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On the exact solutions, lie symmetry
analysis, and conservation laws of
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In this work, we study the integrability aspects of the Schamel-Korteweg-de Vries equation that play an important role in
studying the effect of electron trapping on the nonlinear interaction of ion-acoustic waves by including a quasi-potential.
Lie symmetry analysis together with the simplest equation method and Kudryashov method is used to obtain exact
traveling wave solutions for this equation. In addition, conservation laws are constructed using two different techniques,
namely, the multiplier method and the new conservation theorem. Using the conservation laws and symmetries of
the underlying equation, double reduction and exact solution were also constructed. Copyright © 2017 John Wiley & Sons,
Ltd.

Keywords: Lie groups; exact solutions; Schamel-Korteweg-de Vries (S-KdV) equation; conservation laws
_____________________________________________________________________________________________________

1. Introduction

Nonlinear evolution equations are popularly used as models to describe many important dynamical systems in various fields of
science, particularly in fluid mechanics, solid state physics, plasma physics and nonlinear optics, astrophysics, chemical kinematics,
chemical chemistry, optical fiber, and geochemistry. In order to understand better the physical phenomena beside further applica-
tions in practical life, it is important to seek much more exact solutions. During the past several decades to generate exact solutions
and to understand their properties, several important techniques have been developed such as the sine-cosine method [1], varia-
tional iteration method [2-4], homotopy perturbation method [5-8], Jacobi elliptic function method [9], first integral method [10], the
(G’ /G)—expansion method [11], the Weierstrass elliptic function expansion method [12], the exponential function method [13], the
tanh function method [14], the extended tanh function method [15], the simplest equation method [16-18], and the Lie group analysis
method [19-24].
In this paper, we consider the Schamel-Korteweg-de Vries (S-KdV) equation [25]

f—)

Up + (@U? + Buy + Sup = 0, B8 # 0, (

where «, 8, and y are constants. Equation 1 arises in plasma physics in the study of ion acoustic solitons when electron trapping
is present, and also, it governs the electrostatic potential for a certain electron distribution in velocity space. In [26], Tagare and
Chakraborti showed that (1) has solitary wave solution by applying direct integral method. In [9], by using exp-function method, Lee
and Sakthivel gave some exact traveling wave solutions of (1). In addition, a generalized KdV equation is a particular case of (1) that has
been studied in a variety of mathematical physics contexts. When 8 = 0, (1) becomes the Schamel equation

ur + au%ux + SUyx = 0,
when o = 0, (1) becomes a well-known KdV equation
Ur + Buuy + Sug =0

that has been studied successively by many authors.
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The outline of the paper is as follows. In Section 2, we obtain Lie point symmetries of the S-KdV equation. Exact solutions are also
obtained using the Kudryashov method and the simplest equation method. Then in Section 3, we first recall some definitions and
theorem on conservation laws. We construct conservation laws underlying equation using two approaches: the multiplier method and
the new conservation method. And utilizing conservation laws, double reduction also constructed. Finally, conclusions are presented.

2. Lie point symmetries and exact solutions

2.1.  Lie point symmetries

We assume that the vector field of the form
0
—t(xtu) +§(xtu) +n(xtu) )]

will generate the symmetry group of (1). Applying the third prolongation X! to (1), we obtain an overdetermined system of linear
partial differential equations. Then, solving the this system, one obtains Lie point symmetries of (1) by using SADE (in MAPLE):

ad ad
Case 1 («, 0): X1 =—, Xo=—
el @ p 20 = o K=
ad ad 0 0 ad
Case2(/3=0).{X1 =5 Xz:&' X3 2u8—+3t§ a , (3)
ad ad 10 d ) ad
CGSEZ(O{—O).{)G —&, Xz—&, X3 ua +2ﬂt X4—_U%+3t& +X&

2.2. Exactsolutions

We consider the transformations u(x, t) = v?(x, t), and we can rewrite (1) as partial differential equation (PDE) of the form:
20v; + 202V, + 2BV3vy + 68V, Vi + 28V = O. 4)
In order to obtain exact solutions of S-KdV (4), we set v(x, t) = V(§), £ = kx — wt, then (4) converts to
—wW +k (aV? + BV)V + K28 (W +3V'V") =0, (5)
where the prime denotes derivative with respect to £. By once time integrating the earlier equation according to &, then we have

