W) Check for updates

Received: 11 November 2019

DOI: 10.1002/mma.6267

SPECIAL ISSUE PAPER WILEY

On the trajectory ruled surfaces of framed base curves in
the Euclidean space

Onder Gokmen Yildiz!® | Mahmut Akyigit?®® | Murat Tosun?

!Department of Mathematics, Faculty of

Arts and Sciences, Bilecik Seyh Edebali In this paper, we study trajectory ruled surface of a curve with singular points
University, Bilecik, Turkey in the Euclidean 3-space as an application of singularity theory of a space curve
*Department of Mathematics, Faculty of with singular points. By considering notion of framed curve, we investigate the

Arts and Sciences, Sakarya University, . . . .
Sakarya, Turkey trajectory ruled surface and give some results about invariants of these sur-

faces. Then, we give some examples of trajectory ruled surfaces. Moreover, we
Correspondence

Murat Tosun, Department of
Mathematics, Faculty of Arts and Sciences,

determine local diffeomorphic image of these surfaces.

Sakarya University, Sakarya, Turkey. KEYWORDS
Email: tosun@sakarya.edu.tr framed curve, framed surface, singular point, trajectory ruled surface
Communicated by: F. Usta MSC CLASSIFICATION

14J26; 53A05; 57R45

1 | INTRODUCTION

In the literature, a given surface is called ruled surface provided that it is swept out by a moving line. Ruled surfaces
were studied widely in the last century. There are many studies about ruled surfaces and their invariants. One of the
special class of the ruled surfaces is the developable ruled surface. Developable ruled surfaces have applications in the
study of manufacturing systems, design problems, and computer-aided design. In spatial kinematics, the trajectory of an
oriented line embedded in a moving rigid body is generally a ruled surface. So trajectory ruled surfaces are one of the
most important topics of ruled surface theory to study spatial mechanism and space kinematic. For more details on ruled
surfaces and its applications, see previous studies.!®

In differential geometry, the curve theory is highly important and a classical subject. Generally, geometers consider
regular curve, if they work on curve theory. Notwithstanding, there are many articles concerning nonregular curves and
singularities of a curve. If a given curve has singular points, the Frenet frame of these curves cannot be constructed. In
order to construct the Frenet frame for nonregular curves, we need the notion of framed curve and framed base curve.”
Tangent vectors of a nonregular curve vanish at singular points, so we will consider a regular spherical curve to construct
the Frenet frame. Then, these curves called Frenet-type framed base curve. For more details on framed curves and framed
surfaces, see previous studies.” !

In this work, we consider the trajectory ruled surface of a nonregular curve. In order to study these surfaces, we need
the notion of framed curves. Trajectory ruled surface whose base curve is Frenet-type framed base curve is investigated.
We give some results about invariants of trajectory ruled surfaces. Then, we give examples of these surfaces. We define
support function for determining the local diffeomorphic image of these surfaces.

*Trajectory ruled surface of framed base curves.
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2 | PRELIMINARIES

Let R? be the three-dimensional Euclidean space with inner product given by

3
(u,vy = Z u;v;,
i=1

where u = (uy, Uz, uz),v = (v, v, v3) € R3. Norm of a vector u € R3 is defined as ||u|| = v/{(u, u).
Lety : I > R3bea regular space curve with moving the Frenet frame {7, N, B}. Then, Frenet formulas are

T =|l7ll kN,
N =—|7ll«T +|l7]l =B,
B=—l7llzN,

where x and = are curvature and torsion of y, respectively. Throughout this paper, we consider the curves that have
singular points. So we cannot construct Frenet frame with a certain regularity conditions. In order to define the Frenet
frame, we apply the theory of framed curves under the following conditions.

Definition 1. A curve y : I — R3 is said to be a Frenet-type framed base curve if y can be written as y (f) =
a(t)T (t) where T : I — S? is a regular spherical curve, a : I — R is a smooth function, and ¢ € I. Then, 7 (t) and
a(t) are called a unit tangent vector and a speed function of y(t).°

Clearly, t, is a singular point of the curve if and only if (t) vanishes. Then, a unit principal normal vector N'(f) and
a unit binormal vector B (t) can be given as

N = Tét) and B@) =T @) X N(@).
|ro]

An orthonormal frame {T(t), N (D), B(t)} is said to be the Frenet-type frame along y(t). Then, the Frenet-Serret-type
formula is given by

T(0) = k(ON (),
N® = —c®T () +r()B (1),
B(t) = —t(ON (D),
det(T(O.T 0.7 ()

[l

@(t,v) = c(t) +vw(D),

where «(t) = “T (t)” is curvature of y and z(t) = is torsion of y.°

A ruled surface ¢ is given by

where c is a base curve and w is a direction vector. The distribution parameter of ¢ is

det (¢/,w,w')

