Proof: Assume that { f;} converges with respect to norm. Then, from Lemma 1, we obtain

Py (f = Fi) < WIf = fillpe)y <1,

for all sufficiently large 4. Thus, pj,.) , (f — fi) = 0.
To obtain the converse, let 1+ < 1 be fixed. Then, we get
f—1i 1\
Pp() ( ) s \n) peea =S
This implies that p.y, ,Y( = ) < 1 for all ¢ sufficiently large. Equivalently, || f — f; H p(),y < pforall sufficiently large ¢. Since p is arbitrary,
fi — f with respect to norm Therefore, we complete the proof. (]

Theorem 4. Let p(-) € P(Ry | ) and py < oo. If there exists a sequence {f;} such that f; — f pointwise a.e., and there exists g €

H

k
Ly~ (RE ) such that | f;(x)| < g(x) a.e., then f € Ly (R ;) and ll_l)IgO Ilf = fillp),y =0
Proof: From Proposition 1, we have
F@) = fi@P® < 227 (1@ + (@)
< 2% |g(@)PY € Ly (RY).

Therefore, from the dominated convergence theorem on L1, (R 1), pp(.y o (f — fi) = 0asi — 0andso || f — fill(.y,, — 0, by Theorem
3. Thus, we complete the proof. ]
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Theorem 5. Let p(-) € P(R} ;). If there exists the sequence {fi} C L.y (R ;) such that || f — f; — 0, then the sequence { f;}

. ()
converges to f with respect to measure.

Proof: Assume that there exists a sequence { f; } converges to f with respect to norm but not with respect to measure. And we also assume that
there exists 0 < £ < 1 such that,

Ei={z € Riy : |f(2) — filz)| > e}y > <,

for all i. Since there exists |F; N (Ry | Jooly > €/2 or |E; \ (R | )oo|y > €/2 for each i, by taking another subsequence we suppose that
one of these inequalities holds for all 7.
If[E; N (Ry 4 )ooly > €/2 for all 4, then we find

If = fillyey . 2 1F = Fdx@y yallipey, = I = filloe L (®p o) Z €

Then, this is a contradiction. If [E}, \ (R} | )oc|y > /2 for all k, then we get

f— F 1f@) = fu@)\P
Pp()y ( 62/2 ) = J]RZHF\(RZHF)OC ( 82/2 > (£C )qd.’E
2 p(m) ey 2 pP— "
e (B) = (2) B R 2

Therefore, there exists || f — fillz, ., , = €2 /2 > 0. Again, it is a contradiction. Thus, if the sequence {f;} C Lp(y,~(RE ) converges to f
with respect to norm, then the sequence { fl} converges to f in measure. O

Theorem 6. Let p(-) € P(Ry; | ). Assume that the sequence {f;} C L,y (RE ) converges with respect to norm to f € L,y (R ).
Then there exists a subsequence {f;,} and g € Ly(.y (R} ;) such that f;; — f pointwise a.e. and |f;,(z)| < g(z) for a.e. » G RZ 4

)

Proof: From Theorem 5, we have a subsequence { fij} such that f;; — f pointwise a.e. Furthermore, since a convergent sequence is also
Cauchy, we can fix i; large enough for each j, || fi; , — fi;llp()y <277
Define for each j,

Z | Fimes () = i (@),

which implies {h;} is an increasing and pointwise convergent to h. Therefore, we have

L1 TORES Z

By monotone convergence theorem, there exists i € Ly, o (Ry; ;). But, we get

j—1
i @) =A@ < Y iin @) = fi (@) = () < (),
m=1
forevery j and a.e. z € Ry | . Hence, if we fix g = h + | f1|, we have g € L) (Rg ;) and | f;; (z)] < g(=) ae. O

Now, we give the relationship between these convergence types.
Theorem 7. Letp(-) € P(Ry 1), p+ < 0o, f € Ly 4 (Ry ;) and a sequence { fi} C Ly(.y (RE ). Then the followings are equivalent:
(i) fi — f with respect to norm,

(ii) fi — f with respect to modular,
(iti) f; — f with respect to measure and for some \ > 0, Pp(-), ,y()\fz) = Pp(), ()\f)