;Wz 73 kB 4 3 ] _
VISV v+k8[()+vv]_o. ©)

2.2.1. The generalized Kudryashov method. Now, we apply the Kudryashov method to (6) [27]:
We assume that the exact solutions of (6) can be expressed by a polynomial in Q(§) as follows:

a + @1Q () + 0@ ¢) +... + avQ" (§)

O S B 5106 + 0.7 ) + ..+ bud ()

(7)

To calculate the values of N and M in (7) that is the pole order for the general solution of (6), we balance the highest-order derivative
term VV” with the highest-order nonlinear term V4, and we obtain

AN —4M =2N-2M+2 = N=M+1.

If we choose N = 2and M = 1, then
ao + a1Q + a,@?

V() = bt b0

(8)
where Q = Q(¢) = ﬁthat is the solution of the Qs = Q> — Q.

Substituting (8) into (6) provides a polynomial R(Q) of Q. Establishing the coefficients of R(Q) to zero, we obtain a system of algebraic
equations. Solving this system by MAPLE, we have six distinct cases. For example, for

—4a 8a
ay = —bo, ar=_-bo, ao= 7b0!
56 58 56
by = —2by, by = by, 9
o« - —16a3
5,/-385 3758/—3B8
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substituting (9) into (8), we obtain the following solution of (6):

_ 4e@@E) -1
YO = 5paam 1y
in other words,

2
40 (1 - 1)

¢ = .
e 56 (12 — 1)

(10)

Similarly, we give all exact solutions in the Table I and some figures of this solution with arbitrary constants.

Figure 2.2.1a: \% in Table 1
fora=506=4v=-3

Figure 2.2.1b: V4 in Table 1
forao=56=4,v=-3

Figure 2.2.1c: \4 in Table 1
fora=506=4,v=-3

Figure 2.2.1d: V in Table 1
fora=50=4,v=-3, k=1

Figure 2.2.1e: V4 in Table 1
fora=-15=4,v= -3

2.2.2. Simplest equation method. The simplest equation method was introduced by Kudryashov [16, 18] that will be used to obtain the
exact solutions of nonlinear evolution equations.
Let us consider the solution of (6) of the form

M
u®) =Y _AGE), (1

i=0
where G(§) satisfies the Bernoulli Eq. (13), M is a positive integer that can be determined by balancing procedure and Ao, A, . .., Ay are
parameters to be determined.

Table I. Exact solutions of (6) using the generalized Kudryashov method (where Q = Q(§) = 1;;@ that is the solution of
the Q¢ = Q*— Q).
ap aq do b] bo k w V(%‘)
0 0 do 0 bo k MGBU ;Zgab )a V1 = %
—2ab —b1 o —1603 _ _—4a@?
50 0 by 2 5V/—3B% 3758/—3B5 V2= spGo-m
—5Ba, —5Ba; 20 —3203 _ —4a
a2 o 0 40 40 5/—385 3758 —3538 Vs=—50Q
3 —ai/—=3B8  a1(200+5k~/—3B3) 3 _ 60k25Q(Q—1)
a ai 0 k8 60k28 k 4k°8 Va= —2a+5k/—3B5(20—1)
—4abg 8arbg —4aby _ o —1603 _ 4a(Q—1)?
5B 5B 58 2bo bo 5./—3p8 3758/—3B8 Vs = SgGa—n
a —3a, —ay 58a; 58a; 20 —3203
2 4 4 4o T6x 5/—388 3758/—3B3
Vo7 = }%(Q -1
4aby . 4ab 58a; 2o —3203
5B a AT by s 1O 5385 3758/—3B%

. _________________________________________________________________________________________________________|
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This procedure yields M = 1, so the solution of (6) is of form
u(§) = Ao + A1G(§). (12)
Bernoulli equation : The first simplest equation is the Bernoulli equation
G'(§) = aG(§)* + bG(§), (13)

where a and b are arbitrary constants. Eq. (13) is a familiar ordinary differential equation (ODE) that posses exact solutions given by
elementary functions. The solution can be expressed as

cosh[b(¢ + O)] + sinh [b(§ + )]
1—acosh[b(§ + C)] —asinh[b(E + )]’

G(E)=0b (14)
where C is a constant of integration.

