W) Check for updates

Received: 5 January 2023 Accepted: 22 May 2023

DOI: 10.1002/mma.9459

RESEARCH ARTICLE WILEY

Some results concerning Riesz-Bessel transforms of high
order

Esra Kaya

Department of Mathematics, Faculty of

Science, Bilecik Seyh Edebali University, In the present study, we introduce the sharp function related to the
Bilecik, Turkey Laplace-Bessel differential operator and investigate its properties on the vari-
Correspondence able Lebesgue spaces. Moreover, we obtain that Riesz-Bessel transforms of high

Esra Kaya, Department of Mathematics, order are bounded on variable Lebesgue spaces Ly.),, (RZ + )
Faculty of Science, Bilecik Seyh Edebali
University, 11100 Bilecik, Turkey.

Email: esra.kaya@bilecik.edu.tr KEYWORDS
sharp function, singular integral operator, variable Lebesgue space

Communicated by: V. Radulescu
MSC CLASSIFICATION
42B20, 42B35

1 | INTRODUCTION

Harmonic analysis consists of significant operators such as singular integrals, maximal operators, sharp maximal oper-
ators, Riesz potentials, convolution type operators, and approximate identities. The problem of boundedness of these
operators and their versions, which are generated by Laplace-Bessel differential operators, is important in harmonic
analysis. Over the years, this problem has been discussed by Aliev, Ekincioglu, Gadjiev, Guliyev, Kaya, Kipriyanov,
Klyuchantsev, Lyakhov, Serbetci, Stempak, and others [1-13].

Recently, there is a big attention on variable Lebesgue spaces, and several results of harmonic analysis have been
obtained by Adamowicz et al. [14], Cruz-Uribe et al. [15, 16], Diening [17, 18], and so forth. It is noteworthy to mention
that these spaces are Banach spaces. So, there are many similarities with Lebesgue spaces. Nevertheless, some difficul-
ties are encountered while studying on variable Lebesgue spaces. One of them, generalized translation operator 7" is
not continuous on variable Lebesgue spaces when p(-) is not constant, particularly. But it is still possible to overcome
these difficulties by taking some regularity conditions on this exponent function. In [19], boundedness of generalized
translation operator on variable Lebesgue spaces has been obtained. As mentioned earlier, it is assumed that the func-
tion p(-) is log-Hoélder continuous locally and at infinity. While these assumptions are sufficient, we prefer to work with a
weaker hypothesis, which is the boundedness of B-maximal operator M, on variable Lebesgue spaces L.,,. In [2, 8, 20],
it has been obtained that B-maximal operators defined on variable Lebesgue spaces are bounded. These studies and the
results obtained therein motivate us to investigate the boundedness of Riesz-Bessel transforms of high order on variable
Lebesgue spaces Ly, (RZ . ) In order to obtain the boundedness, we first examine the behavior of the sharp function on
variable Lebesgue spaces L,.,. Then, using this result, we present that Riesz-Bessel transforms of high order on variable
Lebesgue spaces are bounded.

The draft of this study is as follows: In Section 2, we recall some basic concepts and definitions, which are useful for us.
In Section 3, we introduce the sharp functions associated with the Laplace-Bessel differential operator, for shortly B-sharp
functions. Then under the condition p(-), p’(:) € P (RZ . |, we provide that || f ||, < CIIf [ poy forall f e Ly, (RZ +>.
Finally, in Section 4, by using this inequality and the boundedness of B-maximal operator, we have shown that Riesz-Bessel

transforms of high order R(yk) are bounded on variable Lebesgue spaces Ly, (RZ . )
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2 | PRELIMINARIES

Now, we pause to collect some basic concepts, notations, and known results, which are beneficial for us.