- 2
[lw{|

A ruled surface is called a developable surface if the tangent plane is constant along with a fixed ruling. Then, the ruled
surface is developable if and only if the distribution parameter of ruled surface vanishes. The foot of the common normal
between the ruling (generators) is called a striction point. The locus of the striction points is a striction curve, and its
parametrization is

(¢ (5),W(5))
= P w(s).
llw'||*

B(s) = c(s) -
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3 | TRAJECTORY RULED SURFACES

Lety : I — RR3 be Frenet-type framed curve. Then, there exists the Frenet-type frame {T(t), N (D), B(t)} along y(f). Let
X be an oriented line in R3. X can be written as follows:

X(0) = x1 (DT (£) + x(ON (6) +x3 () BO), |X D]l = 1,

where x;(f), x,(¢), and x; (t) are component functions.
Trajectory ruled surfaces generated by 7 (¢), N'(¢), B(t) and X(t) are

My : @1(t,u) = y() +uT (1),
M, @ @y(t,v) = y(t) + VN (1),
M; @ ©5(t,w) = y(t) + wB(2),
My @y(t,z) = y(b) + 2X(0),

respectively. By a direct computation, the distribution parameters of trajectory ruled surfaces are

or =0,
ar
1) ,
N K2+ 12
a
op = —,
T

axy (X2 +x}) — axz (X1 + X}, — X37)

(x| - Kx2)2 + (kx1 +x) —x31)2 + (e +x;)2,

respectively. We can give the following theorems and results without new computation.

Corollary 1. M, surface is developable.

Corollary 2. The striction curve of M, surface is nonconstant. So M; is not a conical surface.
Corollary 3. The direction vector of M; surface is nonconstant. So M is not a cylindrical surface.
Corollary 4. M, surface is developable if and only if base curve of M, surface is planar (ie, T = 0).
Corollary 5. If a # 0, then, M; surface is nondevelopable.

Corollary 6. The striction curve of M surface is the base curve of M3 surface.

Corollary 7. If M, surface is developable, then

X3 (Xo7 +X;) —x3 (X156 + X5 —x37) = 0.

Corollary 8. Let X be an oriented line in N B plane. If My surface is developable, then

X3/ (6 +x3)

Corollary 9. Let X be an oriented line in T B plane. If M, surface is developable, then

r_xl

K X3
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Corollary 10. Let X be an oriented line in T N plane. If M, surface is developable, then y is planar.
Theorem 1. If X is a constant oriented line and M, surface is developable, then

2,2
X3 X

K
T X1X3

Theorem 2. Let X be a constant oriented line. If M, surface is developable, then % is constant; ie, ;i is constant.
N

Corollary 11. y is framed helix if and only if ;—’3 is constant.
N

Example 1. Let y(¢t) = (cos3t, sin’t 2coszt) be a Frenet-type framed base curve. Then, there exist
a(t) = 5costsint,
and .
T() = 3 (=3cost,3sint,—4),

such that y’(t) = a(t)T (¢). By straightforward computation, N () and B(t) are
N(t) = (sint, cost,0),

and

B(t) = <i cost,—i sint,—é) .
5 5 5

M, surface, M, surface, and Mj; surface are parametrized by
d, (tu) = (cos3t - %u cost, sin’t + %u sint, 2cos’*t — %u) ,
@, (t,v) = (cos’t +vsint, sin’t+vcost, 2cos’t),
and
3 4 .3 4 2 3
D (f,w) = (cos’t + gwcos t, sin’t— gwsm t,2cos“t — §W s

respectively, and the figures of these surfaces of the domain

0Lt<L2x
o<u,vyw<?2’

are given in Figures 1 to 3.
M, surface is parametrized by

Du(t,2) = (1) +2X(D),

ISy

. \ e FIGURE1 M, surface [Colour figure can be
W ““Lff*“”f viewed at wileyonlinelibrary.com]
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FIGURE 2 M, surface [Colour figure can be
viewed at wileyonlinelibrary.com]

FIGURE 3 M; surface [Colour figure can be
viewed at wileyonlinelibrary.com]|

FIGURE 4 M, surface [Colour figure can be
viewed at wileyonlinelibrary.com]|

where X(£) = (DT (£) + x2()N' (1) + X3 (£) B(E).
Ifx (f) = < =M and xs(t) = % then M, surface is

\/5 9x2(t) - \/E

1+4cost—4cos2t) . 4zsint(—1+2cost
Dy(t,2) = (cos3t+Z( ),sm3t+ < ( ),2coszt—

z(3+4cost)>
5v/2 5v/2 5v/2 7

and the figure of surface of the domain
0<t<2r
0<z<2
is given in Figure 4.