For obtaining an algebraic system of equations in term of A;, we substitute (12) into (6) and make use of (13) and then equate the
coefficients of the functions G' to zero. Solving the resultant system of algebraic equations with the aid of MAPLE, one possible set of
values of A; (i = 0, 1) are

6k 5kb
A =7F av , An =0, w=4kb%y, o=F—\/-38y
/_3ﬂy 2
6k kb 5kb
Al =F av Ap = +—+/—3B8y, w=4kKby, a=F—=—/-38y

2

Ve 2%

B 6kay _ L 2kb — 3.2 _ .5kb —
A1_$7\/W' Ao3—:|:ﬂ\/ 38y, w=4k’b"y, a—:FZ 38y.
All solutions of (6) are
v _ 6kaby cosh(b(& + ¢)) + sinh(b(§ + ¢))
n) =% /=3By | 1—acosh(b(£ + c)) — asinh(b(¢ + ¢))

kb —— 6kaby cosh(b(§ + ¢)) + sinh(b(§ + ¢))
V2(6) = iﬁ —3brE (\/W) 1 —acosh(b(§ + ¢)) — asinh(b(§ + ¢))

( 6kaby ) cosh(b(¢ + ¢)) + sinh(b(§ + )

V) = +2X° /38, 5

B 1 —acosh(b(£ + ¢)) — asinh(b(£ + 0))’

N

and some figures of this solutions are

Figure 2.2.2a: Vi Figure 2.2.2b: V4>
(forB=2,vy=2,k=—-1l,a=b=c=1) (forB=4,v=-3,k=b=1,a=2,c=-1)

Figure 2.2.2c: Vi3
(forG=16,y=-3, k=a=b=1,c=-1)

. ______________________________________________________________________________________________________|
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Riccati equation : For the Riccati equation that is the second simplest equation
G'(£) = aG(£)* + bG(§) + d, (15)

we shall use the solutions
b+ 6tanh (J6(£ + 0))

G(§) = 2 (16)
and
b+ 6 tanh (16¢) sech (4¢)
G(E) = + - '
2a Ccosh (%E) — Zsinh (%E)

where 02 = b? — 4ad > 0.
Substituting (12) into (6) and making use of (15) and then the same procedure, we obtain set of values of A; (i = 0, 1):

6aky A — 2a/—By — 5kby /38 W —16ka? _ 75k%*b?By + 4a?

V=TT TN T 756 7 3000dpy

Ay =

Solutions of (6) are

_ 3ky (b+ 0 tanh (56£)) N 2a /=By — 5kby/3p

V. =

1(6) =5 e
Va(E) = 6aky [ b+ 6tanh (30¢) N sech (%g)

2 /=3By 2a C cosh (%g) _ %a sinh (%E) ,

L 2By - Skby /3
—58v/—By

and some figures of the solutions:

Figure 2.2.2d: 4 Figure 2.2.2e: 4
(fora=1,8=4,7v=-3,k=75b=4,d=-2) (fora=1,8=4,7v=-3,k=75b=4,d=-2)

As it can be seen easily that (13) and (15) are equal in case of d = 0. However, (14) and (16), which are solutions of (13) and (15),
respectively, are in coincidence with g = —1.