Letx = (X, x"),x' = (x1, ... ,x3) € R, and X" = (ks ... ,xn) € R . Denote R,’;Jr ={xeR":x>0,..,x>
0,1<k<n},y=01, -7 >0, ... ,7&k >0, |lyl=nn+ ... +y,and Sy = {x € RZ& . |x| = 1}. By(x,r) denotes the
open ball of radius r with center x, namely, B, (x,r) = {y € RZ’ L+ L x—=yl <r} LetBi(0,r) C Rﬁ’ , be a measurable set,
then

|B+(0’ r)|y = / (x,)ydx = a)(n, k, y)rrH'lyI,
B,(0,r)

nk kr(L‘”)
T2 2

2k L. (Lt) ’
i=1
We will now introduce the spaces Ly.),, (RZ‘ ,) and recall the basic properties ofit. Let P(RZ’ ,) be the set of all measurable
functions p(-) : ]RZ’ + = [1, c0]. The functions in P(RZ’ ,) are called variable exponent functions and also let

where w(n, k,y) =

o

p- = ess infp(x), D+ = esssupp(x).
xeR?

n
o+ xe}Rk, N

Given p(-), the conjugate of the exponent function is as follows:

1 1
—+—=1, xR} .
px)  p'x) ket
The analog of log-Ho6lder continuity for variable Lebesgue spaces related to the Laplace-Bessel differential operator is
defined by the following.

Definition 1. Let us give a function p(-) : RZ + = [1, 00). If there exist constants Co, Co, > 0, and pe, such that for all
n

-yl <3,andx,y €R

e+
Co
[p(x) —p(y)| < m, 1
and
|p(X) — Ppool| < w ()

hold, then p(-) is log-Holder continuous on RZ +» Where p,, = lim p(x) > 1. If (1) and (2) hold for p(-), then it is
i X—00

denoted by p() € P'°8 (RZ +> and p(-) € Pi;’g (RZ +>, respectively.
The space Ly, (]RZ +> is known as the set all of measurable functions f such that for a variable exponent p()) : R}, —
[1, o],
Ilflle(,W(RZ*) =inf{A>0: ppo, (f/H) <1} <,
where

Ppry += / | £ () POy dx.
R’l

k+

Notice that variable Lebesgue space Ly, <]RZ +> is a Banach space for 1 < p_ < p(x) < p+ < 0.
Corollary 1 ([21]). Letp(-) € P (RZ,+)' Then Cy <RZ’+> is dense in Ly, (RZ&).
Remark 1. If p_ > 1, p is constant outside some large ball B, and p(-) € P8 <RZ +>, then p(-) € P <]RZ +> and

pPHePr (RZ,J,)- Also, if 1 < s < p_and0 < t < 1, then p(-)/s, (p(-)/t) € P'°g (RZ,+> and are constant outside B,.

Particularly, p(-)/s, (p(-)/t)’ € P (RZ,+>'
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The generalized translation operator is defined by

Tyf(x) = Cy,k/ / f [(XhYI)ala ,(xk,J’k)an” _y”] dY(a)a
0 0

k -1 k
where C,j = 72T (%) [F (g)] , (s Yoy = (2 = 26y cos @ + 37,1 < <k, 1 <k < n,and dy(a) = [] sin""a;dey
i=1
[10, 22]. Observe that the generalized translation operator is related to the Laplace-Bessel differential operator, and also
let us recall the definition of the Laplace-Bessel differential operator below:

n

k
02 0> vi 0
Ap = B; + —, B=—+—=——F—,1<k<n.
’ ; l i:kz+1 ox; l ox; X 0X;

The B-convolution operator connected with T” is defined by

(f Rk = / ST g)(y'Y dy.
Re,
Given a function f € Lll"; (RZ N ) then the B-maximal operator (see [6]) is as follows:

M, f(x) = sup |B+(0, V)Iil/ T f(0l(y) dy.

B,(0.r)

For B, € R} L» We can write

M, f = |Bs(x, r)ly_l/ T f(0l(y) dy.
B

+

Then one can deduce,

M, f = sup My,B+fa
B, (x,r)

by taking supremum over all balls centered at x.
In order to define the grand maximal function My, let us first recall some basic concepts. The space of the restrictions
of the test functions of Schwartz space of rapidly decreasing functions to R}, will be denoted by Sy, that is,

I llapy = sup |x“D}f],
where a = (al’ san)’ ﬁ = (ﬂls ’ﬂn), a’ﬂ € Nn’ and

2 B
o aleﬂi

2 By 1
ox; ox,

B _ 1B pbi _ b b1 pbi _
Dy _Dx’Bi —Dl1 Dk—llBi =

We denote the finite collection of seminorms on the Schwartz space S, of rapidly decreasing functionsby 7 := {||-|l4,4., }-
Let Sr, be the following subset:

Sy i={P €Sy || P|lapy, <1 forall ||-|lap, € F}.