Ifx;(t) = %, X(t) = % , and x,(t) = sin t, then the figure of M, surface of the domain
0<t<2
0Lz S

is given in Figure 5.
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FIGURE 5 M, surface [Colour figure can be
viewed at wileyonlinelibrary.com]

4 | SUPPORT FUNCTION

In this section, we introduce a support function to study singularities. Let y : I — R3 be Frenet-type framed curve. We
now define the support function of y with regard to the unit binormal vector 3 on I

F:IxR}®> R,

by F(t,x) = (x — y(t), B(t)) and fy, = F (t,xo) for any x, € R>.
Proposition 1. Let F(t,x) = (x — y(t), B(t)) be the support function of y and = # 0. Then,

i fx, =0ifandonlyifxo—y = AT + uN forsome A,y € R.
ii fx,=fx, =0ifandonlyifxo—y = AT forsome i € R.
i fx,=/fy =fc =0ifandonlyifxo—y = AT forsome i € Randx = 0.
w fx =f)§0 = ;(; =f;;’ =0ifandonly ifxo —y = AT forsome A € Rand x =0and k' = 0.

Proof.

ify,=@-7.B)=08x—-yLB&X—y=A4T +uN forsome 4,y € R

ii fx0=f;0=0©(x0—y,b’)=<x0—}/,—r./\f>=0©,u'r=0©r;éOand,u=O©x0—y=/lT,/leRandT;é0.
i fo, =/l =f=0&&=-7,B)=(X-7,—tN)=(—y,—k7T)=0&X% -y =AT,A€Randx = 0.

v fo,=fi=f=H =08 &x~7.B)= (Xo =7, —tN)Y =(x0— 7, =kt N') =(aT ,—k'1T) =0 & xo—y = AT,

AeR, k=0andx’ =0.
K and x 0

In order to determine the local diffeomorphic image of M; surface, we need the theorem 6.10 and the definition of the
unfolding and Ay, singularity in'* For more details on the singularity theory, see!*1

Definition 2. Let F : R X R" (fy,x9) — R be a smooth function. Then, F is called r parameter unfolding of f where
Fy, () = F (t,X0), [ = Fy,.

Definition 3. Let f : R, fy = R be a smooth function. If f® (t)) = 0 for all pwith 1 < p < kand f®*V (fy) # 0, then
f is said to have Ay singularity at &,.

The discriminant set of F is given as follows:

DFZ{XERr

F(S,x)=?)—1:=0 at (t,x)},

and by a direct computation, the discriminant set of F is obtained as M; surface.
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Definition 4. Let f : R" — R be a real-valued function that has at least k derivatives. k jet of f atx, € R" is given by

k— aF(S’xo) —
jEt <— (So) = @oi + 1S + A2i8% + ... + Q18571
dxl-
Theorem 3. Let (k — 1) jet be j*! <%) (So) = api+ays + axs® + ...+ ar_1;8  fori=1, ... ,r, wherex € R" and

F is an r parameter unfolding. Then, F(s,x) is versal if and only if the k X r matrix of coefficients (a ,-l-) has rank k (for
j=0,... ., ki=1,..,rn"*

The notions of the (p)versal unfolding and the versal unfoldings can be found in.'*

Theorem 4. Let F(t,x) = (x — y(t), B(t)) be the support function of y. If f (t) has the A, singularity at ty and t # 0, then
F is the versal unfolding of f,.

Proof. For x = (x1,X2,X3), y(£) = (y1(8), v2(t), y3(t)) and B(t) = (b1 (t), by(¢), b5(t)), we can write support function F as

F(t,x) = bi(t) (x1 — y1 (£)) + ba(t) (x2 — y2 (£)) + b3(8) (x3 — 73 (1)) -
By taking derivative of F with respect to x;, we obtain

9F o bi=1,2.3.
axi

Let jk1 (%) (to) be the (k — 1) jet of % at ty. Then, we have

i

1 ( oF(t,xo)
J

5 > (to) = bito) + b;(to) (t — to) -
Xi

Thus, coefficient matrices C is as follows:

By the Frenet-Serret-type formula, we obtain

001
C=[0—ro]'

If f(s) has the A, singularity at t, and = # 0, then rank C = 0. So by Theorem 3 (6.10 in'#), F is a versal unfolding
of f. O

Theorem 5. Given y be a Frenet-type framed curve with T (t) with = # 0 and F be a three-parameter unfolding of f,
which has the A; singularity at t. If F is versal unfolding, then M, surface is locally diffeomorphic to the cuspidal edge.

5 | CONCLUSION

In this paper, by considering notion of framed curve, we studied trajectory ruled surfaces and their local diffeomorphic
images. In a similar manner to this paper, ruled surfaces, which generated by the spherical indicatrices of a nonregular
curve.
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