3. Conservation Laws

In this section, conservation laws will be derived for (4). Firstly, we simply present some notations, definitions, and theorem that will be
utilized later (For details [28]).
Consider a kth-order system of PDEs
Eo (X,V,vay, ..o V) =0, a=1,...,m (17)
________________________________________________________________________________________________|
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of nindependent variables x = (x',x?,...,x") and m dependent variables v = (v',v?,...,v™).Letv(y), ..., V() denote the collections
of all first, second, .. ., kth-order partial derivatives. This means that, v* = D; (v%), ufj?‘ = D;D; (v¥), ..., respectively, where the total
derivative operator with respect to x' is given by

J 0 0 .
D"ZW’L"?W“LV?W“L"" i=12...,n. (18)
fi

Now, consider the system of adjoint equations to the system of kth-order differential Eq. (17) that is defined by Ibragimov [28]
Ex (V.Y Voo Yw) =0, a=1,...,m, (19)

where
SL(yPEp)

S a=1,....m v=v(x) (20)

E; (X, VYoo, v(k),y(k)) =

andy = (y',y%...,y™) are new dependent variables.
(17) is said to be self-adjoint if the substitution of y = v into the adjoint system (19) yields the same system (17).
If (17) admits the symmetry operator

0 d
XZSlw‘Fﬂaw, (21)
then adjoint system (19) admits the operator
0 a ad .
Y= g'@ + ’Y(XW + Uilayfa, ne = — [A%YB + y*D; (5')], (22)

where the operator is an extension of (21) to variable y* and )L% are obtainable from
X (Ex) = A%Eg. (23)

Theorem 1 ([28])
Every Lie point, Lie-Backlund and nonlocal symmetry (21) admitted by the system (17) gives rise to a conservation law for the system

consisting of the Eq. (17) and the adjoint Eq. (19), where the components T’ of the conserved vector T = (T1, e T”) are determined by
) . SL SL

T =§1L+Ww*— D;, D; (W¥ , i=1,..., 24

S + SV;X +I; ... Ui ( ) SV,?,-ZM,-S ! n (24)

with Lagrangian give by
L=y%Eq (X, Vi..., V@) - (25)

In this section, conservation laws will be constructed for (4) by two different methods, namely, the multiplier method and the new
conservation method. Exact group-invariant solutions were constructed by double reduction method.

3.1. The multiplier method

A multiplier Ay (X, v, vy, ...) has the property that

AgE% = D;T (26)
holds identically. Here, we will consider multipliers of third order; thatis, Ay = Ag (X, t,V, Vx, Vxx, Vixx, - - -)- The right-hand side of (26) is
a divergence expression. The determining equation for the multiplier A, is

5 (Aak”) _

Sv @7)

Once the multipliers are obtained, the conserved vectors are calculated via homotopy formula [29]. All the multipliers can be calcu-
lated by using (27) for which the equation can be expressed as local conservation law [30].
The third-order multiplier for (4) is A (x,t, V, Vx, Vxx, Vaxx ), and the corresponding determining equation is

;—v [A (2wve + 20v?vy + 2BV vy + 68Vy Vi + 28WWy) | = O. (28)

Expanding and then separating (28) with respect to different combinations of derivatives of v yields overdetermined system for the
multipliers. The solution of this system can be expressed as (by using GEM (in MAPLE), see [30])

B o4, o 3 1
A= we+V2+ v+ V) + -V’ +c, 29
1 ( XX X 48 38 5 2 3 ( )
_______________________________________________________________________________________________________________________________________________|
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where ¢;, ¢, and ¢3 are constants. Corresponding to the earlier multiplier, the conserved vectors of (29) are the following:

1

T = v,
4
o
Y = 83 + gvs + évﬁ,
T =2,
20 B
X __ 2 3 4
TS =28 (Wi +vj) + ERAE (30)
V2
=5 (58v* + 8av® + 308vvy, + 308v7),

9B2v8 + 2408V’ + 1602V + 7288V vy + 72B8v4v2
1
TS = 245 +96a8VAvyy + 96a8V3VE + 14482v2v2, + 28882vV2vyy
+14482v} — 728V3viy + 728v2vpvy

The multiplier approach gave three local conservation laws for (4).