Define My, f(x) := sup|f * ®,x)| for ® € Ly, (R;;+) and @,(x) := t"OC/t). f® € L, (R;Cg) is radial, radially
>0 ’ ’

decreasing, and @ > 0, then
|M<D,yf(x)| < ”q)”LJ/Myf(x), (3)

forall f € Lll"; (RZ +>. One can easily observe that Mz, := sup Mg, f(x).

EST'J
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It is simple to obtain that if p(-) € P <RZ,+> and 1 < s < oo, then sp(-) € P (RZ&), and

1 1
||M7f||sp(~),y S”M}/(lfls); §

1
s

’sp(~),y = ||M7(|fls)|

pCy

<CISFI., = ClS Nlsperg “4)

)2 ON%

3 | BBSHARP FUNCTIONS ON VARIABLE LEBESGUE SPACES

This section is devoted to investigate the behavior of the sharp function connected with the Laplace-Bessel differential
operator on variable Lebesgue spaces. For this aim, we first consider the following maximal operators and sharp function
connected with the following:

For given f € LS (RZ,+) nLYS <RZ,+>, andlet0 < p < oo, By € R}, then

I8, 1= |Bi(x, r)lil/ TG dy,

B,

Msp, , 1= <|B+(X, V)Iy_l/ Tylf(x)IS(Y’)ydy> ;

B

+

s

Mf,B+,y = <|B+(x, V)|y_1/ [T f(x) — fB+|S(y/)7dy) ,
B+

Ms,yf(x) ‘= sup MS,B+,yf9

B, (x,r)

M, f(x) := sup Mf’BM f.

B, (x,r)

Also, the sharp function f* is defined by f* := Miyf. Obviously, f € BMO, (RZ&) if and only if f* € L, (RZ&).

Moreover, it is easy to see that My, f = M, f and for all p; < p, M, ,f < Mp,, f, and Mﬁl,yf < M‘gz,},f by Jensen's
inequality.

Lemmal. Letp(-) € P (Rz +>. Then, f + f* is continuous on the variable Lebesgue spaces.

Proof. By using | f¥| < 2M, f and the boundedness of the B-maximal operators M, on Ly, (R,’{‘ +> variable Lebesgue
spaces (see [2, 8]), the desired result is obtained. O

Lemma 2. For a given bounded exponent function p(-) such that p_ < 1, it is known that Hardy space H, , (RZ +> is
dense in the variable Lebesgue spaces Ly, (RZ N )

The above lemma is an analog of Lemma 3.2 in [21].

Lemma3. Letp(-) € P (RZ&) and f € Ly, (RZ&). Then there exist f, € Cy (R,’{’&) suchthat f, — f,and f,? — f#

n
k+ )

on Lp(.)?y (R

Proof. From Corollary 1, since p(-) € P (RZ +), there exists f, € C° <RZ +> with || f = fullpe),, — 0. Moreover, since
g' <M,gforallg e Lll‘); <RZ’+>, and p(-) € P (

RZ&),we get

i

< ||M y < dye
b ” yfn“p(),}’ ”fn“p(),y
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Therefore, £} € Ly, (RZ +>. In the same way, f* € Ly, <RZ +>. Hence, we obtain

|£# - 7

(s Iy < 2IM,(F = Fllpory

L CIf = fallpoy = 0.

This completes the proof. O

In a similar technique in [21], we can give the following:

Proposition1. If f € L, (RZ& ) andg € Hy, <RZ’+>, then

‘ / fX)gx)dx
Ry,

<C / FHeOMer,g0x)dx
R},
holds.

Lemmad4. Letp(-),p'() € P (RL) with1l < p_ < p; < 0. Let F denote any finite collection of seminorm on S, such

that there exists a radial, radially decreasing function ®, € L, (RZ +> with @y > 0 and |D(x)| < Po(x) forall® € Sr,
andallx € RZ&. Then,