Proof: The equivalence of (i) and (ii) has been proved in Theorem 3. We will now prove the equivalence of (ii) and (iii).
To prove that (ii) implies (iii), by Theorem 5, notice that convergence with respect to norm implies convergence with respect to measure. To
finish the proof of this argument we will obtain that convergence with respect to modular means p,.) ~(Afi) = pp(.y (Af) for A = 1.
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If1 <p < ooandu,v > 0, by using the mean value theorem, then there holds
|u? — vP| < pmax{uf " WP} u —v| < p(uP Tt 0P ju— vl

Therefore, we have

10p(,7 (F) = Py 4 (F) |<J ‘|f WP — | f3(2) P (2) da

<py jw (F@P@7! = 1f@PO) 1f @) - fi@)|) de.

To estimate the RHS, we write Ri , = (Ry ;)1 U (R} ; )o. For the integral on (R} , )1, we can write
pe| o (F@POTHR@POT) @) - @)
(RZ,+)1
<wi| @) - A@P ) e

(Rk +)1
< 2p4pp() 4 (f = fi)-

Since convergences with respect to modular and norm are equivalent, RHS goes to 0 (¢ — 00).
To calculate the integral on (R  )o, let e, 0 < & < 1/4 be fixed. Then by Young’s inequality, we have

pe| - (H@POT HAE@POT) @) - @) da
Ry 1)

k,4/0

e @) (2)-1 @)-1\P'@
sﬂ(R Sy (F@r @) s

e~ p(@)

®p )0 P(2)

+p+j F(@) — fu(@) P (') de

=1+ I>.

First, let us calculate I5. Since p(x) > 1 forall z € (Ry; | )o, we get

Iy < pippy (e (F = f):

To estimate 1, we use the following inequalities:

P + 0P < max{1,2' P}(u+ v)?

0 0.
(u+v)P < max{1,2'"P}(uP +vP) p>0, u,v>

Since 1 < p/(x) < 0o on (R +)o, we have
Bp | O a1, 2O () @)
(R%,+)o

<p+ J(R (49)” @ @/ f(@)] + [ (2) = fil@))"? (o) da

n
k,+/0

Stepe[ PO (@@ 415w - L@ PO) T @)

(RZ’+)O
<epy 2 L () +ep 2P o L (F = £i)

Thus, we can write

pe| o (F@POTR@POT) @) - @)
Ry o

<epr 2P o) () +epr 2P o, A (F = ) F P opy 4 (€T 1)

Hence, we have

lim sup p+ j( (@ P 1 H@PO ) @) - fi)| (@) da

i—00 Z,+)0

<epr 2P+ o L ()

Since £ > 0 is arbitrary, we follow from |pp,.y o (f) — pp(.),4(fi)| = 0.

220
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Now assume that f; — f with respect to measure and Pp(-), ~(Afi) = Pp(-), ,Y()\f) for A > 0. Since A\ f; — Af with respect to measure, we
may suppose that A = 1. Then we have, for eache, 0 < e < 1,

{z Ry 1f@) — file)") > EHw <[{zerp i 1f@) - filw) PO > P HW

<[{r Bl 1@ - i@ >} <e

Hence, |£(-) — f;(-)|P) = 0 with respect to measure.
Furthermore, we get

1F@)P = | fi(@) P (M)
<+ (IS @PO 4 1H@PO) (@) - fi@)
< p|f(@)PC 1 f (@) ~ fil@)] + s max{1, 2702} x
< (@I + 1H@PE ) 1£@) = i)
<pr @ @O f (@) ~ fi@)] +pe 2| f(2) — fila) PO
Now let £, 0 < & < 1 be fixed. Since | f(-)|?) € L, -~ (R} 1), there exists K > 1 such that
Hx: |f(z)[P@)~1 >KH H 2)[P@) >KH <e/2.
From inequality (1), since f; — f and | f(-) — f; (")|P () - 0 with respect to measure, we can write
{a: ]|f<x>|p<w> ~1Hi@P@] > e}
gl
<[z r@P 7 > K} |{o: pe@ K@) - filw)] > 2/2)] +
+ ]{x P42 (@) — L@ > /2]
2l
P € n 5
<3 2p+(2p+ + 1)K py2r+tt
€
<gtitize
for all sufficiently large i. Therefore, | f;(-)[P(") — | £(-)|P"*) with respect to measure. Define
hi(x) = 27 fi@) P + 22 @) |f (@) ~ i)l > 0,
then h; — 2P+|f(-)|P () with respect to measure. Hence, from Fatou’s Lemma, we get
2| @ @) e
K.+
<tmint | 27 @P 4 2@ - @) - @O )
11— 00 n
K+
Since pp,(.y 4 (fi) = pp(.y,4(f), we follow from
timsup | 1£(0) ~ fi@ @) de <0,
1—00 Z+
Thus, f; — f with respect to modular. Therefore, we complete the proof. (]