3.2. The new conservation method
In this subsection, we use the new conservation theorem given in [28] and construct conservation laws for (4). The adjoint equation of
(4), by invoking (20), is

E* (X VY0 Voo Vo) = ;—V [y (2vve + 20v2vy + 2BV3vy + 68Vyvi + 28V ) |, (31)
where y = y (t,x) is a new dependent variable. Thus, from (31), we have
— 202y — 2BV3y — 2vy; — 28y = O. (32)
Clearly, (4) is not self-adjoint from the adjoint Eq. (32). By recalling (25), we obtain the Lagrangian for the system of (4) and (32) as
L=y (2w + 2av?vy + 2BV vy + 68V + 28V ) - (33)

We give all conserved vectors in Table II.

Remark 1

The obtained conservation laws in Table Il are nonlocal, which means that they depend upon the solutions of adjoint Eq. (32). However,
one can obtain local conservation laws by using the Ibragimov’s nonlinearly self-adjointness definition [31]. In [32], the authors shows
that the multiplier functions of the considered equation correspond the solution of adjoint equation. For instance, if we consider,
¢1 = ¢ =0, ¢ = 1in(29) then the multiplier function A = Vz—z satisfies the adjoint Eq. (32). Substitutingy = Vz—z in Table Il, one can
construct local conservation laws of Eq. (4).

3.3. Double reduction method

Let X be any Lie point symmetry and T' are the components of conserved vector. If vector field of X and conserved vector of T satisfy

X(TY+T7D;(¢) - TD; () =0, i=1,2 (34)
then X is associated with T. We define a new nonlocal variable w by T* = w,, T* = —w;. Taking the similarity variables T" = w;,
T° = —w,, so that the conservation law is written as

D, T" + D,T° =0,
where ([34], [33])
s T'Di(s) + T*Dy(s)

= DinDx(5) — Dx(D:(S) 63

and
. T'De(r) + T*Dx(r)
~ Di(r)Dy(s) — Dy(r)Dx(s)”

(36)

The components T*, T* depend upon (X, t,V, (1), V(2), . - ., V(g—1)), Which means that T*, T depend upon (s, 1,60, 0, 6y, . . ., 6, for
solutions invariant under X. Therefore, in the new case divergence condition, D, 7" + D;T* = 0 becomes
aT*
—+DT =0
as
|
Copyright © 2017 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 3927-3936
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or

equivalently
aT*
T = [ —dr+1(s).
[ S+t
For T associated with X, we have XT" = 0 and XT* = 0. Thus, T" and T* are invariant under X. This means

Do Lm0
s  os

Overall, the conservation law in canonical coordinates becomes
D, T"=0.

A PDE E = 0 of order g with two independent variables, which admits a symmetry X that is associated with a conserved vector T is

reduced to an ODE of order g — 1, namely, T" = k;, where T" is given by (36) for solutions invariant under X.

If we consider (4), then (4), admits the symmetry generators X; = %, X, = %, associated with the conservation law

2 3 V4
D, (V?) + D, (% + ﬁT +8vE+ vaxx) =0. (37)

We set X = X; + ¢X,. The canonical coordinates of X ares = x,r = cx —tand v. Because T = (T”, T®) is associated with X, we have to

find the value of T". Using (36), we obtain the following conserved vector:

T'=k,=_°‘7"3_ﬁ

3 i 8V — 8cPvv,,. (38)

We can substitute the variablesv, = pandv,, = p% in (38). After using these variables, (38) reduces to first-order ODE:

V/158(—5pv6 — 8av> — 60k;v2 + 60c;5c2)

V) = 39

plv) =F 305vC (39)
We can solve (39) using simple calculations, and the solution gives rise to
306cv

(40)

r+c = :F/ dv.
/—158(58v6 + 8av> + 60k;v2 — 605v2cy)

4, Conclusion

In
wi

this work, we studied Lie symmetries, exact solutions, and conservation laws of S-KdV equation. The exact solutions were obtained
th the aid of Kudryashov method and simplest equation. Calculated exact solutions were showed in Table I. Using multiplier method,

we constructed local conservation laws (30) and utilizing new conservation theorem, we obtain nonlocal conservation laws in Table

2.

Then using the double reduction method, we reduced the S-KdV equation to second-order ODE in the canonical variables. Exact

group-invariant solutions were constructed by integrating the reduced corresponding ODE.
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