/ J0g(x) dx
L

<C / FHOM;,g(x)dx
R},

< %ol / FHOM, g0 d,
Ry,

forall f € Ly, (R,'Z,Jr) andg € Ly, <RZ,+>‘

Proof. Let f € Ly, <RZ +> andg € Ly, <Rz +>. By Lemma 2 and Lemma 3, there exist sequences f, € C5° (RZ +>

and g, € Hy, (Rl’(‘&) such that f,, - f, f,‘f — ffon Ly, (RZ&), and g, — gon Ly, (RL). For all ® € Sr, since

|®] < @y, by (3), we have

Mz, = sup Mo h < sup Mo, (|h])
®eF oer

< M(I)Oy(lhl) < ”(DOlll,yMyh» (5)
forall h & L (R}, ). We take
Fi={ll llapy : @.BENG, la| <n+1, f=(0,...,0)},
and ®y(x) :=c(1 + |x|2)_nT+1 for suitable ¢ > 0. Thus,

||MF,7(g - gn)“p/(.),y < ”q)Olll,y“My(g - gn)“p/(.),y
< CllDolly, lIg = gally, = O. ©)

By Proposition 1, we conclude that

’ / f(x)g(x)dx‘ = lim
B, e

/ fn(x)gn(x)dx'
R+

< lim C

n—oo

/ fﬁ(x)MP,ygAx)dx‘
RY,

=C

/ f%x)Mr,yg(x)dx‘ :
R,
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Hence, the proof is completed.

Theorem 1. Let p(-), p'(:) € P (RL‘&), and1 < p_ < p; < 0. Then

1/ 1lprr < C1 ¥l f € Lyt (RE ).

Proof. Let f € Ly, (RZ +) andg € Ly, <]RZ +>. By Lemma 4, we have

/ fg(x)dx
R

< CHfﬁ“p(-),y”Myg“p’(')'y

sc|| Jj|| o
f p(‘)mllg”p(),y

!/
Since (Lp(.),y <RZ +>> = Lp()y (Rz +>, we get

W71, (s ) < €I,

P().y (RIYCI,+> '
Hence, the proof is completed.
4 | THE RIESZ-BESSEL TRANSFORMS OF HIGH ORDER

The Riesz-Bessel transforms of high order are defined by

R¥f(0) = Ci, [p.v (M ® f>] 0

|y|n+k+|y|

_ Pr(y) ’
= p.v. Ck’y./R;‘*W—k*"” [Tyf(X)] O)rdy
P (y)

= Cyy lim _—
ey | |yl

-0

777 (0] ) dy = lim RJ £ ().

(yeRy, @ yl>e

where Cy, = 20*D20 ((n+ |y])/2) [r(k/z)]‘l, k = 1,2, ... n [23]. Note that Py(x) = Pi(x?, ...
homogeneous polynomial with order k, AgP, = 0 and satisfying the cancellation condition

/ P(0)@')Yd0 =0 and sup |Pu(8)] =M < o,

Skt 0es,

where the characteristic P,(0) belongs to the hemisphere Sy . and 8 = ﬁ We denote by K(y) = 20)

[y|metet?

(7

2 .
’xk3xk+l9 e ,x}’l) IS a

®)

Qi (y) = Ci, Tky@) the

|k

kernel of the high-order Riesz-Bessel transforms. One can easily prove that |T% f (x) — f(x)| < c(x)|y| holds for Schwartz

test functions f(x), by using standard technique.

Lemma 5 ([24]). Let 0 < a < n + |y|. Then,

Ty|x|a—n—|7I _ |y|a—n—|7| < 2n+|7|—a+1|y|a—n—|7|—1 x|
holds, for 2|x| < |yl.
Proposition 2. Let0 < s < 1. Then,

(M}, RP F@1) 0 < CM, £ (0

forall f € CY (RZ&), andx € R,’{‘&.
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Proof. To prove this, we will show that for each 0 < s < 1, each ball B, = B, (xo,r) and for some constant ¢ = cp_,

there exists C > 0 such that
TyR(k) s
( 1B, / irRET -

Let f = fi+ fo Where fi = f s, By using R ), = G- f, TR F00()dy, we pick ¢ = (R f2)s, . Now,

since ||u]® — |v|*| < |[u —v|* for 0 < s < 1 and Riesz-Bessel transforms of high order R(y ) is linear, we obtain

)ydy>S <CM, f(x).

k % k
(M}, aRE 1)) 0 = (;gp)MfmﬂR; )f(X)IS>
+ X

/ IR 7ol -

B+l

IIR(,k)(Tyf(X))IS -

|B+|y

(l N / R feon - of (y)hiy)
+ly JB,

s

|B | |R(k)(Ty(f1+fz)(X))—C’ v )Ydy)
+ly

1

/ ’ RY(T? f1(x)) + R f,(x)) — c‘ 6] )7dy>

| B4
<| N IR(k)(Tyfl(x))| v )%iy)
+1y

+ <|B | / RO f260) = ef )ydy>
+ly

<Ch + D).