3 Completeness of L, (R} )

Here, we are ready to obtain the completeness of Lp(,)ﬁ(Rz) ), but we first need to prove the following theorem.
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o0
Theorem 8. Let p(-) € P(Ry 1) and {fi} C Ly (RE ) be the sequence such that Z Il fi < oco. Then there exists | €

=1

Hp(')77

k
Lp(,),,y(]RZ’_i_) such that Z fi = finnormas k — oo and
i=1

o0
£y < D I fillpey,ye
i=1
Proof: Firstly, let us define " on RY. , and {F}} as follows:
00 k
F(z) =Y fi(x)],  Frl@)=Y_|fi(2)l.
k=i i=1

Th.en the sequence {F}} is nonnegative and increasing pointwise a.e. to F. Furthermore, there exists Fj, € Lp(~),»y(Rk, ), and its norm is
uniformly bounded for each k£, since

k oo
”Fk”p(-)q < Z HfZ”p(),v < Z HfZ”p(),v < oo.
=1 =1

Therefore, from Theorem 1, we have F' € L,y ,(Ry; ;) .
Since F is finite a.c., { F), } converges pointwise a.c. Therefore, if we can define {Gy, } by

then it is also pointwise convergent a.e., since absolute convergence means convergence. Let us denote this limit by f,i.e, G — f.
Now fix Go = 0. Then G, — G; — f — G pointwise a.e. for j > 0. Moreover, we have

k 00
liminf |Gy, — Gjlip(),y < liminf _ Z Il fillpcy,y = Z I fillp(y,y < o0
1=j+1 1=j5+1

From Theorem 2, if j = 0, then we get

1 llp) < it [ Gillp. < D illpy o < o0

i=1
Also, we can write, for each j,
o0
1f = Gillp().y < iminf |Gy — Gjllp(y 5 < > M fillpy s
— 00 L
1=j+1
since the sum on the RHS goes to 0. Hence, G; — f with respect to norm. Therefore, we complete the proof. d

Let us state the completeness of L,y ,(Ry; ;) which is a corollary of Theorem 8. This result also means that L.y , (R ;) is Banach
space for 1 < p_ < p(z) < pt < 0.

Corollary 1. Let p(-) € P(Ry; ). L) (RE ) is complete, i.e. every Cauchy sequence in L,y (R} | ) is also convergent.

Proof: Let {fi} C Ly (Rg ;) be a Cauchy sequence. Fix 41 such that || fx — fjllp(),, < 271 for k,j > i1, fix g such that || f; —
Fillpyy < 272 for k, j > io and so on. This gives a subsequence {fi;} 45 <ijt1, such that
||fij+1 - Ji Hp('),’y <27
J
Let {g;} be defined by g1 = f;, and g; = fi; — fi;_, for j > 1. Then for all j, we have the telescoping sum Z gk = fi;. Furthermore, we

) k=1
obtain

z ngHp(-),'y < an ||p(~),'y + Z 2_j < oo.
j=1

j=1

Hence, from Theorem 8, there exists f € Lp(,),ﬁ/(]RZ’ - ) such that fi; — fin norm.
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As a consequence of this, we have
If = filloeyy < I = fijllpeyny + iy = Fillpy -
Since {f;} is a Cauchy sequence, we can get the RHS as small as desired. Therefore, f; — f with respect to norm. This completes the
proof. O
4 Conclusion
In this paper, the concepts of convergence in variable Lebesgue space has been investigated. In this space, there exists three types of

convergence: convergences with respect to modular, norm, measure. The relationship between these convergences has been studied.
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