s

Since R(yk) f i Ly, (RZ +> = Licy (RZ +> and 0 < s < 1, Bessel-type Kolmogorov inequality for Riesz-Bessel
transforms of high order [3] yields

® S

I = <|B+|, /B [RE (@ 101)| (y)’dy)

< 1B / IT* /LGOI dy
|B+|y B,

<|B, 1 / T AGIG Y dy
B2, /o,
<ct / AN dy
1B+, /o,
<ot / P11 dy
|B+|y BJr
SCMyf(xo).

To take care of I, we consider Jensen's inequality together with Fubini's theorem and then one can obtain that
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L= |B+|;71/
B+

= |B+|;71/
B+

< 1By / B, / [R(T £200) = RY 20| @ day/ ) dy
B, B,

B B R
B B R
B+ B+ Rz{

< B, ;? / / / [T’K(2) = K@) T* f200)(z"Y de
B, J B, |JB(0,2]x])

< |B+|?2/ (z')ydz/ [/ |T"K(7) — K(7)| (y')ydy] T* f,(x)(z") dz
B, B, LJB©.2x))

<ct
[B+ly

< CMyf(XO);

o)y dy

T (RY £200) = R f,

(/')dy

r (R 7)) = 181" [ 7 (R ) @ e
B+

KT (T f,0)(7') dr — / K(T)T’fz(x)(f')ydf) @)'dz(y')' dy
- Ric

K@T'T* fx)(z") dr — / (@) dz(y") dy

R

K(r)Tsz(x)(r’)Vdr>

k+

n
k+

T*K(OT" f,(0(¢' dr — / (@) dz(y")dy

K(OT" f2(0(«'y dz
Rﬂ

k+

(&) dz(y') dy

/ T f(01(z'y dz
B+

that is, it is bounded by a multiple of M, f(xo). Hence, the proof is completed. O

We now show that Riesz-Bessel transforms of high order are bounded on variable Lebesgue spaces Ly, <]RZ +) for
pOEP (RZ&).

Theorem 2. Let p(-) be a bounded exponent and 0 < s < 1 such that p(-), (p(-)/s)’ € P (RZ’Jr) and1 < p_ < py < oo.

Then R(yk) is bounded on Ly, (RZ N > ; that is, there exists a constant C > 0, such that

IR flle.,, <ClIflL

PC)r POy ”

Proof. By Proposition 2, we have
1
(M, ARP 1) (o) < M, £ (k) ©
forall f € CY <RZ’+>, and x, € RZ’Jr. By (4), since p(:) € P (RL) and 0 < s < 1, we have ‘? epr (RL). Hence,
1

k k 5
IR f llpir = [ 1R 71

PO L °
=y

forall f € C° (RZ*). Since p(-) € P (RZ*), by Theorem 1, (4), and (9), we get

1 1
s s

(k) s (k)
[ rv] < iR
1
f k) 215 \||°
<
sclui, (o).,
1 N
k s
<climi, (1RO r1°)
Py
< CK[M, £,

S CKGA fllpeyy-
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Since C¢° (RZ +> isdense in Ly, (RZ +) (see Corollary 1), the desired inequality is obtained. Thus, this proves the
theorem. O

5 | CONCLUSIONS

Singular integral operators and boundedness of these operators on various function spaces are considerable problems of
harmonic analysis. On variable Lebesgue spaces, singular integral operators have been investigated by many mathemati-
cians. On the other hand, B-singular integral operators and Riesz-Bessel transforms of high order have been studied on
Lebesgue spaces. These results motivate us to investigate Riesz-Bessel transforms of high order R(yk) on variable Lebesgue
spaces. In this paper, Riesz—Bessel transforms of high order on variable Lebesgue spaces have been studied. To obtain the
mapping properties of these transforms, we first introduce the sharp functions associated with the Laplace-Bessel differ-

ential operator. Then, we obtain || ||y, < CIIf d peyy forall f € Ly, (RZ +>, under the condition p(-), p’'(:) € P (]RZ +>.
Finally, we show that Riesz-Bessel transforms of high order, R(yk), are bounded on Ly, (RZ +) by using this estimate and

Lpoyy (RZ N ) -boundedness of the B-maximal operators.
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